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PREFACE 



The present book consists of an introduction and six chap- 
ters. The introduction discusses basic notions and defini- 
tions of the traditional course of mathematical physics and 
also mathematical models of some phenomena in physics 
and engineering. 

Chapters 1 and 2 are devoted to elliptic partial differen- 
tial equations. Here much emphasis is placed on the Cauchy- 
Riemann system of partial differential equations, that 
is on fundamentals of the theory of analytic functions, 
which facilitates the understanding of the role played in 
mathematical physics by the theory of functions of a com- 
plex variable. 

In Chapters 3 and 4 the structural properties of the 
solutions of hyperbolic and parabolic partial differential 
equations are studied and much attention is paic^ to basic 
problems of the theory of wave equation and heat conduc- 
tion equation. 

In Chapter 5 some elements of the theory of linear integral 
equations are given. A separate section of this chapter is 
devoted to singular integral equations which are frequently 
used in applications. 

Chapter 6 is devoted to basic practical methods for the 
solution of partial differential equations. This chapter 
contains a number of typical examples demonstrating the 
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essence of the Fourier method of sepnnitioii of variables, 
the method of integral transformations, t!m finite-difference 
method, the method of asymptotic expansions and also the 
variational methods. 

To study the book it is sufficient for the reader to be 
familiar with an ordinary classical course on mathematical 
analysis studied in colleges. Since such a course usually 
does not involve functional analysis, the embedding theo- 
rems for function" spaces are not included in the present 
book. 

A.V. Bitsadze 
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INTRODUCTION 



§ 1. Basic Notions and Definitions 

1°. The Notion of a Partial Differential Equation and Its 
Solution. Let us denote by D a domain in the re-dimensional 
Euclidean space E n of points x with orthogonal Cartesian 
coordinates x v . . ., x n (n ^ 2). 

Let F(x, . . ., pi,.. ,i n , . . .) be a given real function of 
the points x belonging to the domain D and of some real 
variables pi,...i„ with nonnegative integral indices i l7 ... 

n 

- • ■ i ^n (2 ij — k; k = 0, ■ ■ ■ , m; m^i). We shall suppose 
;=l 

" dF 

that for \i] = m at least one of the derivatives tt 

; = 1 F i,. ■ . in 

of the function F is different from zero. 
An equality of the form 

Fix,..., /*" . ,...U0 (1) 

V dx\i ...dx n n " I W 

is called a partial differential equation of the m-th order with 
respect to the unknown function u (x) — u (ar lt . . ., x n ), 
x £ D; the left-hand member of this equality is called 
a partial differential operator of the m-th order. 

A real function u (x) denned in the domain D, where 
equation (1) is considered, which is continuous together 
with its partial derivatives contained in the equation and 
which turns the equation into an identity is called a regular 
solution of the equation. 

Besides regular solutions, in the theory of partial dif- 
ferential equations an important role is played by certain 
solutions which are not regular at some isolated points or 
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on some manifolds of a special type. The so-called funda- 
mental (elementary) solutions which will be considered later 
belong to this class of solutions. 

Equations encountered in the applications of the theory 
of partial differential equations possess solutions (as a rule, 
they possess not one solution but families of solutions). 
However, there also exist partial differential equations 
whose sets of solutions are rather poor; in some cases these 
sets may even be void. For instance, the set of the real 
solutions of the equation 

consists of the function u (x) = const while the equation 

i (£)'+'-» 

i=l 

has no real solutions at all. 

An equation of form (1) is said to be linear when F is 
a linear function with respect to all the variables 

n 

Pit- --in ( 2 ij = k; k = 0,...,m). When the function F is 

i=l 
linear with respect to the variables pi,...i„ only for 

n 

y\ij = m, equation (1) is called quasi-linear. 
i=i 

A linear partial differential equation Lu = / (x) is said 
to be homogeneous or non-homogeneous depending on whether 
the right-hand member / (x) is equal to zero for all x £ D 
or is not identically equal to zero (here L symbolizes a linear 
partial differential operator). 

It is evident that if two functions u (x) and v (x) are 
solutions of a non-homogeneous linear equation Lu = / 
then their difference w = u (x) — v (x) is a solution of the 
corresponding homogeneous equation Lw = 0. If u k (x) 
(k = 1, . . ., I) are solutions of the homogeneous equation 

i 

then so is the function u — 2 c k u k (x) where c h are real 
constants. 
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A linear partial differential equation of the second order 
can be written in the general form 

i, 3=1 ;=1 

where A t j, Bj, C and / are real functions of the variable 
point x in the domain D. 

At those points x £ D, where all the coefficients A i} 
(i, / = 1, . . ., n) turn into zero relation (2) is no longer 
a partial differential equation of the second order because 
at these points the order of equation (2) decreases (the equa- 
tion degenerates). In what follows we shall always assume 
that the order of equation (2) is equal to two throughout 
its domain of definition. 

2°. Characteristic Form of a Linear Partial Differential 
Equation. Classification of Linear Partial Differential Equa- 
tions of the Second Order by Type. We shall assume that 
the function F possesses continuous partial derivatives of 
the first order with respect to the variables p t . . . t , 

n 

2 ij = m; under this assumption, we shall define the 

characteristic form corresponding to equation (1) (it plays 
an important role in the theory of equations (1)) which 
is the following multilinear form of order m with respect 
to real parameters k x , . . ., X n : 



K{K A-n)=2air^— M«. ••■ M". 2h = ™ (3) 

"fit... in ■_, 



In the case of a second-order partial differential equation 
of type (2) characteristic form (3) is a quadratic form: 

n 

i,i=i 

For each point x £ D the quadratic form Q can be brought 
to its canonical form with the aid of a nonsingular (non- 
degenerate) affine transformation of variables %i — \i (| lt . . . 
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• • •, In) (i = 1. • • ■, n): 

<?=2«il! 

i=l 

where the coefficients a t (i = 1, . . ., re) assume the values 
1, — 1 and 0. As is known, the number of the nonzero coef- 
ficients (the rank of the quadratic form), the number of 
the positive coefficients (the index of the form) and the 
number of the positive coefficients diminished by the num- 
ber of the negative ones (the signature of the form) are 
invariants of the non-degenerate affine transformations. 

When all the coefficients a t (i = 1, . . ., n) are equal 
to 1 or to — 1, that is when the form Q is positive definite 
or negative definite respectively, equation (2) is said to be 
elliptic at the point x £ D. If one of the coefficients <Xj 
is negative while all the others are positive (or vice versa), 
then equation (2) is said to be hyperbolic at the point x. 
In the case when I (1 -< I < n — 1) coefficients among a t 
are positive while the other n — I coefficients are negative, 
equation (2) is called ultrahyperbolic . Finally, if at least 
one of these coefficients is equal to zero (in the case under 
consideration all coefficients a t cannot turn into zero simul- 
taneously because we have excluded the decrease of the 
order of the equation), equation (2) is said to be parabolic 
at the point x. 

We say that equation (2) is elliptic, hyperbolic or parabolic 
in the domain D where it is defined (or that (2) is of elliptic, 
hyperbolic or parabolic type in D) if this equation is elliptic, 
hyperbolic or parabolic, respectively, at each point of that 
domain. 

An equation of form (2) is said to be uniformly elliptic 
in the domain D of its definition if there exist two nonzero 
real numbers k and k t of one sign such that 

koj] K<Q(K W<*i SM 

i=l i=l 

for all x 6 D (in this case the partial differential operator 

i, ;=l ;=l 

is said to be uniformly elliptic). 
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The example of the equation 



" dx\ 



2S=» 



i=2 



shows that, an equation which is elliptic in the domain of 
its definition must not necessarily be uniformly elliptic. 
The last equation is elliptic at every point belonging to the 
half-space x n > but it is not uniformly elliptic in that 
half-space. 

In the case when equation (2) is of different type in dif- 
ferent parts of the domain D we speak of (2) as a mixed 
partial differential equation in that domain. The above 
example demonstrates an equation which is mixed in any 
domain D of the space E n whose intersection with the 
hyperplane x n = is not void. 

In what follows, when speaking of a definite quadratic 
form, we shall always mean a positive definite form (because 
a negative definite quadratic form goes into a positive 
definite one after it has been multiplied by — 1). 

Without loss of generality, we can assume that the form 
Q is symmetric, that is A t j = A ti (i, / = 1, . . ., n)\ then 
we can use the Sylvester theorem in order to determine 
the type of equation (2) in D without reducing the quadratic 
form Q to its canonical form; in particular, for the form Q 
to be positive definite (that is, for equation (2) to be elliptic 
in the domain D) it is necessary and sufficient that all 
principal minors of the matrix 

?,,, . . . , A ln 



should be positive. 

3°. Classification of Higher-Order Partial Differential 
Equations. In the case of a partial differentia] equation 
of order m having the form 



2°«.---«»<*>ZIT 



d m u 



. . dxln 



■\-LxU~U 2*,= 



m 



(4) 



=i 



2-0598 
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where L x is a partial differential operator of an order lower 
than m, characteristic form (3) is written as 

n 

K(K ^n) = S«i,...in(^)M' •••*£*, %ij = m (5) 

}=i 

If for a fixed point x £ D there exists an affine transfor- 
mation of variables K t = K t (jx x , . . ., \x. n ) (i = 1, . . ., n) 
under which (5) reduces to a form containing only I, <C 
•< I < n, variables |ij we say that equation (4) is paraboli- 
cally degenerate at the point x. 

When there is no parabolic degeneration, that is when 
the manifold 

K (K, % n ) = (6) 

(which is a cone in the space of the variables h x , . . ., X n ), 
has no real points except the point K t = 0, . . ., X n = 0, 
equation (4) is said to be elliptic at the point x. Further, 
we say that equation (4) is hyperbolic at the point x if in 
the space of the variables k u . . ., K n there exists a straight 
line such that when it is taken as one of the coordinate 
axes along which new variables ji lt . . ., \i n are reckoned 
(the new variables fi lt • • •> Pn a J" e obtained from K^ ... 
. . ., K n by means of a non-degenerate affine transforma- 
tion), then the transformed relation (6), considered as an 
equation with respect to the coordinate varying along that 
axis, has exactly m real roots (simple or multiple) for any 
choice of the values of the other coordinates \i. 

In the case of a non-linear partial differential equation 
of form (1) the classification by type is carried out in an 
analogous manner depending on the properties of form (3) 

in which p^ . . . , n are replaced by ax u_ _ _ dx in . .Zj h = *5 

k = 0, . . ., m. Since in the non-linear case the coefficients 
of form (3) depend not only on the point x but also on the 
sought-for solution and on its derivatives, this classification 
by type makes sense only for that particular solution. 

4°. Systems of Partial Differential Equations. When F 
is an JV-dimensional vector F = (F v . . ., F N ) with com- 
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ponents 



Fi(x> •••> Pu- 



•) = 1, 



A') 



dependent on x £ D and on the M-dimensional vectors 

Pi,. . .in — {Pit. ••*"»•••> Pj,. . .$„) 

the vector equality of form (1) is called a system of partial 
differential equations with respect to the unknown functions 
u x , . . ., u M or, which is the same, with respect to the 
unknown vector u = (w l5 . . ., u M ). The highest order of 
the derivatives of the sought-for functions contained in 
a given equation belonging to the system is referred to as 
the order of that equation. 

In the general definition of a system of partial differential 
equations it is not required that the number N of equations 
and the number M of the unknown functions should be 
equal or that all the equations belonging to a given system 
should be of the same order. 

In the case when M = N and the order of each of the 
equations forming system (1) is equal to m we can form the 
square matrices 



dF t 



<...in 

The expression 
K(K k„) = det 2 



(i. 7 = 1, 



7y; 



2 ik = m) 



ft=i 



dF t 



<. 



K n , 



2 h = ™ 

(7) 

which is a form of order Nm with respect to the real scalar 
parameters k v . . ., K n , is called the characteristic determi- 
nant of system (1). 

Systems of partial differential equations of form (1) 
are classified by type depending on the properties of form (7) 
in just the same way as in the case of one differential equa- 
tion of order m considered above. 

The variables on the left-hand side of equation (1) may 

be complex; then, for x h — y h + iz h , by ^ — is meant the 
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operator yl-r i •#— ) ; under this convention equation 

(1), in the complex case, is obviously equivalent to a system 
of partial differential equations. 

§ 2. Normal Form of Linear Partial 

Differential Equations of the Second Order 
in Two Independent Variables 

1°. Characteristic Curves and Characteristic Directions. As 

was mentioned in Sec. 2°, § 1, the quadratic form Q can 
be reduced to its canonical form for every fixed point x 
of the domain D where partial differential equation (2) 
is defined. Therefore for any fixed point x £ D there always 
exists a non-singular transformation of the independent 
variables x t = x t (y ly . . ., y n ) (i = 1, . . ., n) under which 
equation (2) is reduced, for that fixed point, to its normal 
form 



2h 



d 2 v , B dv \ . K 



dy\ ' rl dyi 

where the constants a t (i = 1, . . ., n) assume the values 
1, —1 and 0, 

v(y) = u Ix (y)}, 6(y)=f \x (y)} 

and the functions pj and y are expressed in terms of the 
coefficients of equation (2). 

It should be noted that it is by far not always possible 
to find a transformation of independent variables which re- 
duces equation (2) to the normal form even in the neighbour- 
hood of a given point of the domain in question. An excep- 
tion to this general situation is the case of two independent 
variables, to whose investigation we now proceed. 

In the case n = 2, using the notation 

x-y = x, x% = y 

A n = a(x,y), A 12 = A n = b (x, y), A i2 = c (x, y) 
Bi = d (x, y), fi 2 = e (x, y), C = g (x, y), f = / (x, y) 
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we can write equation (2) in the general form 

9 2 u . n , d 2 u , d 2 u , 7 du . du , , /D , 

a lw+ 2b 17W + c -W + d ^ + e l* +8u = f (8) 

A curve described by an equation of the form cp (x, y) = 
-- const where q> is a solution of the equation 

•(£) , +»*Th-«(£) , -° m 

is called a characteristic curve (or, simply, a characteristic) 
of equation (8), and the direction determined by the infini- 
tesimal vector (dx, dy) where dx and dy are specified by 
the equality 

a dy i — 2b dy dx + c dx 2 = (10) 

is referred to as a characteristic direction. Equality (10) 
is an ordinary differential equation describing the character- 
istic curves. 

As was stated in Sec. 2°, § 1, equation (8) is elliptic, 
hyperbolic or parabolic depending on whether the quadrat- 
ic form a dy 2 -\- 2b dy dx -\- c dx 2 is definite (that is a posi- 
tive definite or a negative definite form), indefinite (that 
is a non-degenerate form of alternating sign) or semi-definite 
(degenerate). Accordingly, equation (8) is elliptic, hyper- 
bolic or parabolic depending on whether the discriminant 
b 2 — ac of the quadratic form a dy 2 + 2b dy dx + c dx 2 is 
less than, greater than or equal to zero respectively. It fol- 
lows that in the domain of ellipticity of equation (8) there 
are no real characteristic directions whereas for each point 
of hyperbolicity of the equation there exist two different 
real characteristic directions; as to the points of parabolicity, 
for each of them there exists exactly one real characteristic 
direction. Consequently, if the coefficients a, b and c are 
sufficiently smooth the domain of hyperbolicity of equa- 
tion (8) is covered by a network consisting of two families 
of characteristic curves while the domain of parabolicity 
is covered by one such family. 

As an example, let us consider the equation 

m d^u d*u __ f , 

y dx 2 "*" dyi 
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where m is an odd natural number. In this case equality (10) 
has the form y m dy* + dx 2 = 0, whence it is seen that the 
above partial differential equation has no real characteristic 
directions in the half-plane y > while at each point of 
the straight line y = and at each point in the half-plane 




Fig. 1 



y < it has one and two characteristic directions respec- 
tively. On writing the equation of the characteristic curves 
dx ± ( — y) m/i dy = and integrating, we conclude that 
the half-plane y < is covered by two families of charac- 
teristic curves (see Fig. 1) described by the equations 



m+2 



m + 2 



( — y) 2 = const 



and 



m+2 



x +iz+2(-y) 2 = const 



2°. Transformation of Partial Differential Equations of 
the Second Order in Two Independent Variables into the 
Normal Form. Under the assumption that the coefficients 
a, b and c of equation (8) are sufficiently smooth it is always 
possible to find a non-singular transformation £ = | (x, y), 
t) = T) (x, y) of the variables x and y which reduces this 
equation, in the given domain, to one of the following 
normal forms: 



a 2 y , d 2 v . . dv , D dv . „ a 



as* 



(11) 
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in the elliptic case, 



31 dt\ ^ dl^ dr\ 
or 

d t v d*v , A dv , n dv 



9 ° V ' A±+B& + Cv = H (12) 



W~W + A ^ +B ^ + C ' v = Hl (12l) 



in the hyperbolic case and 



8 * v .. A *L + B dv +Cv==H (13) 



5r) a ~ dl ' 5tj 

in the parabolic case. 

It is rather difficult to prove that equation (8) can be 
brought into normal form (11), (12) or (13) throughout the 
domain D of the definition of the equation (or, as we say, 
that the equation can be brought into the normal form "in 
the large"). The argument showing that this possibility 
can be realized is considerably simplified if we limit our- 
selves to the consideration of a sufficiently small neighbour- 
hood of an arbitrary point (x, y) of the domain D. Indeed, 
under the change of variables \ = £ (x, y), tj = r\ (x, y) 
the partial derivatives of the first and of the second order 
with respect to x and y are transformed in the following way: 

dx ~ ** d% + ^ x dr\ • dy ~ S » dl + ^ dr\ 

0x» "~ S * dV + S *^* dl dr\ + lx Or? + Sa = s dl + ]xx dl) 



d* ,t d d 

+ r \xf] y dr]2 +Wa|-+ T la» dr] 



and 






where | and n_ with the indices x and y denote the correspond- 
ing derivatives, for instance, % x = ^| , g^ = ^ , etc. 
Therefore, after the transformation of variables equation (8) 
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takes the form 

«i^ F +2^ ip? + Cl ^r + ^ ir + e 1 -^ + ^ = / ] (14) 

where 

a 1 (l,r\)^al% + 2bl x l y + cll (15) 

&i (5, tj) = a^ + b (l x i\ tt + E b tj w ) + c\ u t\ y (16) 

Cl (5, TJ) = aT]5 + 2&Tl x Tl y + CT]£ 

i; (g, tj) = u [x (l, n), y (g, tj)1 (17) 

and x = x (%, r\), y = y (|, n) is the transformation inverse 
to | = | (x, y), r\ — T] (a;, */). We do not write down the 
expressions for the other coefficients of equation (14) since 
they are of no interest for our present aims. 

Now, let equation (8) be elliptic, that is let b 2 — ac < 
< 0; then we take as £ (x, y) and n (x, y) solutions of the 
system of partial differential equations of the first order 



(18) 



at x + bl u +yac-b*r\ y = 
ai) x -f br\ y — |/ ac — b 2 \ y = 
for which the Jacobian is different from zero: 

d(x, V) ' 

By virtue of (15), (16), (17), (18) and (19), we have 

«i = ^ = ^i(i? + T,5)^0 and 6 1 = 

On dividing all the terms of equation (14) by the expres- 
sion 

which is different from zero we arrive at (11). 

It should be noted that system (18) is equivalent to 
equation (9). This can readily be shown if we use the nota- 
tion <p = £ + in (where i 2 = —1). 

Now let b 2 — ac > and let the functions | (.r, y) and 
■n (x, y) be solutions of equation (9) satisfying condition (19). 
Let us suppose that a =^=0 (if a = and c =?^0 the argu- 
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ment below can be adequately changed in an obvious man- 
ner). In this case, by virtue of (9), we obtain from (15), 
(16), (17) and (19) the relations a x = c x = and b x = 

^2^-^- — % y v)y =7^0, whence it follows that equation (14) 

assumes form (12) after it has been divided by the function 
26j. Further, the new change of variables a = % -f- n, 
P = £ — T] brings equation (12) to form (12 x ). 

It now remains to consider the case when b 2 — ac = 0. 
In this case we take as the function | (x, y) a solution of 
equation (9) different from a constant while the function 
n (x, y) should be chosen so that the condition an£ -f 
+ 2&n :( .T), / + cr\y ^ holds. By virtue of the equality 
all -f- 26| x | y + c\l = 0, we conclude from (15) and (16) 
that a x = b x = 0. Consequently, after all the terms of 
equation (14) have been divided by an J + 2bi\ x T\y + cx\l 
we obtain (13). 

In the case when b 2 — ac > equation (9) is equivalent 
lo the system of two linear partial differential equations 

a Wx+( b +Vb 2 — ac) (p y = 0, a(p x + (b — Yb 2 — ac) <p y -= 

while in the case b 2 — ac = it is equivalent to one equation 
ay x + b(f y = 

Consequently, we can assume that for 6 2 — ac > the 
functions ^ (x, y) and r\ (x, y) are solutions of the equations 

al x +{b + Vb*-ac)l v = 0, ax\ x + {b - }/ b*-ac) % = 

(20) 

and that for b 2 — ac — one of these functions, for instance 
| (x, y), is a solution of the equation 

a\ x + b\y = (21) 

The problem of the existence of solutions of linear partial 
differential equations of the first order is closely related 
lo the theory of ordinary differential equations of the first 
order. As is known from the theory of ordinary differential 
equations, if the functions a, b and c are sufficiently smooth, 
the system of linear partial differential equations (18) and 
linear equations (20) and (21) possess solutions of the re- 
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quired type in a neighbourhood of every point (x, y) of the 
domain D of definition of equation (8). This proves the 
possibility of reducing equation (8) to normal forms (11), 
(12), (12J and (13) in a neighbourhood of (x, y) (as we say, 
the possibility of reducing to normal form "in the small"). 

§ 3. Simplest Examples of the 

Three Basic Types of Second-Order 
Partial Differential Equations 

1°. The Laplace Equation. Let us denote by A the partial 
differential operator of the second order of the form 



*-s5 



. , dx'i 

which can also be written as the scalar product by itself 
of the first-order vector partial differential operator 

(called the Hamiltonian operator or nabla or del) where 
Zj (i = 1, . . ., n) are unit mutually orthogonal vectors 
along the coordinate axes x t . The differential operator A 
is called Laplace's operator and the equation 

Au = (22) 

is termed Laplace's equation. 

Characteristic quadratic form (3) corresponding to equa- 
tion (22) is 

n 
i=i 

The form Q is positive definite at all the points of the space 
E n . Consequently, this equation is elliptic throughout E n . 
Moreover, it is obviously uniformly elliptic in E n . 

A function u (x) possessing continuous partial derivatives 
of the second order and satisfying Laplace's equation is 
called a harmonic function. 
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It can be checked directly that the function E (x, £), 
dependent on the two points x and £, which is determined 
by the formula 

f — \l-x\ 2 - n for n>2 

E(x,l) = \»- 2,i ' (23) 

I — In 1 1 — x\ for n = 2 



where | \ — x | is the distance between x and £, is a solu- 
tion of Laplace's equation for x =£ | both with respect 
to x and with respect to |. Indeed, for x =j= \ we derive 
from (23) the expressions 

°ll-=-\Z-xr + nlt-x\- n -2(t i -x i )2 (i = l, ...,») 
(tot 

(24) 

■* d*/* 1 

On substituting the expressions of — j-(i = l, ...,n) given 

dxi 

by formula (24) into the left-hand side of (22) we obtain 
AE=-n\l-x\- n + n\t-x\- n -* fl (lt-^) 2 = 

Since the function E (x, £) is symmetric with respect 
to x and £, we conclude that it satisfies Laplace's equation 
with respect to £ (£ =^=x) as well. 

The function 2? (a;, |) determined by formula (23) is 
referred to as the fundamental (or elementary) solution of 
Laplace's equation. For n = 3 this function represents the 
potential of unit charge localized at the point x (or at g). 

Let S be a smooth hypersurface (closed or non-closed) in the 
space E n and let \i (£) be a real continuous function defined 
on S. 

The expression 

u (x) = J E (x, |) ft (£) ^ (25) 

s 

where ds$ is the element of area of the hypersurface S whose 
position on the hypersurface is determined by the variable of 
integration £, is a harmonic function with respect to x for 
all the points x of the space E n not lying on S. 
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This assertion follows from the fact that, as was shown 
above, the function E (x, g) is harmonic with respect to x 

for x ^ \ and that when the derivatives — j (£ = 1, . . ., n) 

dxi 

are computed the operation of differentiation —-5 on the 

right-hand side of (25) may be written under the integral 
sign. 

An expression of the form 

x 2h 

"<*) = 2 (-*)"[(&$ ^1*1 X n-l) + 

ftSsO 

2ft+l 



J^-AS (x, *„_!)] (26) 



1 (2k- 

where the operator A h is defined by the relation A h = A (A h_1 ), 
and t, v are arbitrary polynomials in the variables x x , . . . 
. . . , x n _ x , is also a harmonic function (a harmonic polyno- 
mial) with respect to the variables x^ . . ., x n . 

Indeed, since the sum on the right-hand side of (26) is 
finite (because, beginning with a certain value of k, all 
the expressions A k x and A h v under the summation sign 
are equal to zero), we have 



i = 1, . . ., n — 1 



and 



2fe _2ft + l 



dx* n Z l ' L(2*)l a X + (2/ c + l)! A % j 



h>0 

whence it follows that 






It can be analogously proved that the sum u (x) of the 
series on the right-hand side of (26) is a harmonic function 
in the case when the functions x and v are continuously 
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differentiable, the series is convergent and it is legitimate 
to differentiate the series term-by-term twice with respect 
to Xi (i = 1, . . ., n). 

2°. Wave Equation. The partial differential equation 

Sfr-fr = (27) 

. dxi dx n 

is known as the wave equation. This equation is frequently 
encountered in various applications. In the case n = 4 
this equation can be written in the form 

dxi "^ dx\ + dx% dfi { ' 

if we denote x t = t (it is meant that the unit of time t 
is chosen in the appropriate manner). Equation (28) describes 
the phenomenon of propagation of sound in the three- 
dimensional space E s of the variables ar l5 x 2 , x a (see below 
§ 5, Sec. 2°). 

Characteristic quadratic form (3) corresponding to equa- 
tion (27) has the canonical form 

1=1 

and, consequently, according to the definition stated in 
Sec. 2°, § 1, this equation is hyperbolic throughout the 
space E n . 

It can be verified directly that the function 

°° r x 2h 

" w = 2 [t^jt A " T (*i *»-i) + 

ft=0 

„2fc+l 



+ 



WfW^* ""*>] (29) 



where x and v are arbitrary infinitely differentiable functions, 
is a solution of equation (27) provided that series (29) is uniform- 
ly convergent and that the series obtained from (29) by differen- 
tiating it term-by-term twice with respect to xt (i = 1, . . ., n) 
are also uniformly convergent. In the case when t and v are 
polynomials the terms of the series on the right-hand side of 
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(29) are equal to zero beginning with some value of the index 
k; in this case the sum u (x) of the series is a polynomial 
solution of equation (27). 

Now let us consider the function 

u{x,t) = \^^ds v (30) 



s 



where | y — x | is the distance between the points x = 
= (x t , x 2 , x 3 ) and y = (y u y 2 , y 3 ), S is the sphere | y — 
— x | 2 = t 1 and fA is an arbitrary real twice continuously 
differentiable function defined on S. We shall show that 
function (30) is a solution of equation (28). 

Indeed, the change of variables y t — x t = t\ t (i — 
= 1, 2, 3) brings expression (30) to the form 

u(x, t) = t j ix(x 1 + tl 1 , x 2 + t\ 2 , x 3 +t\ 3 )do l (31) 

a 

dsy ds u 

where o is the unit sphere |E| = 1 and do% — — 



t 2 \y-x\* 

is an element of area of the unit sphere. From (31) we 
obtain 

3 3 



s 3- is 3** < 32 > 

Besides, we have 

-^■=j\i(x 1 + tl 1 , x 2 + t\ 2 , x 3 + t% 3 ) do^ + 
a 

+ i lk^=T4 / < 33 > 

a 1=1 
where 

s 
and v (y) — (v u v 2 , v 3 ) is the outer normal to S at the 
point !/. 

On differentiating equality (33) we find 

8*11 u_ , J__£u 1 j . 1 81 _ 
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From mathematical analysis it is known that for real func- 
tions A t (x) (i = 1, . . ., n) continuous together with their 
partial derivatives of the first order in a closed domain D \J S 
with a smooth boundary S there holds the Gauss-Ostrogradsky 
formula 

n n 

J 2 iir dT »=j I 1 A i (y)v l (y)ds y (GO) 

D i=l S i = l 

where dx x is an element of volume and v = (v lt . . ., v„) 
is the outer normal to S at the point y £ S. 

The application of formula (GO) makes it possible to 
transform the right-hand member of (34) into an integral 
over the sphere \y — x | 2 =gC £ 2 : 

i=l J 

where dx y is the element of volume whose position is speci- 
fied by the variable of integration y. On passing from the 
Cartesian coordinates y x , y 2 , y 3 to the spherical coordinates 
p, 9, cp, we bring expression (36) for I to the form 

2ji 



= I dp \ dQ \ Au.p 2 sin8dqp 



where p 2 sin 6 dcp dQ dp = dx y . Now, since sin 6 dQ dcp = 
= doi, we find 

it 2ji 3 



dy\ 

<J i=i 



Consequently, by virtue of (35), we can write 



-«jsa*i <=»> 



dhx_ 

a 5=1 



By virtue of (32) and (37) we conclude that the function 
u (x, t) represented by formula (30) is a solution of equa- 
tion (28). 
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3°. Heat Conduction Equation. The equation 

2-8-^ = (38) 

is an equation of parabolic type because characteristic 
form (3) corresponding to it is written as 

n-l 

e=2 w 

In the special case when n = 4, on condition that t — x k 
and that the unit of time is chosen in the appropriate way, 
we obtain from (38) the equation 



1=1 * 

which describes the phenomenon of the conduction of heat 
in a body lying in the space E 3 of the variables x x , x 2 , x a . 
That is why (39) is referred to as the heat conduction equa- 
tion (see below § 5, Sec. 3°). 

Like in the cases of equations (22) and (27), direct 
calculations readily show that the expression 

"(*)=2 TT^fo' ■■■^n-x) (40) 

fc>0 

where x is an arbitrary infinitely differentiate real function 
of the variables x u . . ., £ n -n satisfies equation (38) provided 
that the series on the right-hand side of (40) and the series 
obtained from it by the termwise differentiation once with 
respect to x n and twice with respect to X( (i = 1, . . ., n — 1) 
are all uniformly convergent. The function 

1— n n— 1 

E(x, t) = (x n -l n ) 2 exp[- 4( J_ §n) 2(a:,.-^) 2 ] (41) 

i=l 

where \ x , . . . , | n are real parameters and x n > g„, is also 
a solution of equation (38). 
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Indeed, we have 



ll=-ra £ <^> + a^W'« 



(i = l, .... n— 1) 

and 

n-l 
dE _ n — i F . t . E (x,l) v , , - 



i=l 



whence it follows that 

v 1 *!* — ^ = 

i=i 

The function £ (#, \) specified by formula (41) is called 
the fundamental (elementary) solution of equation (38). 

4°. Statement of Some Problems for Partial Differential 
Equations. When we derive partial differential equations 
proceeding from general laws governing the natural phenom- 
ena in question, there arise some additional conditions 
imposed on the sought-for solutions. The proof of the existence 
and the uniqueness of the solutions satisfying the additional 
conditions plays an important role in the theory of partial 
differential equations. When it turns out that small varia- 
tions of the data contained both in the equations and in the 
additional conditions produce small variations of the solu- 
tions satisfying them or, as we say, when the sought-for 
solutions are stable, we speak of well-posed (or correctly set) 
problems; if otherwise, the problems in question are referred 
to as improperly posed (not well-posed). It should also be 
noted that the conditions of the problems which must be 
satisfied by the sought-for solutions are essentially dependent 
on the type of the equations under consideration. 

Let us state some problems whose well-posedness will 
be proved later. 

Let the boundary S of a domain D in the space E n be 
a smooth (n — \)-dimensional hypersurface. In what follows, 
by a surface in the space E n we shall understand an (n — 1)- 
dimensional hypersurface of that very kind. 

3-0598 
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Let us state the following problem: it is required to deter- 
mine the solution u (x) of equation (22) regular in the domain D, 
continuous in the closed region D [) S and satisfying the 
boundary condition 

limu(x) = <p(y); x£D, y£S (42) 

where cp is a given real continuous function defined on S. 
The problem we have stated is referred to as the first 
boundary-value problem or the Dirichlet problem. 

Let us denote by G a domain in the space En^ of the 
variables x x , . . ., x n _ x and state the following problem: 
it is required to find the regular solution u (x) of equation (27) 
satisfying the conditions 



u(x u ..., £„_!, 0) = cp (x) 

du.(x u .,,,%) 



(43) 



for x £ G where cp and \p are given real sufficiently smooth 
functions defined in G; this problem is referred to as the 
Cauchy problem (or the initial-value problem). Conditions (43) 
are known as the Cauchy conditions (cp and \|) are usually 
referred to as the Cauchy data) or the initial conditions. 
Further, let D be a domain in the space E n bounded by 
a cylindrical surface whose generators are parallel to the 
x n -axis and by two planes x n = and x n = h (h > 0). 
Let us denote by S the boundary of the domain D without 
the upper base x n = h. We state the following problem: 
it is required to find, the solution u (x) of equation (38) regular 
in the domain D and satisfying the boundary condition 

lim u (x) = cp (y); x£D, y£S (44) 



*y 



where q> is a given sufficiently smooth real function defined 
on S (the function cp specifies the prescribed (limiting) 
values of the solution u (x) on S; we shall refer to cp as the 
data prescribed on S). This problem is also called the first 
boundary-value problem for equation (38). 
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§ 4. The Notion of an Integral Equation 

1°. Notation and Basic Definitions. Let us denote by a (x) 
and K (x, y, z) given real functions dependent on the 
points x and y, ranging in a domain D in the space E n , 
and on a real (scalar) variable z. Let z be a function z = 
= cp (y) of the point y 6 D; we shall suppose that the integral 

J K [x, y, cp (y)\ dx y 

D 

taken over the domain D exists. Then an equality of the 
form * 

a (x) cp (x) + j K [x, y, cp (y)] dx v = 0, x£D (45) 

D 

is referred to as an integral equation with respect to the 
unknown function cp (x) , x £ D . 

Integral equation (45) is said to be linear when the func- 
tion K (x, y, z) depends linearly on z, that is when 

K (x, y, z) = K (x, y) z + K° (x, y) 

A linear integral equation can be written in the form 



where 



a(x)(f(x)+ ^ K(x, y)(f(y)dx y = f(x), x£D (46) 
b 

/(«)=- j K°(x,y)dx y , x£D 



is a given function. 

Linear integral equation (46) is called homogeneous or 
non-homogeneous depending on whether / (x) — for all 
x 6 D or f (x) is not identically equal to zero. 

The function K (x, y) is called the kernel of integral 
equation (46) and the integral 

j K (x, y) cp (y) dx v 

D 

on the left-hand side of (46) is referred to as an integral 
operator defined for the class of functions to which the 
unknown function cp (x) belongs. 

3* 
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2°. Classification of Linear Integral Equations. When 
the domain D is bounded, the function a (x) is continuous 
and the kernel K (x, y) is also a continuous function of the 
points x, y £ D (J S (or when the function K (x, y) is 
bounded and integrable in the ordinary sense) where S 
is the boundary of the domain D, integral equation (46) 
is called the Fredholm equation. 

Equation (46) is called a Fredholm equation of the first, 
second or third kind depending on whether the function 
a (x) is identically equal to zero, is identically equal to 1 or 
is neither identically equal to zero nor to 1, respectively. 

In case a (x) =fc throughout D [} S Fredholm's integral 
equation of the third kind can be reduced to Fredholm's 
integral equation of the second kind by dividing all the 
terms of the former by a (x). 

In what follows we shall only deal with Fredholm's 
integral equations of the second kind. The proof of the 
basic propositions of the theory of Fredholm's integral 
equations will be presented for the case when the domain D 
coincides with an interval (a, b) of the real number axis, 
the kernel K (x, y) is a function continuous with respect 
to the point (x, y) for a ^ x ^ b, a =gC y ^ b and / (x) 
is a continuous function in the closed interval a ^ x ^ b. 
For this case we shall write Fredholm's integral equation 
of the second kind in the form 

b 

y(x) — k^K(x,y)<p(y)dy = f(x), a<x<b (47) 

a 

where A, is a real parameter. 

In the case when the function K (x, y) tends to infinity 
for | x — y j -*■ at the same rate as the function \x — y |" n » 
where n < n and n is the dimension of the domain D, 
the integral equation 

y(x) — X j K(x,y)y(y)dx y = f(x) 

D 

can be reduced to an equivalent Fredholm integral equation 
of the second kind with a continuous kernel; therefore the 
above equation is also referred to as a Fredholm equation. 



MATHEMATICAL MODELS IN PHYSICS AND ENGINEERING 37 

If the kernel K (x, y) of Fredholm's integral equation of 
the second kind (47) is identically equal to zero for y > x 
we arrive at an integral equation of the form 

X 

cp (x) - K j K (x, y) cp (y) dy = f (x) (48) 

a 

which is a special case of Fredholm's equations. Equation 
(48) is called Volterra's integral equation of the second kind. 
All the assertions concerning integral equation (48) 
remain valid for the class of the integral equations of the 
form 

* v 
cp (x, y) — X \ dt 1 K (x, y; t, x) q> (t, x) dx — 

a b 

X 

— n j K t (x, y; t)y(t, y)dt — 

a 

V 

— v j K 2 (x, y; x) (p (x, x)dx = f (x, y) 
b 

which are also aided the Volterra integral equations of the 
second kind. 

By the equations of mathematical physics are usually meant 
not only partial differential equations but also integral 
equations. 

Integral equations play an important role in various 
divisions of mathematics. In particular, the theory of 
integral equations is widely used in the investigation of 
differential equations, both ordinary and partial. 

§ 5. Simplified Mathematical Models 
for Some Phenomena 
in Physics and Engineering 

1°. Electrostatic Field. Here we shall limit ourselves to 
the consideration of a plane electrostatic field by which is 
meant a two-dimensional medium for whose every point P 
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a two-dimensional vector E (the field intensity) is denned. 
Let the coordinates of the variable point P be denoted as x 
and y and the components of the vector E along the coor- 
dinate axes as E x and E y respectively. We shall suppose 
that the functions E x and E y are continuous together with 
their partial derivatives of the first order at all the points P 
of the field. 

Let D be an arbitrary domain lying within the electro- 
static field under consideration, its boundary S being 

sufficiently smooth. By | D |, v = (cos xx, cos xy) and 

s = (cos sx, cos sy) we shall denote the area of the domain D, 
the outer normal to S and the unit tangential vector to S 
in the positive direction along S (as usual, the positive 
direction along S is defined as the one possessing the prop- 
erty that when S is described in that direction the interior 
of the domain D always remains on the left). The compo- 
nents of the vectors v and s are connected by the obvious 
equalities 

cos vx = cos sy, cos xy = — cos sx 

The expressions 

N=[ Exds and A= [ Es ds 
s s 

where Ex and Es are the scalar products 

Ex = E x cos xx + Ey cos xy 
and 

Es = E x cos sx + E y cos sy = E y cos xx — E x cos xy 

are called the flux of the vector E through the contour S and 
the circulation of E over S. 

According to formula {GO), we have 

N= [ (^L + IE]L)dxdy 
J ■ dx T dy I 

and A= ( {^JL- d I±)dxdy 
J V dx dy * 



MATHEMATICAL MODELS IN PHYSICS AND ENGINEERING 39 

On contracting the domain D to the point P, we obtain 
the limiting relations 

pf dE x dE„ 

lim r-jr-. = -r— 4- -^- = div E 
D „P I D I dx dy 

and 

A _ dE u dE x 

where (rot E) z is the projection of the vector rot E on the 
z-axis orthogonal to the xy-ip\ane. 

N 
By definition, we have N = 4xte and lim ^m = ^ n P 

d - p I" I 
where e is the total charge lying within D and p is the 
surface charge density at the point P, and therefore we 
can write 

dEv dE u 

Since A is equal to the work of the force E along the 
path S and the field in question is stationary, the law of 
conservation of energy implies A = 0, whence 



dEy BE X 
~~dx dy~ 



■■ (50) 



For the case when there are no charges in the field we 
obtain from formula (49) the equality 

dE x dE„ 

^+-^ = (51) 

dx dy K ' 

Equalities (50) and (51) show that the expressions E x dx + 
+ E v dy and E y dx — E x dy are total differentials. Let us 
introduce two scalar functions v (x, y) and u (x, y) defined 
by the formulas 

E x dy 



dv = — E x dx — E v dy 


and du = — E y dx 


These formulas mean that 




du dv 
dx dy 


du dv 
' dy dx 



(52) 

The functions u (x, y) and v (x, y) are called the force 
function and the potential (the potential function) of the 
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field respectively, and system of two equations (52) (satis 
fied by these functions) is referred to as the Cauchy-Riemann 
system of partial differential equations. 

Thus, the investigation of a plane electrostatic field can be 
reduced to the investigation of the system of partial differential 
equations (52). 

As will be shown later (see Chapter 2, § 2, Sec. 5°), the 
functions u (x, y) and v (x, y) which are regular solutions 
of system (52) possess partial derivatives of all orders. On dif- 
ferentiating the first equation of that system with respect 
to x and the second equation with respect to y and adding 
together the results, we see that Au = u xx -J- u vv = 0, 
which means that u (x, y) is a harmonic function. In a 
similar way we readily show that the function v (x, y) is 
also harmonic. 

2°. Oscillation of a Membrane. By a membrane is meant 
an elastic material surface which takes the form of a plane 
region G when it is at rest and whose potential energy E p 
gained in the oscillation process is proportional to the 
increment of the area. 

Let us suppose that the domain G lies in the planeTol the 
variables x and y and, that the transverse deflection 
u (x, y, t) of the membrane, that is the vertical displace- 
ment of the point (x, y) £ G, is a sufficiently smooth func- 
tion. We shall assume the oscillation of the membrane 
to be small in the sense that in the calculations it is legiti- 
mate, to within the appropriate accuracy, to neglect the 
powers of the quantities u, u x , u y and u t higher than the 
second. 

The area o of the membrane at time instant t is given 
by the formula 

°"= ) Vi + ul + Uy dxdyx \ (l + y u * + J u v) dxd y 



and the area of the membrane when it is at rest is equal to 

| G\= \dxdy 

G 
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Therefore the potential energy E p is expressed as 
E v = -g- M- J K + u}) d * d 

G 

where the proportionality factor u. is the tension per unit 
length. 

The kinetic energy E h of the membrane is expressed by 
the formula 



Eh = T ) pu * dx dy 



where p is the area (surface) mass density of the membrane 
and u t is the speed of the displacement of the particle of the 
membrane. 

According to Hamilton's principle, the integral 

j (E h - E p ) dt = i J dt j [puf - p K + "5)1 ^ <*? ( 53 ) 

where (t u t 2 ) is the time interval during which the oscilla- 
tion process is observed, must assume a stationary value. 
Consequently, the function u (x, y, t) must satisfy Euler's 
equation corresponding to the variational problem for 
integral (53): 

4r (pu t ) - -^ iv-u x ) - -L (puy) = o 

If we assume that p and \i are constant then this equation 
takes the form 

■jrujt — Aw = (54) 

where a 2 = p/p. The constant a is referred to as the speed 
of sound. 

When investigating equation (54), we may assume, without 
loss of generality, that a = 1, because the simple change 
of the variable t according to the formula x = at and the 
transformation u (x, y, t) = u (x, y, xla) = v (x, y, x) of 
the unknown function bring equation (54) to the form 

v xx — Ay = 
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Now let us consider the special case when u is independent 
of t, that is when the membrane, after being bent, is in 
a state of equilibrium described by an equation of the form 
u = u (x, y). For this case equation (54) implies Aa = 0. 
We see that in the case under consideration Laplace's equation 
we have obtained for the function u serves as Euler's equation 
of the variational problem for the so-called Dirichlet integral 

D(u)= \{u%-\-u\)dxdy 

G 

The expression D (u) describes the potential energy of the 
membrane when it is in the equilibrium state with the trans- 
verse deflection described by the function u (x, y). 

Indeed, let us suppose that the displacement of the 
boundary S of the domain G (of the edge of the membrane) 
is equal to a given function cp denned on 5: 

u (x, y) = q>, (x, y) £ S (55) 

Let the function u (x, y) receive a variation 8u = ev where 
e is an arbitrary real number and v is an arbitrary suf- 
ficiently smooth function satisfying the condition 

v (x, y) = 0, (x, y) eS (56) 

Then the corresponding variation 8D = D (u + ev) — D (u) 
of Dirichlet's integral is expressed by the formula 

SD = 2t I {u x v x -f- UyVy) dx dy -f e 2 I (v% + v%)dx dy 

G G 

Therefore the necessary condition for Dirichlet's integral 
to assume a minimum (stationary) value has the form 

j (u x v x + u y Vy) dxdy = Q (57) 

G 

Further, taking into account the relation 

U X V X + UyVy = (U X V) X + (UyV)y ~ V A U 

and the fact that formula (GO) and conditions (56) imply 
the equalities 

J l(u x v) x + (u y v)y] dxdy=^v~ds = 
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we obtain from (57) the equality 

[vAudxdy = (58) 

G 

Finally, since v is an arbitrary function denned in G, equa- 
lity (58) implies that Aw = 0. 

Hence, the deflection u (x, y) of the membrane in a state 
of equilibrium is the solution of Dirichlet problem (55) for 
the Laplace equation. 

3°. Propagation of Heat. The process of propagation 
of heat in a medium filled with a mass distributed with den- 
sity p and having specific heat c and the coefficient of thermal 
conductivity k can be described mathematically in the fol- 
lowing way. Let u (x, t) be the temperature of the medium 
at the point x at time t and let D be an arbitrary domain 
within that medium containing the point x. By S we shall 
denote the boundary of the domain D. Let ds and v be the 
element of area of S and the outer normal to S respectively; 
then, under the assumption that the function u (x, t) is 
sufficiently smooth, the amount of heat Q flowing into D 
through S during a time interval (t t , t 2 ) is given by the 
formula 

Q=\dt\k^ds 
(. s 

expressing the Fourier law of heat conduction. 

Due to the inflow of the amount Q of heat the temperature 
receives an increment u (x, t + dt) — u (x, t) « u t dt, and 
therefore 



»2 

Q = \ dt \ cpu t dx 



where dx is an element of volume. 
Consequently, 

U r' 

\ dt \ k-^- ds= \ dt \ cpu t dx 
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We shall limit ourselves to the case when the quantities 
k, c and p are constant, then 

t, t, 

k \ dt \-^-ds = cp \ dt \u t dx (59) 

(, S tt D 

By virtue of formula (GO), we have 

^ds=\Audx 
s b 

Therefore equality (59) can be written in the form 
\ dt I (cpu; — k Au) dx = 

Now, since the time interval (t t , t 2 ) and the volume of 
the domain D are quite arbitrary, we conclude that the 
equality 

cpu t — kAu = 

must hold; it follows that 

— u, — Au = 

a ' 

where a = — . It is evident that without loss of generality 

we may assume that in this case a = 1 as well. 

If we prescribe the values of the function u (x, t) at 
every point x of the medium at the initial instant t = t 
(that is if we set the initial condition) and also the values 
of u (x, t) at each point of the boundary of the medium for 
all values of t belonging to the interval t <C t <C T for 
a constant T (the boundary condition), we arrive at the 
corresponding boundary-value problem of type (44). 

4°. The Motion of a Material Point under the Action of 
the Force of Gravity. Let us consider a vertical plane with 
orthogonal Cartesian coordinates x and y. Suppose that 
a material point M (x, y) moves in that plane under the 
action of the force of gravity from a position (|, ti), ti > 0, 
to another position (| , 0), | > \, the time t of the motion 
being a given function t = t (r\) of the coordinate r\ reckoned 
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along the vertical direction. It is required to determine the 
trajectory of motion of the point M (x, y) (this is the so- 
called tautochrone problem). 

As is known, the square of the absolute value v of the 

velocity vector (-£ , -^j of the point M (x, y) satisfies the 

equality 

w» = 2g ft - y), < y < x\ (60) 

where g is the acceleration of gravity. Let us denote as a (x, y) 
the angle between the velocity vector and the positive 
direction of the z-axis, the angle a being reckoned counter- 
clockwise. Then, by virtue of (60), we can write for the 

derivative -^ the equality 

-^- = fsin a = Y 2g (r\ — y) sina (61) 

Since the trajectory x = x (y) is unknown so is the quan- 
tity 

*(">= . In « t *(,),,,l < 62 > 

On the basis of (61) and (62) we obtain 

n 

<p (y) dy 



ft)=-J 



Y2g(r)-y) 



that is 



where 



?JL^jL = /() (63) 

J V a—v 



/ft)=-|/2**ft) 

Consequently, the function cp (y) must be a solution of 
integral equation (63) known as AbeVs integral equation. 

Relation (62) shows that only those solutions q> (y) of 
equation (63) have a physical meaning which satisfy the 
condition | cp (y) |> 1. If we manage to find the solution 
cp (y) of equation (63) satisfying that condition, the geo- 
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metrical equality 

-£- — cot a = \/ csc 2 a —I— V (p 2 (y) — 1 

makes it possible to immediately express in quadratures 
the equation of the sought-for trajectory: 

y 
x= \ V <p* (z) — 1 dz 



CHAPTER i 

ELLIPTIC PARTIAL 
DIFFERENTIAL EQUATIONS 



§ 1. Basic Properties of Harmonic Functions 

1°. Definition of a Harmonic Function and Some of Its 
Basic Properties. According to the definition stated in 
Sec. 1°, § 3 of Introduction, a function u (x) is said to be 
harmonic in a domain D if it possesses continuous partial 
derivatives up to the second order inclusive in D and satisfies 
Laplace's equation in that domain. 

If u (x) is a harmonic function in D then so is the func- 
tion u {%Cx + h) where X is a scalar constant, C is a constant 
real orthogonal matrix of order n and h = (h lt . . ., h n ) 
is a constant real vector provided that the points x and 
%jCx -f h belong to the domain D. 

This assertion readily follows from the obvious equality 



1-1 ' 1=1 



2^u(AC* + /0 = ^2l£r"0/) 



dy\ 



where y — KCz + h. 

For arbitrary constants c k (k = 1, . . ., m) there holds 
the equality 

m m 

A 1] c k u h (x) = 2 c h Au k (x) 

and therefore if u h (x) (k = 1, . . ., m) are harmonic func- 
tions then so is the finite sum 

m 
u {x) = 2 c ft"fe (x) 

h=l 
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We can also verify directly that if u (x) is a harmonic 
function in a domain D then the function 



v{x) = \xr n u( 1 ^ T ) 



is also harmonic at all the points where it is defined. 

In the case when the domain D contains the point at 
infinity the definition of a harmonic function needs some 
additional stipulation because the notion of the derivative 
at the point at infinity does not make sense. 

We shall say that a function u (x) is harmonic at infinity, 
or, more precisely, in the neighbourhood of the point at 
infinity (by which is meant the exterior of a ball | x | <; R 
of a sufficiently large radius R), when the function 



v(y)=\yr n u( 1 f v ) 



(this expression makes sense for all y =^= 0) whose value at 
the point y = is defined as lim v (y) is harmonic (in 

the ordinary sense) in the vicinity of the point y = 0. 
The 'transformation y = ■. — -7. of the variable v results 
in the formula 

Accordingly, by a solution u (x) of Laplace's equation regular 
at infinity we shall mean a function which is harmonic through- 
out the neighbourhood of the point at infinity except the 
point at infinity itself and which remains bounded for \ x \ —*- 
-> 00 in the case n = 2 and tends to zero not slower than 
I x [ a_n in the case n > 2. 

Let D be a domain in the space E n having a sufficiently 
smooth boundary 5 and let u \x) and v (x) be two real har- 
monic functions defined in D ;and continuous in D \j S 
together with their partial derivatives of the first order. 

Integrating over the domain D the identities 

n n 

d I du \ vn dv du 



*—> dxi \ dxi ) ^-1 



dx 1 dxi 
i=l i=l 
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and 



E d I du dv \ ~ 
dxi \ dxi dxi ) 



i=l 



and using formula (GO) (see Introduction), we obtain the 
formulas 



and 



it"»)^-W^ L ]*. = (2) 



respectively. In formulas (1) and (2) and henceforth we 
shall mean [by jv [the outer normal to S. 

For formulas (1) |and (2) to remain valid in the case when 
the domain 'D lying in the space E n contains a point at 
infinity, it is natural to require that the integrands in these 
formulas jshould be .absolutely integrable (or 'summable in 
the case when the expressions [on the left-hand and the 
right-hand sides of formulas (1) and (2) are understood as 
the Lebesgue integrals). 

Formulas (1) and (2) make it possible to readily establish 
a number of elementary properties of harmonic functions: 

(1) // a function u (x) is harmonic in a domain D and con- 
tinuous in D |J S together with its first-order partial deriva- 
tives and is equal to zero on the boundary S of the domain D , 
then u (x) = for all x £ D (J S (this property is known 
as the uniqueness theorem for harmonic functions). 

The indicated property follows from equality (1) if we 
put u (x) = v (x) in it. Indeed, since u (y) =0 for y £ S, 
formula (1) implies 



1=1 D 

and therefore 



i J (£)'*■-! -wt^** ' 3 > 



= 1 D 
4-0598 



2 J (■&)'*. 
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Consequently, ^— = ,0 (i — 1, . . ., n), x£D, that is 

u (x) |= const for all x 6 D. Now, since u (y) = for y £ S, 
by virtue of the continuity of u (x) in the closed domain 
D U 5, we conclude that u (x) = for all z 6 D [} S. 
'! (2) Let u (x) be a harmonic function in a domain D contin- 
uous throughout D [} S together with its partial derivatives 

of the first order; if the normal derivative -^- is equal to 

zero on the boundary S of the domain D, then u (x) = const 
for all x £ D. 

This property of harmonic functions is proved in exactly 
(he same way as the foregoing property; to this end it is 

sufficient to take into account that " = in (3) for all 

yes.- 

(3) Again, let u (x) be a harmonic function in a domain 
D continuous in D (J S together with its first-order partial 

derivatives; then the integral of the normal derivative -^^ 

taken over the boundary S of D is equal to zero. 

Indeed, on putting v (x) == 1 for all x 6 D, we obtain 

.... ' j^^-o W 

s 

. 2°. Integral Representation of Harmonic Functions. For 

a function u (x) harmonic in a domain D with boundary S 
and continuous in D [j S together with its partial derivatives 
of the first order there holds the integral representation 

B ■ 8 

where E (x, y) is the fundamental (elementary) solution of 
Laplace's equation considered in Sec. 1°, § 3 of Introduction, 

(Orl = -2n n/2 is the surf dee area of unit sphere in 2?_ 

r(-) 

and T \is Euler's gamma function. 

To derive formula (5) let us choose an arbitrary point x 
in the domain D and consider a closed ball | y — x \ ^ e 
of radius e > such that it lies entirely inside D. The part 



BASIC PROPERTIES Of SAHMOttlC FUNCTIONS' 51 

of the domain D lying outside that ball will be denoted D B . 
On applying to the domain Z) e , bounded by the surface S 
and by the sphere | y — x | = e, formula (2) in which 
we put v (y) = E (x, y), we obtain 

|l/-X|=8 

J [u (y)-u(x)] d -*£fds y - 



ly-X|=E 





|y-x|=e 


', for the sphere 


| !/ — x | =e we have 


f 


fnr r? — i 


£(*,*/) = j 


(n-2)e»-» l0r H>x - 
— In e for n = 2 


d£ (x, y) 1 
dVy ] 


— - for n = 2 



lim { [u^-u^i^Llid.^O 

B~0 . J. oy M 



|y-x|=e 



and 



J e"" 1 
|y-x|=e 



ds y 



(6) 



Therefore, by virtue of (4), we obtain from formula (6) 
in the limit, for e ->- 0, integral representation (5) (see 
Fig. 2). 

3°. Mean-Value Formulas. // a ball \y — x | ^ R lies 
entirely within the domain D of harmonicity of a function 
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u (x), then the value of that function at the centre of the ball 
is equal to the arithmetic mean of its values on the sphere 
\y-x\ = R. 




Fig. 2 

Indeed, since for the sphere ] y — x | = R we have the 
equalities 

r? for n>2 



l -Inl- 



and 



1 



dE (x, y) 



R 



for n = 2 
for w>2 
for n = 2 



it is readily seen that, by virtue of (4), formula (5) results in 

" (x) = m n i?"-i j u (y) ds v ( 7 ) 

\V-x\=R 

On writing formula (7) for the sphere | y — x \ = p ^ R 
in the form 



p n - l u(x) = -~ j u(i/)ds y 



i»-*i=p 
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and integrating the last equality with respect to p over 
the interval O^p^i?, we obtain 

u ^ = ~^ r 1 u (y) dx v ( 8 ) 

|y-5c|s£H 

where dx y is the element of volume whose location within 
D is specified by the variable y and — — is the volume of 

the ball | y — x | < R. 

Formulas (7) and (8) are known as mean-value formulas 
for harmonic functions, for a sphere and for a ball respectively. 

Using polar coordinates in the case n = 2 and spherical 
coordinates in the case n = 3 we can rewrite formula (7) 
in the forms 

2n 

u ( z u x z) = t~ I u ( x i J f # cos 9, x 2 -\- R sin 9)d9 (9) 

o 

and 

a 2n 

u (x u x 2 , x 3 ) = -j— j dQ j u (x x + y lt x 2 + y z , x 3 + y 3 ) sin 9 d\p 

o o 

where y l = R sin 6 cos t|), y 2 = i? sin 9 sin \J) and !/ 3 = 
= R cos 9. 

4°. The Extremum Principle for the Dirichlet Problem. 
Uniqueness of the Solution. Given a harmonic function 
u (x) in a domain D, we shall denote by M and m the supre- 
mum and the infimum of the values of the function respec- 
tively. 

Proceeding from formula (8) we can readily establish 
the following property known as the extremum principle for 
harmonic functions: a function u (x) harmonic in a domain D 
and not identically equal to a constant can assume neither 
the value M nor the value m at any point x £ D. 

When Af = +oo or m = — oo the assertion we have 
stated is evident because the function u (x) can take on only 
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finite values at every point of the domain D. Let us suppose 
that M =5^+00 and that u (x ) = M where x Q 6 D. We 
shall consider a ball | x — x | < e (e > 0) lying entirely 
inside D. Then for each point of that ball we must have 
u (x) = M, Indeed, if the inequality u (y) < M held at 
a point y such that | y — x | < e then, by virtue of the 
continuity of u (x), this inequality would hold throughout 
a neighbourhood | I — y | < 6 (6 > 0) of the point y (the 
inequality u (y) > M is impossible). Therefore the appli- 
cation of formula (8) to the ball | x — x | < e would result 
in the inconsistent inequality M < M. Hence, it follows 
that u (x) = M throughout the ball | x — x | < e. Now, 
let x be an arbitrary fixed pointfof the domain D and let I 
be a continuous curve lying within D and joining the points x 
and x . Let the number e be less than the distance between 
the boundary S of the domain D and the curve /. Next, 
imagine that the centre y of the ball | r| — y | < e is moved 
along the curve l\ from the point x to the point x; using 
the fact that for every position of the point y we have the 
equality u — M inside that ball, we conclude that u (x) = 
= M . Consequently, u (x) = M everywhere in the domain D . 
We have thus arrived at a contradiction, which proves the 
first part of the assertion we stated above. The other part 
of the assertion concerning m is proved analogously. 

Further, if it is additionally known that the function u (x) 
harmonic in D is continuous in D (J S, then this function must 
necessarily assume its maximum (minimum) value at some 
point x Q £ D \J S. By virtue of the property of harmonic 
functions we proved above, it follows that the point of 
extremum x Q cannot belong to the interior of the domain D, 
and consequently x Q 6 S. 

The extremum principle for harmonic functions implies 
that the Dirichlet problem stated in Sec. 4°, § 3 of Introduction 
cannot possess more than one solution. Indeed, if we suppose 
that u (x) and v (x) are two solutions of that problem (see 
boundary condition (42) in Introduction), then their dif- 
ference w (x) = u (x) — v(x) is equal to zero on the bound- 
ary S of the domain D, and therefore, by virtue of the 
extremum principle, w (x) == 0, that is u (x) = v (x) every- 
where in D U S. 
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§ 2. The Notion of Green's Function. Solution 
of the Dirichlet Problem for a Ball 
and for a Half-Space 

1°. Green's Function of the Dirichlet Problem for the Laplace 
Equation. By Green's function of the Dirichlet problem for 
the Laplace equation in a domain D is meant the function 
G (x, £) dependent on two points x (~ D \J S and \ £ D [j S 
which possesses the following properties: (1) this function 
has the form 

G (x, l) = E (x, I) + g (x, I) (10) 

where E (x, |) is the fundamental (elementary) solution of the 
Laplace equation and, g (x, |) is a harmonic .function both 
with respect to x £ D and with respect to | £ D; and (2) when 
the point x or % lies on the .boundary S of the domain D, the 
equality 

G(x, I) = (11) 

is fulfilled. 

It can easily be seen: that G (x, |) ^ throughout the 
domain D. Indeed, let us denote by D 6 the part of the 
domain D lying outside a ball \y — ||^8, \£D of 
a sufficiently small radids, 8 > 0. Since lim G (x, |) = 

= +oo, we must have, for a sufficiently small 8, the ine- 
quality G (x, £) > 0, when ] x — % | < 6. Consequently, 
G (x, |) ^ on the boundary of the domain D b and there- 
fore, by the extremum principle, G (x, |) ^ for all x £ D 6 
whence we conclude that G (x, |) ^. everywhere in D \J S. 
Next we state the symmetry property of Green's function 
G (x, y) with respect to the points x and y: 

G(x, y) = G(y, x) (x, y £ D) 

To prove this property, let us remove the points x and 
y belonging to the domain D from that domain together with 
the closed balls d: \ z — x | <J 6 and d': \ z — y | ^ 6 
of a sufficiently small radius 6 > 0; the remaining part 
of the domain D will be denoted D 6 (see Fig. 3). 

The functions v (z) — G (z, y) and u (z) = G (z, x) -are 
harmonic within the domain D outside the balls d' and d 
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respectively. On applying formula (2) to the domain D 6 
we obtain the equality 

s 

c 

where v 2 denotes the outer normals to S and to the spheres 
C: | z — x | = 6 and C": | z — y | = 6 at the points z. 




Fig. 3 

By virtue of the equalities G (z, x) = G (z, y) = 0, z £ S, 
the last formula can be rewritten as 

c 
Finally, using the relations 

G (z, a;) = £ (z, a:) + g (z, x) 



and 



G (i, y) = E (z, + g (z, */) 
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where g (z, x) and g (z, y) are harmonic functions, we 
obtain on passing to the limit for 6 -v (like in the deriva- 
tion of formula (5)), the equality G (x, y) = G (y, x), which 
is what we intended to prove. 

Now, let u (x) in equality (5) be the solution of the Dirich- 
let problem for Laplace's equation and let us substitute 
G (x, |) for E (x, y); then the repetition of the argument 
used in the derivation of formula (5) and the application 
of (10) and (11) lead to the formula 

s 

where <p is a given real continuous function. 

When Green's function is known, formula (12) expresses 
the solution of the Dirichlet problem stated in the following 
way: it is required to find the function u (x) harmonic in the 
domain D, continuous in D {J S and satisfying the boundary 
condition 

lim u (x) = qp (x ); x £ D, x £S (13) 

X-*Xq 

The harmonicity of the function u (x) expressed by formu- 
la (12) follows from the fact that Green's function G (x, |) 
is harmonic with respect to x for x =fc \- However, the 
fact that this function satisfies boundary condition (13) 
as well requires special proof. 

2°. Solution of the Dirichlet Problem for a Ban. Poisson's 
Formula. In this section we shall construct explicitly 
Green's function for the case when the domain D is a ball; 
for this special case we shall prove that the harmonic func- 
tion u (x) represented by formula (12) does in fact satisfy 
boundary condition (13). 

So, let the domain V D be the ball | x \ < 1 and let x 
and | be two interior points of that ball. The point £' = 
= |/| | | 2 is symmetric to the point £ with respect to the 
sphere S: | x | = 1. Let us show that Green's function 
G (x, |) of the Dirichlet problem for the ball | x | < 1 has 
the form 

G(x,l) = E(x 1 l)-E(\x[l,-^ i ) (14) 
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Indeed, since 



x\l- 



\x\ 



[|x|2UI 2 -2a;E+l]^: 



= 11 



I 



61*- 



\l\ 



(15) 



we conclude that the function g (x, £) = — E ( | x | g, ^-,\ 

is harmonic for | x | < 1, | g | < 1 both with respect to x 
and with respect to g. Further, for | g | = 1 we have 

\\-x\--=[\x\*-2x\+\Yi* = 



ISI*- 



\l 



x\l- 



x\ 



(16) 



Consequently, the function G (x, g) expressed by formu- 
la (14) satisfies all the conditions enumerated in the defini- 
tion of Green's function. 
By virtue of (16), for | g 

dG_(x,J)__ _y \li (Ei -*t) 



1 we obtain 

,6'('"*«--nrr)l 



dv% 



i = i 



HI" 



x\l- 



|£-x| ft 

whence it follows that in the case under consideration for- 
mula (12) takes the following form: 

U ^=i: $ -tt^-^** (17) 

Formula (17) is known as Poisson's formula. 

Using spherical coordinates in the case n = 3 and polar 
coordinates in the case n = 2 we can write Poisson's forr 
mula in the form 






|x 



(1—2 | a: | COSY+I a; | 2 ) 3 / 2 
n n 

<p = cp(ii, lz, 6a) 

x|cosy = x|, |j = sin cos ij) 

g 2 = sin 6 sin i|), g 3 = cos0 



cp sin d\p 
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and 

U \Xi, X2) = 



2rt 

~2n" 



5T 5 i-2\x\ { cJ{B-if)+\x\* * ( C0S *• Sin *> ^ < 18 > 



Xj = I a; I cos 9, x 2 =|x|sin9, | 1 = cosa|), £ 2 =sinop 

respectively. 

We have derived formula (17) for the unit ball with 
centre at the point x = 0. Now let us consider a more gener- 
al case when the function u (x) is harmonic in a ball | x | <; 

< R, continuous in the closed ball | x \ ^ R (where R > 
is an arbitrary number) and satisfies the boundary condition 
lim u (x) = cp (y), | x | < R, | y | = R. In this case the 

3C-»V 

function v (z) = u {Rz) is harmonic in the ball | z | < 1, 
continuous for | z | ^ 1 and satisfies the boundary condition 

lim v(z) = <p(Rt), |zj<l, |*i = l 
Therefore, by virtue of formula (17), we have 

V ^ = lt 1 Tf_7F *<**>** 

151=1 
whence 

ni=i 

On making the change y = Rl, we obtain the formula 

"W-CT 1 W^^' (19) 

l!/l=H 

Now let us proceed to the case of an arbitrary ball | x — x 1 <C 

< /?. Let the function u (x) be harmonic in that ball 

| x — x \ <c R, continuous in the closed ball | x — x \ ^ 
s^ R and satisfy the boundary condition lim u (x) = 

X-l/ 

= q> (y), | x — x | < R, \ y — x \ = R. In this case the 
function w (z) = u (z -j- a: ) is harmonic in the ball | z | << 

< R, continuous for | z | ^ R and satisfies the boundary 
condition lim w (z) = cp (£ + Zs)» I * | < -ft, I M = -ft- 
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Therefore, according to (19), we can write 

whence readily follows Poisson's formula for the ball | x — 
- x I < R: 

u(x)^w(x-x )^ 1 ± w j R2 -^- x n ol \ a)d Sl (20) 

For x = ;r we obtain from (20) formula (7) expressing 
the mean-value theorem. 

3°. Verification of Boundary Conditions. Now we shall 
show that the function u (x) specified by Poisson's formula 
satisfies boundary condition (13); this will mean that Poisson's 
formula expresses the solution of the Dirichlet problem whose 
statement was given at the end of Sec. 2°, § 2. 

For the sake of simplicity we shall limit ourselves to 
the case n = 2 (that is we shall investigate Poisson's for- 
mula for the circle). Since u (i)b 1 is a harmonic function 
satisfying the boundary condition lim u (x) = 1, | x | < 1 

x->x 

where x is an arbitrary fixed point on the circumference 
| x 1 = 1 of the circle | x | < 1, formula (17) implies that 
for all the points x lying in the circle | x \ <C 1 the equality 

2ji 

15T 1 \l-V\* d $ = i > Ei = cosi|>, £ 2 = sin*|) (21) 

o 

holds. On the basis of formulas (17) and (21) we can write 

2n 

" (*) — <P (*o) = "4" J I ~\ — x | 2 t<P(£) — <P(go)l^. 

|*|<1 (22) 

Since the function cp is uniformly continuous on the 
circumference | x | = 1 of the circle | x \ <J 1, for any 
given e > there exists a number 6 (e) > such that for 
all i)3 and ij; satisfying the condition |t|j — \p Q |<6 the 
inequality 

I «p (6) - <p (x ) | < e (23) 

is fulfilled where |j = cosi|>, | 2 = sin \|5, x 10 = cosij) and 
x 20 = sin t|) (here x = (x 10 , x 20 ) and £ = (£ lt | 2 )). 
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Let us rewrite expression (22) in the form 
u (x) — cp (x ) = /j + f 2 



where 



and 






^0 + 6 

*7i'[l [q>(£)-«p(*o)]<fti> 



7 * = i 1 -n^f [«p<e)-«p(*b>]*M- 



2n 

+-sr J TF^f M1)-<p(* )]^ 

From (21) and (23) we conclude that \ I 1 | < e. 

After the number 6 (e) has been chosen we can take a point 
x lying so close to x that the inequality 
n>„-a 



,xl, *M- 



J IS-* I 


2n 



holds, that is | 7 2 I < e - Consequently, \ u (x) — q> (x ) | <; 
< 2e, and hence 

limu(x) = fp(x ), |ar|<l, \x \ = l 

4°. Solution of the Dirichlet Problem for a Half-Space. 

Let us consider the case when the domain D is a half-space; 
for definiteness, let D be the half-space x n > 0. Here we 
shall require that the sought-for solution of the Dirichlet 
problem should be bounded. Let x and g be two points 
belonging to that half-space and let us take the point g' = 
— (Si) ■ ■ -i in-D — \n) symmetric to the point g about 
the plane g n = 0. Since the function g (x, g) = —E (x, g') 
is harmonic both with respect to x and with respect to | 
for x n > 0, g n > 0, and, besides, E (x, g) - E {x, g') = 
for g n = 0, the expression 

G (x, l) = E (x, l)-E (x, g') (24) 

is Green's function for the half-space in question. 
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We shall assume that in the case under consideration the 
sought-for solution u (x) of the Dirichlet problem can be 
represented in form (12). This assumption is sure to be 
fulfilled if the inequalities 



A 



du ,| 



[w (a;)! ^-r — rr- and -r — J <-j — rj-n- (i = l,...,n) 

hold for all x £ D when | x | -»- oo, where A and h are some 
positive constants. Accordingly, the function cp (z/j, . . . 
• • -i J/n-i) denned on the plane y n = must satisfy the 
condition 

(n-1 \l/2 
2 y\ ) 

On substituting the expression of G (x, £) specified by 
formula (24) into the right-hand side of formula (12) and 
taking into account the fact that 

SG(x,l) _ 0G(x, I) ln — Xn in + *n _ 

dvi dl n \l~*\ n \\'-*\ n 

^ x n 



"- 1 -n/2 



L i=l J 

for | n = 0, we arrive at the formula 

n 2 5n=0 ^ (Si -*!)» + *» 

(25) 

Formula (25) expresses the solution of the Dirichlet problem 
with the boundary condition 

lim u (x) = cp (y u .. .,y n -i); x n >0, y n = (26) 

for the half-space x n > 0; this formula is also called Pois- 
son's formula. 

The fact that the function u (x) determined by formula (25) 
satisfies boundary condition (26) can be proved in exactly 
the same way as it was done above in the case of the Dirichlet 
problem for a circle. 
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The solution of the Dirichlet problem for an arbitrary 

n 

half-space specified by a'general relation ^] a h x k — b > 

reduces to the special case considered above; to perform the 
reduction one should take into account that if u (x) is a har- 
monic function then so is the function u (XCx + h) where X 
is a scalar constant, C is a constant orthogonal matrix and h 
is a constant vector (see Sec. 1°, § 1 of the present chapter). 

5°. Some Important Consequences of Poisson's Formula. 
Theorems of Liouville and Harnack. Formula (19) implies 
the following proposition: if a function u (x) harmonic 
throughout the space E n is nonnegative (or nonpositive) every- 
where in E n then it is identically equal to a constant. 

Indeed, if u (x) ^ then, since for | x | <; R and | y | = 
= R the inequalities R — \ x \ ^ \ y — x \ ^ R + \ x \ 
hold, formula (19) implies, by virtue of (7), that 

^(igF"' '^^^" (fl-tii)"-' u(0) (27) 

for any R > 0. Now, fixing an arbitrary point x £ E n and 
making R tend to infinity, we see that the function u (x) 
satisfies the equality u (x) — u (0) for every point x of 
the space E n . 

Formula (27) directly implies the following proposition 
known as Liouville' 's theorem: if a function u (x) is harmonic 
throughout E n and is bounded above (or below) then it is 
identically equal to a constant. 

Indeed, let, for definiteness, the function u (x) satisfy 
the inequality u (x) =$C M for all x 6 E n where M is a con- 
stant. Since the function M — u(x) is harmonic in E n and 
is nonnegative, it follows, according to what was proved 
above, that M — u (x) = M — u (0), that is u (x) = u (0). 

Liouville's theorem implies the following property: the 
Dirichlet problem for the half -space x n > which was consid- 
ered in the foregoing section cannot have more than one 
solution in the class of bounded functions. 

Indeed, if Uj (x) and u 2 (x) are any two solutions of that 
problem, then their difference v (x) = u l (x) — u 2 (x) satis- 
fies the boundary condition v (x) = for x n — 0. Let us 
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construct the function 

) _i v ( x i> ■•-.£») for x„>0 

w(x, ~\—v(x 1 ,...,—x n ) for x„<0 
The function w (x) is harmonic both for x n >• and for 
£71 <0. Moreover, the function w(x) is harmonic through- 
out the space E n because, for any R > 0, it coincides 
within the ball j x | <C R with the harmonic function 
w* (x) satisfying the boundary condition w* (x) = w (x) for 
I x j = R. By the hypothesis, the function w (x) is bounded, 
and therefore Liouville's theorem implies that it is identi- 
cally equal to a constant. Finally, we have w (x) = for 
x n = 0, whence it follows that w (x) = everywhere in 
E n , and consequently, ^ (x) = u 2 (x). 

Using the extremum principle for harmonic functions and 
Poisson's formula (20) we can easily prove the following 
proposition (Harnack's theorem): if u h (x) (k = 1, 2, . . .) 

are harmonic functions in a domain D which are continuous 

00 

in D (J S and if the series 2 u k (z) ** uniformly convergent 

on the boundary S of the domain D then this series is uniformly 

00 

convergent in D [j S, and its sum u (x) = 2 u k ( x ) i s 

fe-i 
a harmonic function in D. 

00 

Indeed, the uniform convergence of the series 2 u k tit) 

ft-i 
for y £ S implies that, given an arbitrary e > 0, there 

p 
exists an index N (e) such that the inequality 2 u N+i(y) 

■< e holds for all p ^ 1. 

p 
Since the finite sum 2 u N+i ( x ) is harmonic in D and 

i=l 

continuous in D [} S, it follows, by the extremum principle, 

v 
that 2 u N+i ( x ) 

As is known from the course of mathematical analysis, the 
last inequality is a necessary and sufficient condition for 



1=1 



< e for all x belonging to D {J S. 



the series 2 u h (x) to be uniformly convergent in D \J S. 

h-l 
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Let x be an arbitrary point of the domain D and let 
| y — x | < R be a ball lying entirely inside D. Each 
harmonic function u h (x) (k = 1, 2, . . .) t can be repre- 
sented in that ball using Poisson's formula (20): 

/ \ 1 f B 2 —\x — i | a . . , 

| 2/-x„ I =fi 

Consequently, since a uniformly convergent series can 
be integrated term-by-term, we can write 

oo 



x 1 


=R 


R a - 


-1 


X — 


-Xq 


I 2 


1 


v- 


— X 


l„ 








1 






f 





_i_ I J'-|*-x |' , , , 

I y-x„ | =B 

whence follows the harmonicity of the function u (x) in the 
ball | a; — x \ <C R. Since x is an arbitrary point belong- 
ing to the domain D, we conclude that u (x) is harmonic 
everywhere in D. 

§ 3. Potential Function 

for a Volume Distribution of Mass 

1°. Continuity of Volume Potential and Its Derivatives of 
the First Order. Let us consider the expression 

u{x) = ^E (x, I) (x (I) dx x (28) 

D 

If the integral on the right-hand side of formula (28) is con- 
vergent, the function u (x) determined by that formula is 
called the potential function for a volume distribution of mass 
(or, simply, a volume potential) with (volume) mass density \i 
in the domain D. 

In what follows we shall assume that D is a bounded 
domain. 

Since E (x, £) is a harmonic function for x =fc £, the 
volume potential u (x) is a harmonic function for the points x 
lying outside D \J S where S is the boundary of the do- 
main D. Besides, in the case n > 2 the function u (x) tends 
to zero for I x I -*- oo . 



68 ELLIPTIC PARTIAL Dl^FEftKNTIAL EQUATIONS 

Let us prove the following proposition: if the function 
u. is continuous and bounded in D, the volume potential u (x) 
is a continuous' function possessing continuous partial deriva- 
tives of the first order everywhere in E n which are expressed 
by the formulas 

S; = l-£r E ( x >Vv®aTi (*-i,. ..,») (29) 

D 

Let e > be a given sufficiently small arbitrary positive 
number. Let us consider the function 

u e (x) = ^E e (x,l)n(l)d^ (30) 

D 

where E e (x, £) is a continuously differentiate function 
in E n coinciding with E (x, |) outside the closed ball 
| £ — x | ^ e. For n > 2 (here we limit ourselves to the 
consideration of this very case) we can, for instance, define 
E e (x, |) in the ball | | — x | < e by means of the formula 

*-foQ° 2 (ra - 1 2) 8 n-> [n-(n-2)Vtl^-] (31) 

It is evident that the function u e (x) expressed by for- 
mula (30) is continuously differentiable throughout E n . 
By virtue of (28), (30) and (31), there holds the equality 

e 

\u e (x)-u(x)\<w n M \ j [E s (x,l) + E (x,t)]p n -'dp^ 



= ti)r,M r ° 2 



'»'" 2(n s -4) " 
where M = sup | u. (£) |. Therefore the function u & (x) 

tends to u (x), for e -*- 0, uniformly with respect to x, 
whence it follows that the function u (x) is continuous in E n . 
Further, since 

i^ = ji^ J ) ti(|) ^ {i = i n) 

D 

and since the improper integral 
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is uniformly convergent, the difference 

D 

satisfies the inequality 

o 
which holds uniformly with respect to x. Now, as above, 

taking into account the continuity of the functions " , 

we conclude that the function u (x) possesses continuous 

partial derivatives of the first order for all x £ E n , and they 

can be computed using formula (29). 

2°. Existence of the Derivatives of the Second Order of 

Volume Potential. Now we can easily prove that if the 

mass density \i possesses continuous partial derivatives of the 

first order which are bounded in D, then volume potential (28) 

possesses partial derivatives of the second order in D. 

t a j • ,. i.. dE(x, g) dE(x,l) 
Indeed, using the equality — a ' = .; ' we can 

OX i 0|j 

rewrite formula (29) in the form 

du 

dxt 

b 

On performing integration by parts, we obtain 

-^ = - j E (x, 1) ,* (£) cos Q t dst+^Eix, g) dx x (32) 

S D 

where v E is the outer normal to S at the point |. 

The first summand on the right-hand side of (32) pos- 
sesses continuous derivatives with respect to x t for x £ D, 
and these derivatives can be found by performing the dif- 
ferentiation under the integral sign. Since the derivatives 

~ are bounded and continuous in the domain D, the 

second summand on the right-hand side of formula (32) 
also possesses continuous partial derivatives of the first 
order: 



dU -J(*(E)^-^(*.E)^6 
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We have thus proved the existence of continuous partial 
derivatives of the second order of the function u (x) for 
x £ D , and they are expressed by the formulas 



d*u C dE (x, I) , t . '> , . f dp dE (z, |) , 

S D 

f dE(x,l) /6 > /> , 

= J hi •* ® V ^' * ~ 

s 

r an- afi(*,E) ,. , f=sl „v 



D 

Consequently, for x £ Z? we have 






X> e i=l 



where D E is the part of the domain D lying outside the 
closed ball || — x |<le. 

n n 

Since 2 -^^- = for \^x, we have 2 -j|j- -|gj- =* 

i=i * 1=1 

n 

~ 2 a?"(^ al~) • anc * therefore, using formula (GO), we 

i=l 

obtain 



= JMI)^a*i- j Mi)^*. (34) 



D„i=l 



I t-x I =8 
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On the basis of (33) and (34) we derive for x £ D the 
relation 



Au = lim \ Ml) **£*>- *% = 

= _l im f Jt®*t 






— — lim 



j tS&ZL*,-** j 



|l(i)d^ 



8-0 , , J , c " e-0 , t •» , e " 

= —a n n(x) (35) 

In these calculations we have assumed that the bound- 
ary S of the domain D is a smooth surface. However, this 
additional assumption may in fact be dropped. To this 
end we represent the function u (x) in the form 

u(x) = j E(x,l)p(t)dx i + J E(xA)p(l)d%t,xeD 

D R u-x|«£H 

where | | — x | ^ R is a ball lying inside the domain D 
and D R is the part of D lying outside that ball | £ — x | ^ 
<! R. The first summand on the right-hand side of the last 
formula is a harmonic function inside the ball | £ — x | < 
< /?, while the second summand is obviously such that the 
above argument may be applied to it. 

In the case n = 2 we can analogously derive the formula 
Au = — 2jtji (x). 

3°. The Poisson Equation. On the basis of formula (35) 
we conclude that the function u (x) specified by the formula 

u(x)=-^^G(x,l)f(l)dx l (36) 

D 

where G (x, £) is Green's function of the Dirichlet problem 
for harmonic functions in the domain D and f (x) is a bounded 
function possessing continuous first-order partial derivatives, 
bounded in D, is a regular solution of Poisson's equation 

Au = / (*), x 6 D (37) 
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Let us show that the function u (x) satisfies the boundary 
condition 

lim i*;(*) = 0, x£D, x £S (38) 

x-*x 

It should be noted that the passage to the limit under 
the integral sign on the light-hand side of formula (36) 
is not legitimate here because, although Green's function 




Fig. 4 

G (x, I) tends to zero when x^>- x £ S, this passage to 
the limit is not uniform with respect to £ 6 D. That is why 
we shall use another technique. 

Let us represent the function u (x) in the form 

"(*)=— ^ J G(x,t)f(l)dti— ±-^G(x,H)f(t)dx t 

where d e = D ft {| x — x | < e} and Z> e is the part of D 
lying outside the ball | \ ~ x |< e (see Fig. 4). 
It is evident that 

lim ( G (x, I) / (1) dx % = ( lira G (x, I) / (1) dx$ = 

x-x„ J £ x->x„ 
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If we manage to show that for all x 6 d z there holds the 
inequality 



^G(x,t)dt i< N(e) 



where lim N (e) = 0, then, since the function / (x) is 

bounded, the validity of equality (38) will be proved. 

Let us denote by S R a sphere | y — | | = R with centre 
at a point £ £ D whose radius R is «o large that this sphere 
contains entirely the domain D for any £ £ D. Let us denote 
Q (x, l) = E (x, l)-E(y,l) 1 \y-l\ = R. It is ob- 
vious that the function Q (x, \) is nonnegative within the 
ball | | — x | < R and that on the boundary S of the 
domain D we have 

G(x, l)-Q (x, |)<0 

Now, taking into account the harmonicity of the difference 
G (x, £) — Q (x, £) in the domain D, we conclude, on the 
basis of the extremum principle, that 

Q (*, l)>G(x, !)>0 

everywhere in D. From the inequalities we have derived 
immediately follow the inequalities 

^G(x,l)dt l ^[Q(x,l)dt l ^ : N (e), x£d & 

d s d e 

we are interested in because the integral of the function 
Q (x, |) over the domain d e is uniformly convergent. 

Thus, if Green's function G (x, |) is known, the volume 
potential u (x) determined by formula (36) in the domain D 
gives the solution of homogeneous Dirichlet problem (38) 
for Poisson's equation (37). 

On substituting expression (14) of Green's function 
G (x, 1) into the right-hand side of formula (36), we obtain 
the expression in quadratures for the solution of the homo- 
geneous Dirichlet problem (38) for equation (37) in the case 
of the unit ball. 

Now, instead of a homogeneous boundary condition of 
type (38), let us consider a nmi-homogeneou* boundary 
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condition of the form 

lim u (x) = 9 (x ) (x^D, x eS) (39) 

If v (x) is a harmonic function in D satisfying boundary 
condition (39), that is 

lim v (x) = cp (x ) (x £D, x £ S) 

X-+X,, 

and if u (x) is the sought-for solution of non-homogeneous 
Dirichlet problem (39) for equation (37), then the difference 
u (x) — v (x) = w (x) is a regular solution of the equation 

Aw = / (x), x£D 

and w (x) satisfies the homogeneous boundary condition 

limw(x) = (x£D, x £S) (40) 

X~*-Xq 

Thus, the problem of the determination of the solution 
u (x) of non-homogeneous Dirichlet problem (39) for equation 
(37) reduces to the determination of the solution w (x) of the 
same equation satisfying homogeneous boundary condition (40). 

4°. Gauss Formula. For our further aims it is necessary 
to prove the formula 

— a n for g£d 

-4fl>„ for te° (41) 



a 



2 

for ltC(d[}o) 

where d is an arbitrary bounded domain with a sufficiently 
smooth boundary a and C (d [} o) is the complement of 
d U a with respect to the whole space E n (see Fig. 5). 

The validity of the equality I -5 — E (z, |) ds x tor | 6 

a 

6 C (d [) o) (the third jjpart of 4 (41)) follows from formula (4) 
because the function E (x, |) is harmonic with respect to x 
when x ^= |. Next let us consider the case when | 6 d (Jo; 
we shall denote by d e the part of the domain d lying outside 
the intersection of the closed ball | | — x |^e with the 
union d {] a. For a sufficiently small e > the set d t is 
a domain whose boundary consists of the following parts; 
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(1) the surface o f or £ £ d or its part o x lying outside the ball 
| | — x | < e for | £ a and (2) the sphere | § — x \ = e 
for | £ d or the part] o 2 of that sphere lying within d for 
E 6 cr. In the case under consideration, by virtue of the 




Fig. 5 

harmonicity of the function E (x, |) for x ^ | and on the 
basis of (4), we can again write 

ji*£J>.*,= - j ^=-<o n , Ud (42) 



I x-l I =e 



and 



j **£*>*,= _{**_, 66 o (43) 

When writing the last equality we have taken into account 
the fact that formula (4) remains valid in the case when 
the boundary of the domain is a piecewise smooth surface. 
Equality (42) is the first part of formula (41), and the pas- 
sage to the limit in equality (43) for e -> leads to the 
second part ofj (41). This completes the proof of (41). 

From formula (41) we easily derive the Gauss formula for 
the potential function u (#) for a volume distribution of 
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mass with density u. over a domain D: 

where d is an arbitrary domain with a sufficiently smooth 
boundary a lying in the space E n . 
Indeed, since 

D 

we have 

a a D 

= ^(S)^ji|£IU s = 

Df\d a 

+ j^(6)dT 6 J^^-£b se (45) 
di a 

where d x is the part of D lying outside d (J o\ 

By virtue of (41), the second summand on the right-hand 
side of (45) is equal to zero while the first summand coincides 
with the right-hand member of formula (44). 

§ 4. Double-Layer and Single-Layer Potentials 

1°. Definition of a Double-Layer Potential. Let D be a 

bounded domain in the space E n with a sufficiently smooth 
boundary S and let u. be a real continuous function defined 
on S. 

By a potential function for a double layer of distribution 
of dipoles on the surface S (or, simply, a double-layer potential) 
is meant the function 

»(*)--£ r \Ml) J 2£^-** (46) 

where |i is the moment per unit area of the dipole distribution. 
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Since | £ S, the function E (x, £) is harmonic for x =£ |, 

and — , ' tends to zero for I x I -*- oo , we see that the 

double-layer potential u (x) specified by formula (46) is a 
harmonic function throughout the space E n except the points 
belonging to the surface S, and it tends to zero for | x | ->- oo. 
The domain D and the complement C (D [) S) of D \] S 
with respect to the whole space E n will be denoted as D + 
and D ~ respectively. The integrand expression on the right- 
hand side of formula (46) has a simple physical meaning in 
the case n = 3. Namely, let £' and \ K be two points on the 
normal v s to the surface S at the point £ which are located 
symmetrically with respect to |, and |'£D + , 5"£Z) - . 
Let us suppose that at the points |' and £" there are (concen- 
trated) electric charges — \i and \i respectively such that 
when | \" — I' | ->- the equality 

Ho 1 5' - 5'l = I* (E) 

permanently holds. The potential of the field generated by 
these charges at a point x =£ \ has the form 

N Ho 



\\"-x\ ir-x| 

The limiting configuration of the charges (for 1 1" — |' | -> 
-*• 0) is called a dipole, and n and vg are referred to as the 
polarization (the dipole moment) and the axis of the dipole 
respectively. 

On the basis of the definition of a directional derivative 
along a given direction, we readily conclude that 

Mo I — 
l&"-&'l-o 






Let us investigate the behaviour of the function u (x) 
when the variable point x passes from D* to D~. We shall 
limit ourselves to the consideration of the case of two inde- 
pendent variables, that is the case when 

u(*)=-4r\»®ik lnllL - x \ ds t ( 47 ) 

s ■ 
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We shall assume that S in (47) is a simple closed Jordan 
curve possessing continuous curvature and that fj, is a twice 
continuously difierentiable function. 

The curvilinear coordinates of two points x° and £ on 
S (which are the arc lengths reckoned along 5 in the coun- 
terclockwise direction from a fixed point belonging to S to 
the points x° and | respectively) will be denoted as s and t. 

Let us show that formula (47) expressing the double-layer 
potential makes sense for x — x° as well. Indeed, for the func- 
tion 

nK(s,t)J-^\n\l-xo\ 



we have 

2 

dl,i cos tp d 

ysi — ^il " — 

i=l 



nK {s ,t)= T ^2a i -^= 1 ^=^( S ,t) 

(48) 

(g-*°)n 



where 
and 



cos<p = 



1 1-*" I 



6 (s, t) = arctan \* x \ 

Si — x l 



It can easily be seen that K (s, t), considered as a function 
of the two variables for s £ S and t £ S, is continuous with 
respect to the point \s, t). 

Indeed, let us denote 



aM)= S»(0-*2(') and pfrQ ^W-^M 

svident that 

i 

6i (*)-*; («) = (*-*) ^y[[t + x(s-t)]dx 

o 

i 
h(t)-xl(s) = (t-s) ^ y' t [t+t (s-t)]dt 



and 



where 

Vi = y\ (z). J/2 = 2/2 (z). 0<z<Z 
are parametric equations of the curve 5 and I is its arc length. 
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By virtue of (48), we have 

whence it follows that 

hmK(s, t)--^ , 2 , 2 -2^- 

where K (s) is the curvature of the curve S. 

Let us define the value of K (s, t) for t = s by putting it 
equal to 

\i m K(s,t) = ^- 

Since the curvature of the curve S is continuous, the functions 
a, p, <x\ and |$j are continuous with respect to (s, t); besides 
a 2 -f p 2 =5^=0 for all the values of s and f on 5. Therefore the 
assertion we have stated is in fact true. 

From the continuity of the function K (s, t) it follows that 
the expression 

s 

of double-layer potential (47) makes sense for x° £ S and 
that u (x) is a continuous function on S at every point x = x°, 
x° 6 S. 

2°. Formula for the Jump of a Double-Layer Potential. 
Reduction of the Dirichlet Problem to an Integral Equation. 
Let us denote by d a circle \x — x° | <; e (with centre at 
a point x° £ S) of a sufficiently small radius e > and by 
S' the part of S lying inside d (see Fig. 6). By v (x) we shall 
denote a function which is continuous together with its par- 
tial derivatives of the first and of the second order in the 
domain d' = d (]D + including its boundary and satisfies 
the conditions 

v(x) = ix(x), -^- = 0, xeS' (50) 

Let a be the part of the contour \ x — x° \ = e lying in 
the domain D* (Fig. 6). 



tt 
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Let us integrate the identity 



2^r( in is-*iii7- 



t=i 



Sli 



\n\\-x\) = 



=sln|| — a; | Ai> — i>Aln| | — x\ 

over the domain d' (in the case when x belongs to d' \j S' 
the point x should be deleted from d' [j 5" together with 
a closed circle | | — x |^6 of a sufficiently small ra- 
dius 6 > 0, the integral should be taken over the remaining 




Fig. 6 

part of the domain d' and then 6 should be made to tend to 
zero). On performing this integration and taking into account 
equalities (50), we can write 

S' 

+ J { ln ^-x\-^-v^\n\l--xl) d Sl + 

a 

+ q (x) v (x) = \ In 1 1 — a: | Ay dt 5 



(51) 



where 



2n for x £ d' 
q(x)= J jx for x£S' 
for x£D~ 



(52) 
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Next we write expression (47) of the double-layer poten- 
tial in the form 



S" 

S' 

where S" is the part of S lying outside the circle d, and 
use equality (51), which yields 

If* fi 

s- 
+ lH N^I — |-ln|i-x|-^)^ + 

j In 1 1 — x|AydT 5 — q ( x )v(x) (53) 



o 

, 1 



1 2n 

d' 

The terms on the right-hand side of (53) involving inte- 
gration vary continuously when the point x passes from the 
domain D* to the domain D~ through the point x°. Taking 
into account what has been said and equality (52) we con- 
clude that the expressions 

u (x°), u* (x°) = lim u (x) and u~ (x°) — 

x-*x<> 

= lim u (x) {afi £ S) 

x^x<> 
x£D- 

satisfy the relations 

u+(xO)-u(x )=-±-il(x°) (54) 

and 

u-M-^i^-iuM (55) 

Thus, we have come to the conclusion that double-layer 
potential (47) suffers jumps expressed by formulas (54) and 
(55) for x -+ x° e S. 
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Since the integral terms on the right-hand side of (53) 
are continuously differentiable when the point x passes from 
D* to D~ through the point x°, we conclude, on the basis 
of (50) and (52), that there exist the limits 

, . du I du \ + j i • du I du \- 

lim -T-— = ) and hm -z — = I -z — ) 

x ^ x o dv x \ d\ x0 ) x ^ x0 d\ x \ d\ x0 I 

and that 

( du \ + _ ( 8u \~ 
V av*o / ~\dv x0 ) 

(that is the normal derivative of u (x) is continuous on pass- 
ing through x°). 

The properties of the double-layer potential we have 
established also remain valid when the boundary S of the 
domain D and the function \i satisfy some weaker require- 
ments; for instance, when the boundary is not very smooth 
and the function [i satisfies only the condition of continuity. 

Now let us construct the solution u (x) of the Dirichlet 
problem for Laplace's equation in the domain D + with the 
boundary condition 

u* (x°) = g (x°), x° 6 S (56) 

under the assumption that the curvature of the curve S 
and the function g(x°) are continuous) in the form of a double- 
layer potential (47) with the unknown moment per unit 
area u.. 

According to (48), (49) and (54), for the function u (x) 
expressed by formula (47) (this function is harmonic in the 
domain D + ) to satisfy boundary condition (56), the equality 

(*(«)+ jtf(*, t) V L(t)dt=-2g(s) (57) 

s 

must hold. Equality (57) is a Fredholm linear integral equa- 
tion of the second kind with respect to the unknown function 
[i. Thus, the Dirichlet problem reduces to integral equation 
(57). 

In Sec. 1°, § 3 of Chapter 5 we shall prove that integral 
equation (57) possesses a single solution \i. This means that 
double-layer potential (47) with the function (i. satisfying in- 
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tegral equation (57) is the solution of the Dirichlet problem 
with boundary condition (56); this proves the existence of the 
solution of that problem. 

3°. Single-Layer Potential. The Neumann Problem. Let 
us consider the expression 

u ( x )=i^l E ( x >l)p(£) ds i ( 58 ) 

"" n s 

The function u (x) determined by formula (58) is referred to 
as a potential function for a surface distribution of mass (or, 
simply, a single-layer potential) with surface density of mass 
\x. This function is harmonic at all the points x of the space 
E n not belonging to S, and in the case n > 2 it tends to zero 
as | x | -> oo. In the case n = 2 the single-layer potential 
has the form 

u ^ = Jri ln t iE-,| p* 5 *^ < 59 > 

s 
that is 

»W=- J ^Jl*(«d'l + -s r Jln- TI !£i r |i(l)^ 

s s 

whence it follows that lim u(x) = only when the con- 

|5C|-*00 

dition 

s 
is fulfilled. 

We shall limit ourselves to the investigation of the pro- 
perties of a single-layer potential only for the case n = 2, 
under the assumption that the curvature of the curve S is 
continuous and that the function u. is twice continuously 
differentiable. 

Let us repeat the procedure used above in the derivation 
of formula (53) with the only distinction that in the case 
under consideration the function u (x) is specified by for- 
mula (59) and that the function v (x) satisfies, instead of 
(50), the conditions 

v(x) = and ~v(x) = ii(x), x£S' (60) 



6-0598 
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This results in 



In 1 1 — x\]i{l)ds l + 



+ frin| fi _x|^ 

+ ?(a;)i;(a:)= f ln|| — z|Ai;dTj (61) 

From formula (61) we obtain the following expression for 
single-layer potential (59): 

S" 

1 f / d In | | — z | . , t , dv \ , , 

o 

+ -ST?.(*)«'(*)--5rpn|E- a ;|AydT S (62) 

Since the integral terms on the right-hand side of (62) 
are continuously differentiate everywhere in E t except the 
points belonging to the arcs S" and ct, we conclude, taking 
into account equalities (52) and (60), that when the point 
x passes from the domain D + to the domain D~ through the 
point x° 6 S, single-layer potential (59) remains continuous 

whereas its normal derivative — — suffers a jump so that 

du(x°) 1 . n . ,„ . 

-^-L = Tii ( x o) (63) 



I du \ + 
\ dv ) 



and 



I du \- duix") l , „. /c .. 

(-Sv-) —a^=-T»^ ( 64 > 

In formulas (63) and (64) the directional derivative 

du (x°) 

v is expressed by the formula 



dv x0 



d\ xB 2n 



du{x») 1 f (l—x^Vxo 

- LJ — ST) |E-g.|» *(*)** = 

= -j j **(*, t)\i(t)dt (65) 



DOUBLE-LAYER aUD SiNGLE-LAYEft POTENTIALS 83 

where 

K*(s, t) = — ^-arctan .l 2- ^ (66) 

Let us define the value of K* (s, t) f or s = t as being equal 
to lim K* (s, t); in the same way as it was done in Sec. 1° 

where the function K (s, t) was considered we can readily 
check that the function K* (s, t) thus extended is continuous 
with respect to the point (s, t) (x £ S, t £ S). 

The Neumann problem (also called the second boundary- 
value problem) of the theory of harmonic functions is stated 
in the following way: it is required to find the function u (x) 
harmonic in the domain D + which is continuous together with 
its partial derivatives of the first order in D + (J S and satisfies 
the boundary condition 

(^) + = g (x°), x°eS (67) 

where g (x°) is a given function defined on S. 

If u (x) and a x (x) are two solutions of the Neumann prob- 
lem, their difference u (x) — u^ (x) = w (x) satisfies the 

condition -^- — 0, x £ S (this follows directly from (67)). 

From this condition, by virtue of Property (2) of harmonic 
functions proved in Sec. 1°, § 1 of the present chapter, it 
follows that w (x) = const, that is u x (x) = u (x) + C. 

If a function u (x) is a solution of the Neumann problem then 
so is the function u (x) + C where C is an arbitrary real con- 
stant. 

From formula (4) expressing property (3) of harmonic 
functions, by virtue of (67), it follows that for the Neumann 
problem with boundary condition (67) to be solvable it is neces- 
sary that the condition 



j g (*) ds -■ 



= (68) 



should be fulfilled. 

Now let us represent the solution u (x) of the Neumann 
problem in the form of single-layer potential (59) with an 
unknown density u.; then, by virtue of (63), (65) and (67), 
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we obtain for the determination of the function n Fredholm's 
integral equation of the second kind 

i i{s)+^K*(s,t) V .(t)dt = 2g(s) (69) 

s 

whose kernel K* (s, t) is expressed by formula (66). Thus, 
the Neumann problem reduces to integral equation (69). 

As will be shown later (see Chapter 5, § 3, Sec. 1°), con- 
dition (68) is not only necessary but also sufficient for the solu- 
tion of the Neumann problem to exist. 

4°. The Dirichlet Problem and the Neumann Problem for 
Unbounded Domains. Boundary-value problems can be stated 
not only for bounded domains but also for unbounded ones. 
For instance, the Dirichlet problem for the unbounded do- 
main D~ with boundary S which was considered in Sec. 1°, 
§ 4 of the present chapter is stated as follows: it is required to 
find a regular harmonic function u (x) in D~ which satisfies the 
boundary condition 

u~ (y) = cp fa), yeS (70) 

where cp is a given real continuous function. 

The boundary-value problem stated in this way is called 
the exterior Dirichlet problem (for the unbounded domain 
D~) in contradistinction to the Dirichlet problem for the 
bounded domain D + which is referred to as the interior Dirich- 
let problem. 

As was already mentioned in Sec. 1°, § 1 of the present 
chapter, the regularity of a harmonic function u (x) in a 
domain of the type of D~ is understood in the sense that in 
the case n > 2 this function tends to zero not slower than 
| x \ 2 ~ n for | x | -*- oo and in the case n = 2 it tends to a 
finite limit for | x | -> oo. 

Now we note that under the transformation of inversion 
expressed by the formula x' = xl\ x | 2 the domain D~ with 
boundary S goes into a bounded domain D' with a boundary 
S' lying in the space E' n of the variables x[, . . ., x' n . Without 
loss of generality we can assume that the point x ~ is 
contained in the domain D + . 

Let us consider the function 



Hx')=\x'r-u(-^) 
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which is harmonic in the domain D' . According to (70), 
the function v (x') satisfies the boundary condition 

v(y')^\y , r n ^(- { f F ), y'ts' (71) 

We see that if the function v (x') is the solution of the Di- 
richlet problem in the domain D' satisfying boundary condi- 
tion (71), then the function 

u{x) = \x?-v(j^) 

is the solution of the exterior Dirichlet problem satisfying boun- 
dary condition (70). 

From what has been said it follows that in the case when 
D~ is the exterior of the closed ball \ x |^1 the solution of the 
exterior Dirichlet problem satisfying boundary condition (70) 
on the sphere | y | = 1 is given by the formula 

It is obvious that the Dirichlet problem stated above can- 
not possess more than one solution. 

If we seek the solution of the exterior Dirichlet problem 
in the form of double-layer potential (47), this results, by 
virtue of (55), in a Fredholm integral equation of the second 
kind for the determination of the unknown function \i. 

The Neumann problem for an unbounded domain (the 
exterior Neumann problem) can be stated thus: it is required 
to find a regular harmonic function u (x) in the domain D~ 
satisfying the boundary condition 

(■£)"=¥(*>. **S 

where v is the normal to S and tp is a given real continuous 
function defined on S. 

It should be noted that the exterior Neumann problem 
cannot be reduced to an analogous problem for a bounded 
domain (in contrast to the exterior Dirichlet problem for 
which such a reduction was demonstrated above). However, 
if we try to find the solution of the exterior Neumann prob- 
lem in the form of a single-layer potential of type (59), 
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this will result in a Fredholm integral equation of the sec- 
ond kind for the determination of the unknown density 
H (this follows from (64)). 

§ 5. Elements of the General Theory 
of Elliptic Linear Partial 
Differential Equations of the Second Order 

1°. Adjoint Operator. Green's Theorem. Let us consider 
a linear differential operator of the second order 



i,;'=l 1=1 



defined in a domain D of the space E n . 

If the coefficients A t j possess partial derivatives of the 
first order, the operator L can be rewritten in the form 



n n 



^^-iT^U^ + ^e^ + Cu (72) 
where 



dxj 

i, 3=1 1=1 



e, (*) = £, -2-^- (i = i,..-,n) (73) 

3=1 

If the functions e t (x) (i — 1, . . ., n) possess partial deriv- 
atives of the first order, the notion of the adjoint operator 
L* may be introduced: 

i,i=l 1=1 

An operator L is said to be self-adjoint if the equality Lu = 
= L*u is identically fulfilled. 

From (72), (73) and (74) it is obvious that an operator L 
of form (72) is self-adjoint if and only if the conditions 

n 

%J*!l- = B t (x) (i = l,...,n) 

3=1 

hold throughout the domain D. 
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Let us suppose that the differential operator L is uniformly 
elliptic and that the boundary S of the domain D is suffi- 
ciently smooth. If u (x) and v (x) are two sufficiently smooth 
functions, then, by virtue of formula (GO), the integration 
of the identity 



i, ;'=i 

n 



d 



+ 2-sr<«*"'> 

i=l 



over the domain D results in the formula 

\ (vLu — uL*v) dx x = U —^ — uQiv ds$ 



D 

where 



Q\V = a-^--bv (75) 



N is the unit vector (the conormal) at the point \ £ 5 with 
direction cosines 



cosJVg, = — 2] i4jycosv£j (i = l, ...,«) 

and v is the outer normal to S at the point |, the expres- 
sions a and b being given by the equalities 

n n n . 

a2= 2 (2 A u coav h) and &=2 e « C0Sv ^' 

1=1 i=l i=l 

The formula 

\ (uLu — uL*v) dx x = \ \ av -£ uQ^v ds^ 

D S 

we have derived expresses Green's theorem. 

Since the operator L is uniformly elliptic, the vector N 
does not lie in the tangent plane to S at any point i € »S\ 
and a =^= 0. 
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2°. Existence of Solutions of Elliptic Linear Partial Dif- 
ferential Equations of the Second Order. We shall denote 
by a tj (ii 7 = 1, • • -, n) the ratio of the cofactor of the ele- 
ment A t j of the determinant A = det || An || of the matrix 
|| A ij || to that determinant. Let us consider the function 

n 
i, }=i 

where x and \ are two arbitrary points of the domain D. 
We shall assume, without loss of generality, that a (x, \)^ 
>0. 

By the uniform ellipticity of the operator L, there exist 
two positive constants k and fcj such that 

*el*-5 \ 2 <o(x, 6)<i, \x-l\* 

We shall suppose that the functions A t j and Bj possess 
continuous partial derivatives of the third order in the 
domain D [} S and that the function C possesses continuous 
partial derivatives of the first order in this domain. 

Let us construct the function 



*(*,&) = 



where 



i°"o(E)<J 



2-n 

2 



— a (|)lna 
°o (I) 



for 

for 



0>n YA (I) 



n>2 



w = 2 



(76) 



For x =^= | the partial derivatives of the first and the second 
order of the function i\> (x, |) specified by (76) are given by 
the formulas 



dxt 



n n 
2 



■a (l)(n-2)a 2 ^ 1 a u (x)(x J -l i ) + 
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and 

_£! 

dx i 



a«* n+2 



^- = a (E)(n-2)a- 2 [_«„(*)<,(*, E) + 

n 

+ » S a** (*) «;i (*) (* k - E k ) (*j - h) ] + ^i j (*, S) (78) 
ft, j—i 

where the expressions Pj (a:, g) and P tj (x, |) tend to infinity 
for I x — \ I -*- at the same rate as | x — \ | 2_n and 
\ x — £ | 1_n respectively. 

From (78) it follows that when n > 2 and a: =/= | we have 
the equality 

n n 

S ^(*)-^7= 2 ^(*)*V*, 5) (79) 

i, ;=1 i, ;=1 

From (76), (77), (78) and (79) we conclude that when 
\ x — \ I -> the function Lip (x, g) tends to infinity at the 
same rate as | x — | | 1_n . 

For the case n = 2 we can assume, without loss of general- 
ity, that a^ = for i =/=j and a it = 1 (J, / = 1, 2), and 
then, for x =fc\, we obtain the equality 

i, j=l 

Let us introduce the function 

w (x) = j ip (x, g) |i (I) dx 6 

where Z) is a subdomain of the domain D with a boundary 
S ; the function u? (#) is referred to as a generalized poten- 
tial function of a volume distribution of mass over the domain 
D with density \i. 

Under the assumption that the function fi (|) is continuous- 
ly differentiable in D \J S we can repeat the arguments 
given in Sees. 1° and 2° in § 3 of the present chapter, which 
leads to the conclusion that 

Lw (x) = — (i (x) + J Lty (x, g) |i (£) dxt (80) 

Do 
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where the second summand on the right-hand side is an or- 
dinary improper integral. 

Let us construct the solution u (x) of the equation 

Lu = / (x) (81) 

in the form 

u(x) = a (x) + J t|> (x, I) u. (|) dtj (82) 

where co (x) is an arbitrary real function continuous in 
D U ^o together with its partial derivatives up to the third 
order inclusive and n is a real function yet unknown. 

According to formula (80), the function u (x) expressed 
by formula (82) is a solution of equation (81) if and only if 

[ i(x)+^K(x,l) i i(l)dx l = F(x) (83) 

Do 

where 

K (x, 1) = — Lty (x, i) and F (x) = Leo (x) — f (x) 

Equality (83) is Fredholm's integral equation of the 
second kind with respect to the unknown function u.; as will 
be shown in Chapter 5, at least in the case of a domain D 
of a sufficiently small diameter integral equation (83) always 
possesses a solution. 

Since co (x) is an arbitrary function, it follows that equa- 
tion (81) possesses a family of regular solutions in a sufficiently 
small neighbourhood of each point of the domain where the 
equation is defined. 

In the case when co == i|) (x, y) the right-hand member of 
integral equation (83) tends to infinity for | y — x | -> 
at the same rate as the expression \y — x | 1-n ; nevertheless, 
according to the remark in Sec. 2°, § 2 of Chapter 5, we can 
repeat the above argument and thus conclude that in this 
case formula (82) gives the fundamental (elementary) solu- 
tion of equation (81): 

E (x, y) = $(x, y) + j $ (x, g) p, (|) dx % 

Do 

3°. Boundary- Value Problems. Let p t (x) (i= 1, ..., n), 

q (x) and r (x) be real functions defined on the boundary S 
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of a domain D. The following Poincare linear boundary- 
value problem embraces a wide class of problems for equation 
(81): it is required to find a regular solution u (x) of equation 
(81) in the domain D which satisfies the boundary condition 

n 

IiPi( x )^T+9(x)u(x)=r(x), x£S (84) 

where by the values of u and u (x) at the points x£S 

are meant the limits of these functions for the case when the 
variable point approaches the boundary S from the interior 
of the domain D. 

In the case when p t (x) = (i = 1, . . ., n) and q (x) =^=0 
everywhere on S, boundary condition (84) can be rewritten 
in the form 

u (x) = g (x) (85) 

where 

g (x) = r {x)lq (x) 

Problem (81), (85) is referred to as the Dirichlet problem 
or the first boundary-value problem (for equation (81)). 

When q (x) = on S the Poincare problem reduces to its 
special case known as the problem with oblique derivative 
boundary condition: 

n 
i=l 

In case we have 

Pi (x) = cos Nxi (i = 1 , . . . , n) 

everywhere on S in boundary condition (86), we arrive at 
the special case of the problem with oblique derivative 
boundary condition which is referred to as the Neumann 
problem or the second boundary-value problem (for equation 
(81))*. 



* When p t (x) = cos Nx t (i = 1, . . ., n) and q £ on S in bound- 
ary condition (84), the Poincare problem reduces to the so-called 
third boundary-value problem or the mixed boundary-value problem. — Tr. 
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4°. The Extremum Principle. The Uniqueness of the Solu- 
tion of the Dirichlet Problem. In the theory of elliptic 
partial differential equation (81) an important role is played 
by the following extremum principle: if the inequality 

c(x)<0 (87) 

holds everywhere in the domain D, then a solution u (x) of the 
homogeneous equation 

Lu = (88) 

which is regular in that domain can attain at any point x £ D 
neither a negative relative minimum nor a positive relative 
maximum. 

Let us prove this extremum principle. If we suppose that 
the function u (x) attains a negative relative minimum at 
a point x £ D then we can write 

du . = Q (j = l, . .., n ) (89) 



dxt 



and 



2 -£fcWi>o 00) 

i, }=1 

where ^ ]t . .-,^ n are arbitrary real parameters. 

n 

The quadratic form ^ A^k^j [is positive |definite, 
i, ;'=l 
and therefore it can be written in the form 

i, j=\ ft=l i=l 

for every point x £ D; hence the coefficients A t j can be re- 
presented as 

n 

A U = Yi SsiSsj (i, 7 = 1, ...,ra) (91) 

8=1 

From (90) and (91) we derive 

i, i=l i, 3, s=l 
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Finally, taking into account the inequality u (x) <C 0, 
we obtain, by virtue of (87), (89), (90) and (92), the inequal- 
ity Lu > 0, which contradicts equality (88). We have thus 
arrived at a contradiction, and hence the assumption that 
the function u (x) attains a negative relative minimum at a 
point x £ D is wrong. 

The fact that a regular solution u (x) of equation (88) 
cannot attain a positive relative maximum at a point x £ D 
is proved quite analogously. 

The extremum principle implies that Dirichlet problem 
(81), (85) cannot have more than one solution when condition 
(87) is fulfilled. 

Indeed, the difference Uj (x) — u 2 (x) = u (x) of any two 
solutions Wj (x) and u 2 (x) of problem (81), (85) satisfies 
the conditions 

Lu (x) = for x g D and u (y) = for y £ S 

Since we have max | u (y) | = on S, the extremum prin- 
ciple implies that u (x) = 0, that is u x (x) = u 2 (x) every- 
where in the domain D. 

It can also be easily proved that if the condition 

n 

2|fi__2C>0 everywhere in D (93) 



t=i 



dxi 



is fulfilled, Dirichlet problem (81), (85) cannot have more than 
one solution. 

Indeed, for the difference u x (x) — u^ (x) = u (x) of any 
two solutions u x (x) and u 2 (x) of equation (81) there holds 
the equality 



2 *o£-s;+t&%-* : )"- 



i, ;=1 



= y. _L(^»i) + * v * (e , B ») 

£- dxi \ lJ dxi I 2 *-l dx t v ' ' 

i, J = l 1=1 

On integrating this equality over the domain D and using 
formula (GO), we obtain, by virtue of the equality u (x) = 
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(x £ D), the relation 

$[Si«-£-£+t(S&-»c)-K-° 

n 

Taking into account that the quadratic form 2-^iAA/ 

is positive definite and using condition (93), we conclude 
from the last relation that u (x) = throughout D, that is 
u x (x) = u 2 (x). 

5°. Generalized Single-Layer and Double-Layer Poten- 
tials. In Sec. 2°, § 5 we proved the existence of the elemen- 
tary solution of equation (81) for a domain of a sufficiently 
small diameter. 

Let us consider the case when the coefficients of equation 
(88) are sufficiently smooth functions defined throughout 
the whole space E n ; it can be proved that if the conditions 
(a) C (x)^0 in the domain D where the solution of the equa- 
tion is sought, and (b) C (x) <; — k 2 outside a bounded do- 
main containing the domain D where A; is a nonzero constant 
are fulfilled, then equation (88) possesses the so-called principal 
elementary (fundamental) solution E* (x, |) defined for all 
points x and | belonging to the space E n . The distinction be- 
tween the elementary solution considered in Sec. 2° and 
the principal elementary solution E* (x, |) is that the latter 
possesses the following two additional properties: 
(a) E* (x, £) is a solution, with respect to | for £ =£x, of the 
adjoint equation L*E* (x, £) = and (P) for | x — | | ->- 
->- + oo the function E* (x, |) and its partial derivatives 

-s — (i = 1, . . ., n) decrease like e- R l*-£i where R is 
dx( v ii/ 

a positive number. 

It can be verified directly that the principal elementary 

solution of the Helmholtz equation 

Aa — X 2 u = 0, k = const =/= 

is the function E* (x, |) = ^ n_2 cp n (kr) where r — \ \ — x \ 
and cp n (r) is a solution of the ordinary linear differential 
equation 

np'; -f- (» — 1) q>; — np n = 
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In particular, for n = 2 and n = 3 we have 

-l 
, > If e rt dt 



and 

m_/r\ 

4n r 



^(O -ir- 



respectively. 

Let u x (x) be a regular solution in a domain D of non- 
homogeneous equation (81) with a sufficiently smooth bound- 
ed right-hand member / (x) and let u 2 (x) be the generalized 
volume potential with density function f (£): 



ut(x)= j £(*, E)/(E)«fre 



Then, by virtue of (80), the sum w x (#) + u 2 (x) = u {x) 
satisfies the equation 

Lu = Lu t + Lu 2 = / (x) — / (x) = 

Consequently, ire i^e theory of equation (81) u?e can assume, 
without loss of generality, that f (x) = everywhere in the 
domain of definition of that equation. 

When the coefficients of equation (88) are sufficiently 
smooth functions in the domain D, and C (x) ^0 everywhere 
in D, it is always possible to define these coefficients outside 
D so that they remain smooth functions in such a way that 
outside a wider domain containing/) the condition C (x) < 
<C — k 2 will hold. Consequently, we can assume that in this 
case the principal elementary solution of equation (88) exists. 

Let S be a sufficiently smooth surface bounding a domain 
D + . The functions 

u (x) = j E* (x, I) ji (I) d Sl (94) 

s 
and 

v(x)=^Q l E*(x,l)X(l)ds i (95) 

s 

where the operator Q% has form (75), and \i and X are suf- 
ficiently smooth real functions defined on S, are called the 
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generalized potential function for a surface distribution of mass 
and the generalized potential function for a double layer of 
distribution of dipoles on S respectively. Both these poten- 
tials are regular solutions of equation (88) at any point x of 
the space E n not belonging to S, and when the point x passes 
from the domain D + to the domain D~ = C (D + [} S) through 
the surface S the potentials behave in just the same way as 
the harmonic single-layer and double-layer potentials. 

The generalized double-layer and single-layer potentials 
make it possible to reduce the Dirichlet and the Neumann 
problems for equation (88) to Fredholm's integral equations 
of the second kind. 



CHAPTER 2 

CAUCHY-RIEMANN SYSTEM 

OF PARTIAL DIFFERENTIAL EQUATIONS. 

ELEMENTS OF THE THEORY 

OF ANALYTIC FUNCTIONS 



§ 1. The Notion of an Analytic Function 
of a Complex Variable 

1°. Cauchy-Rieraann System of Partial Differential Equa- 
tions. As was already mentioned in Sec. 1°, § 5 of Intro- 
duction, the system of linear partial differential equations 
of the first order in two independent variables of the form 



du dv r. du, . dv ,-. 

~dx dy ~ ' dy ' dx ~~ 



(CR) 



is referred to as the Cauchy-Riemann system of partial differ- 
ential equations. 

According to the classification of partial differential equa- 
tions (see Sec. 4°, § 1 of Introduction) a system of the form 



where 



■"12 



1 21 



*22 



du 
dx 



B = 



dy 



°U "12 

Bo 



#i 
B, 



and u-= (u u u. 2 ) 



Q (k lt )t 2 ) = det 



•>21 "22 

is called elliptic when the quadratic form 

^lAl + ^11^2 ^12^1 + ^12^2 
^21^1 + ^21^2 ^22^1 + #22^-2 

is positive (or negative) definite. 

In the case of system (CR) we have u = u lt v = u 2 , 
A u = ^22 = — B 12 = B 21 = 1 and B n = A 12 = A tl = 
— B 2i = 0, and the corresponding quadratic form 

A-l — X 2 
% 2 Xj 

is positive definite, therefore system (CR) is elliptic. 

7-0598 



Q (X t , X 2 ) = det 



-K + K 



98 CAUCHY-RIEMANN EQUATIONS. ANALYTIC FUNCTIONS 

// co (x, y) is an arbitrary harmonic function in two variables 

x and y then the pair of the functions u = — , v = — -3— 

is a solution of system (CR). 
Indeed, we have 



du dv 5 2 o , d 2 <s> q 



and 



dx dy dx 2 dy 2 

du , dv __ d 2 (a d 2 co 

dy ' dx ~~ dx dy ~~ dy dx 



= 



The last equality is written on the basis of the well-known 
fact that the mixed partial derivatives are independent 
of the order of differentiation provided they are conti- 

d 2 a> a 2 co 
nuous: -3—3- = ■ . _ 

dx dy dy dx 

2°. The Notion of an Analytic Function. An expression 
of the form u (x, y) + iv (x, y) — f (z) where u (x : y) and 
v (x, y) are real functions of the real variables x, y and 
i is the "imaginary unit" (that is i 2 = — 1), is called a func- 
tion of the complex variable z = x -{- iy. 

Let us regard the real variables x and y as the orthogonal 
Cartesian coordinates of the point (x, y) on the Euclidean 
plane E^\ the point (x, y) will be considered as representing 
the complex variable z = x + iy (and the plane 2? 2 will be 
referred to as the complex plane). The domain D where the 
functions u (x, y) and v (x, y) are denned serves as the do- 
main of definition of the function / (z). 

Using the representation of the complex numbers with 
the aid of the Riemann sphere and postulating the existence 
of the single point at infinity 00, we shall refer to the com- 
plex plane to which the point 00 is added as the extended 
complex plane. 

When speaking of a function w = / (z) of the complex 
variable z we shall usually mean (provided the contrary is 
not stipulated) that to each point z belonging to the domain 
of definition D of the function there corresponds a definite 
point w on the plane over which the values of / (z) range, 
that is, generally speaking, we shall consider one-valued 
functions. (However, it is sometimes necessary to consider 
many-valued functions as well.) 
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We say that a number w = u + iv is the limit of a 
function / (2) = u (x, y) + iv (x, y) for z ->■ z — x + tz/ , 
z =£z , if 

lim u(:r, y) = u and lim v (a:, y) = v 

(x, &)-»(*,,, y„) (x, I/)-*(* , l/o) 

A function f (z) = u (x, y) + iy (x, y) is said to be con- 
tinuous at a point z 6 Z> if the functions u (x, y) and i> (a, y) 
are continuous at the point (x, y) £ D (z = a; + iy). For 
the modulus of the difference / (z) — / (z ) we can write the 
expression 

I / (z) - / (z ) I - 

= {[u (a:, (/) — u (a. , y )\ 2 + [v(x, y) — v (x , i/o)] 2 } 1 / 2 

and therefore the definition of the continuity stated above 
is equivalent to the following definition: the function f (z) is 
said to be continuous at a point z £ D if, given an arbitrary 
e > 0, there exists a number 8 > such that the inequality 
\ z — z I < 6 implies the inequality \ f (z) — / (z ) | < e. 
Let Aw = Au + iAv be the increment / (z + Az) — 
— / (z) (z + Az, z £ D) of the function / (z) corresponding 
to the increment Az = (z + Az) — z of the independent 
variable z. 

If the limit lim -r— = w' (z) = /' (z) exists and is inde- 

pendent of the path along which Az tends to zero, / (z) is 
called a monogenic function of the complex variable at the 
point z. 

Let us first put Az = Ax and then Az = i Ay; according 
to the definition, for a function / (z) monogenic at a point z 
we have 



Aw ,. Au4-iAv du , . dv 
-t— = lim - 
Az-0 flZ Ax-0 



/ y v -1. iilW 1. l-..- , . ~- „— , . u- 

^ ' — A,_n Az — A „_ n Ax ~ dx ■" ~alT~ 



1. Ati-t— i Ai> . du. , dv 

= hm rr = — l -r- -h^~ 

that is 

3u dv du _ dv ,, , 

az " ay ' ~dif ~ d~x \ ' 

We see that equality (1) expresses a necessary condition for 
the function / (z) to be monogenic at thfi point z = x + iy. 

7* 
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These equalities are nothing other than the Cauchy-Riemann 
system of partial differential equations. 

A function / (z) monogenic at each point x £ D is said 
to be analytic in the domain D. 

Now we remind the reader that a pair of functions u (x, y), 
v {x, y) is a regular solution of system (CR) if they are con- 
tinuous together with their partial derivatives of the first 
order in their domain of definition D and satisfy that system 
in D. Consequently, if u (x, y), v (x, y) is a pair forming a 
regular solution of system (CR), then the function w = / (z) = 
= u (x, y) -+- iv (x, y) is continuous in the domain D. More- 
over, the continuity of the functions u (x, y) and v (x, y) and 
of their first-order partial derivatives implies the existence 
of the total differentials 

, du , , du , j j dv j , dv ~ 

du = —-dx J r—-dy and dv = -— dx -\- — oy 
dx ' dy * dx ' dy * 



that is 






(2) 



where o (Az) denotes an infinitesimal of order higher than 
Az. 

According to (2), we can write for Au; = Au -f i Av the 
expression 

Aw = ji Ax+ *L A y + i *L Ax + l *L A y + 0iAz) (3) 

Further, using (1) and (3) we can write 

9U A , 9U A • 9U A I ■ 9U A I /A 4 

,,,..,. dx dy dy dx 
W =f&= J™, AxTHTy -= 

n . r du . du o (Az) 1 du . du ... 

^l^X^-^+^rri*- 1 ^ {4) 

This means that the function / (z) is monogenic at each 
point z £ D. 

Thus, we have arrived at the conclusion that a function 
f (z) whose real part u (x, y) and imaginary part v (x, y) 
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form a regular solution of system (CR) in a domain D is ana- 
lytic in that domain. 

Let us sum up what has been established: conditions (CR) 
are necessary for the function f (z) = u (x, y) + iv (x, y) to 
be analytic in the domain D; if the additional requirement that 
the partial derivatives of the first order of the functions u (x, y) 
and v (x, y) should be continuous is fulfilled then conditions 
(CR) are also sufficient for the analyticity of the function f (z) — 
= u (x, y) -\- iv (x, y) in the domain D. 

Expression (4) obtained for w' = /' (z) is called the deriv- 
ative of the function f (z) analytic in the domain D, and the 
principal linear part of Au> (with respect to Az and Ay), 
that is the expression 

, du A , du . . . dv . . . dv A 

dw = -^Ax + -Ay+i — Ax + ij^Ay^ 



= (£-'£)**->'<«>** (5) 



is called the differential of the analytic function f (z) at the 
point z. 

In the case when / (z) = w = z we have /' (z) = lim -r— = 

Az-»0 Az 

= 1, and therefore, in accordance with (5), dz = Az. Using 
the equality we have obtained we can write differential (5) 
in the form dw = f (z) dz, which accounts for the notation 

IF = /'(*) (6) 

On denoting 

■er=T(ar- , iir) and -£=^(i^ +l w) (7) 

we can rewrite system (CR) in the form 

-fw(z)=0 (8) 

dz 

Consequently, analytic functions w = / (z) of the complex 
variable z always satisfy equation (8). Taking into account 
equality (8), we see that notation (6) for the derivative 
/' (z) of an analytic function / (z) in a domain D is in a com- 
plete agreement with notation (7). 
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3°. Examples of Analytic Functions. The class of analytic 

functions is rather wide. In particular, if co (x, y) is a 
harmonic function of the real variables x and y in a domain 

D then the function w = / (z) = — i — is analytic in 

that domain. 

Let / (z) and cp (z) be two analytic functions defined in D. 
Using the usual technique applied to the investigation of 
differentiable functions of one real variable in the course of 
mathematical analysis, we can easily prove that, for such 
functions / (z) and cp (z), the functions / (z) + cp (z) , 
/ (z) cp (z) and / (z)/cp (z) (cp (z) =^0) are also analytic 
in D, and 

</±<p)W±9'. (/■?)' = /'<p+/<p', (i)'- 1 ^ 1 

(9) 
Since -j- = 1 , formulas (9) imply that every polynomial 

P n (z) = § a h z h 

ft=0 

is an analytic function throughout the whole complex plane 
of the variable z, and 

P'n= Sfca^" 1 
It also follows that every linear-fractional function 

where a, b, c and d are some constants, is analytic everywhere 
in the complex plane of the variable z except the point z = 
— — die, and 







id' 




ad — be 




(cz + d) 2 ' 


Let 


us 


consider 


a 


power series 



5(z)=Sa h z h (11) 

h=0 
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which is convergent in its circle of convergence | z | < R 
(R > 0), the function S (z) being the sum of series (11). 
We shall show that the sum S (z) of the power series is an ana- 
lytic function in the circle of convergence \ z | < R. 

First of all we note that if R is the radius of convergence 
of series (11) then the radius of convergence of the series 



S {z)= ^\ka h z h -i 



(12) 



is also equal to R. Indeed, according to the well-known 
Cauchy-Hadamard formula proved in the course of mathe- 
matical analysis, the radii of convergence R and R x of se- 
ries (11) and (12) are expressed by the formulas R = ill 
and R x = 1/Z X respectively where 

_i_ _j_ 

l = \im\a k \ h and l 1 = lim(k \ a h \) h ~ i 

Therefore the equality R = R t follows from the obvious 
relations 



lim(A|Ofc|)* 



- 1 = lim A;*- 1 \\a h \ h k- l =\im\ a h | " 



Here lim symbolizes the limit superior. 

As is known, a power series is absolutely convergent in- 
side its circle of convergence. The absolute convergence of 
series (12) for | z | < R Implies that for any e > there 
exists a natural number N such that 



2 fc|a ft |r ft -i<| 

ft=n+l 

for all n !> N provided that r<fl. 
It is obvious that 



S(z + Az)-S(z) „ . 
Ai 4 «W 



< 



< 



V a h {{z+ A«)»-» + . . . + z k - i -kz h - i ] 



ft=i 



+ 



+ 



2 a h [(z + Az) h -*+...+z k -i] + 2 ka ^ h ~' < 14 ) 
ft=n+l ft=n+{ 



(13) 
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If the increment Az is sufficiently small and if 
|zj<; r and | z + Az | <c r, then, since the first term on the 
right-hand side of (14) is continuous and inequality (13) holds, 
we can write the relation 



S(z + Az)-S(z) „ 

53 *«(») 



'-4-- + --B 

• 3 ^ 3 + 3 ~ E 



The last inequality means that 

lim S(z + Az)-S(z) = s , {z) = Sg {z) 



Az-*0 



Az 



Consequently, power series (11) can be differentiated term- 
wise inside its circle of convergence, and the sum of the differen- 
tiated series is equal to the derivative of the sum of the original 
series. 

From this assertion it readily follows that the elementary 
functions e z , cos z, sin z, cosh z and sinh z are analytic through- 
out the complex plane of the variable z, and the following 
formulas hold: 



OO 00 00 

M'-(2£)'-Si£!ir-2ir- ! 

fc=0 fc=l fc=0 

(cosz) =(— r — ) = — 2 — = 2i— = ~ sin2 

(slnz) = (_ __ ) = \ = —^— = CO S Z 

. / gZ 1 _ p~~ Z \ ' gZ _ z> — Z 

(cosh z) '— ( — ^ — 1 = 5 — = sinh z 

and 

(p Z . *» — Z V gZ . I _ g — z 
2 ) — — ^ = cosn z 

4°. Conformal Mapping. Given an analytic function 
w = / (z) in a domain Z), to each point z £ D there corre- 
sponds a definite point on the complex plane of the vari- 
able w. If this correspondence between the points z £ D and 
w ^ D 1 (where Z^ is the range of the function w — f (z)) 
is one-to-one, the function w = / (z) is called one-sheeted 
(or univalent). In the case of such correspondence between 
the points of the domains D and D x determined by the func- 
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tion w = / (z) we say that there is a mapping of the domain D 
onto the domain D^ The point w £ D x is called the image 
of the point z £ D; and the point z is called the pre-image 
(or the inverse image or the original) of the point w. 

In this section we shall study mappings specified by ana- 
lytic functions. 

Let 

w = / (z) = u (x, y) + iv (x, y) (15) 

be an analytic function in a domain D satisfying the con- 
dition 

/'(2o)=*0 (16) 

at a point z gZ>. Condition (16) is equivalent to the require- 



ment that the Jacobian 
zero at the point z : 



d(u, v) 
d{x, y) 



should be different from 



d (u, v) 
d(x, y) 



du 
dx 


du 


dv 

dx 


dv 
dy 



=(£) z +(f-) ! -i>'<*>i^o 



for z = z 

Consequently, by virtue of the well-known theorem on 
implicit functions, we can assert that the system of equalities 
u = u (x, y), v = v (x, y) can be uniquely resolved with 
respect to x and y in some neighbourhood of the point z (j D 
provided that the partial derivatives of the first order of the 
functions u (x, y) and v (x, y) are continuous (as will be shown 
later, the real and the imaginary parts of an analytic func- 
tion possess partial derivatives of all orders). In other words, 
every point z £ D at which condition (16) is fulfilled has 
a neighbourhood in which the function w = f (z) is one- 
sheeted, and the inverse function z = / _1 (w) is analytic in 
some neighbourhood of the point w = f (z ); besides, it 
can easily be seen that 

Az "~ * i =[f- l MY 



lim 



Aw 



lim 



All' 

~aT 



/'W 



Let y be a smooth Jordan curve passing through the point 
z and specified by an equation z = z (t); this means that 
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x = x (£)"and y = y (t) for a^i^p. The curve y possesses 
a tangent at the point z = z (t ), that is 

z'(t )^0 (17) 

The image of y under mapping (15) is an arc T = f (y) 
passing through the point w a = / (z ), the equation speci- 
fying that arc being w = / [z (£)]. Besides, we have w' (t) = 
= /' (z) z' (t), and, by virtue of (16) and (17), the condition 

w' (t ) = f (z ) z' (t ) ^=0 (18) 

holds. Condition (18) means that the arc T also has a tan- 
gent at the point w . 

From (18) we conclude that, to within a summand of the 
form 2kn where k = 0, ±1, . . ., the relation 

arg /' (z„) = arg w' (t ) - arg z' (t ) (19) 

is fulfilled, that is the argument of the number /' (z ) is 
equal to the angle through which the arc y passing through 
the point z is turned under mapping (15). 

Now let us consider another smooth Jordan curve y x 
(different from y) specified by an equation z 1 = z x (t) (a x ^ 
^T^Pi) and passing through the point z , and let T x = 
= / (Ti) De the image of y t specified by the equation w 1 = 

= f [*l (t)] (Zj (X ) = So)- 

On repeating the argument presented above, we obtain 

arg /' (z ) = arg w[ (x ) — arg z[ (x ) (20) 

Equalities (19) and (20) imply 

arg w' (t ) — arg w\ (x ) = arg z' (t ) — arg z[ (x ) 

This means that the angle between the curves y and y t at 
the point z is equal to the angle between their images T 
and T x at the point w = / (z ). In other words: for each point 
z at which the condition f (z ) ^ is fulfilled, mapping 
(15) possesses the angle-preserving property (the mapping 
preserves both the magnitude of the angles and the directions 
in which they are reckoned; see Fig. 7). Since 



dz \~.V{xJ* + (y' Q )*dt=:d* f 
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and 



\dw \=Y(u' t )*+(v' t )*dt = do 
are the elements of lengths of the curves y and Y at the points 
z and w respectively, and (-^-) _ = /' (zo)> we have 

| dw | do 



r <zo) 



dz 



dso 



This means that the modulus of the derivative of an analytic 
function w = f (z) at a point z for which condition (16) is 
fulfilled is equal to the magnification factor (of the element of 



y^ 



; arg z'- arg zf 




v k 




Fig. 7 



x 




length) under mapping (15), the magnification being uniform, 
that is one and the same for all directions passing through the 
point z *. 

A one-to-one mapping of form (15) of a domain D lying 
in the complex plane of the variable z onto a domain D t 
lying in the complex plane of the variable w under which at 
each point. z of the domain D the angle-preserving property 



* Here the word magnification is understood in a general sense 
and can correspond to stretching if | /' (z ) | > 1 or shrinking if 
| /' (2 ) | < 1 (or neither if | /' (*„) | = 1).— Tr. 
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holds and the magnification factor is one and the same for 
all directions is called a conformal mapping. 

What was established above shows that a mapping specified 
by an analytic function w = / (z) is conformal in a sufficiently 
small neighbourhood of each point z ^D for which the condi- 
tion f (z) =^0 holds. 

In the theory of conformal mappings a fundamental role 
is played by the following four theorems which we state 
below without proof. 

Theorem on conformal mapping determined 
by a univalent function: if f (z) is a univalent (one- 
sheeted) analytic function in a domain D then its derivative f (z) 
does not turn into zero at any point of the domain D, and the 
function f (z) specifies a conformal mapping of its domain of 
definition D onto a definite part D 1 of the complex plane of the 
variable w, the inverse function z = f' 1 (w) being analytic 
in D x . 

The repetition of the well-known argument on the differ- 
entiability of a composite function used in the course of 
mathematical analysis leads to the following conclusion: 
if a function w — f(z) analytic in a domain D specifies a con- 
formal mapping of the domain D onto a domain D 1 of the com- 
plex plane of the variable w and if t, = <p(w) is an analytic 
function defined in D 1 , then the composite function t, = 
= cp [/ (z)] is analytic in the domain D and 

-g- = cp'[/(z)]/'(z) 

Riemann's conformal mapping theorem: for any 

simply connected domain D in the complex plane of the vari- 
able z whose boundary consists of more than one point there exists 
an analytic function w = / (z) specifying a conformal mapping 
of the domain D onto the interior of unit circle D 1 lying in the 
plane of the complex variable w; under the additional require- 
ment that this mapping should transform a given point z £ D 
and a given direction passing through that point into a given 
point w £ D x and a given direction passing through w , the 
function f (z) is determined uniquely. 

T heorem on the corresponrle nee of boundaries: 
let a function w=f (z) specify a conformal mapping of a domain 
D onto a domain D lt the boundaries of these domains being two 
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closed Jordan curves T and F t respectively; then the function 
w=f (z) determines a one-to-one and continuous correspondence 
between D[}T and D 1 [} Y x , and under this correspondence the 
direction in which T and I\ are described is preserved. 

Theorem on one-to-one correspondence: let the 
boundaries T and Tj of two simply connected domains D and 
D 1 be closed piecewise-smooth Jordan curves and let a function 
w = f (z) analytic in D specify a one-to-one and continuous 
mapping of T onto I\ with the preservation of the direction 
in which these curves are described; then this function determines 
a conformal mapping of the domain D onto the domain D^ 

5°. Conformal Mappings Determined by Some Elementary 
Functions. Inverse Functions. The Notion of a Riemann 
Surface. As was already mentioned in Sec. 3°, § 1, linear- 
fractional function (10) is analytic in the plane of the com- 
plex variable z everywhere except the point z = —die. 

It can easily be seen that for linear-fractional function 
(10) which is not identically equal to a constant to be univalent 
(one-sheeted) it is necessary and sufficient that the condition 

ad -be =£0 (21) 

should hold. 

Indeed, when considering linear-fractional function (10), 
we naturally exclude the case in which the constants c and 
d are simultaneously equal to zero. For all the other cases 
the violation of condition (21) means that the function w 
is identically equal to a constant, which is impossible by the 
hypothesis. 

Under the mapping specified by (10) the points z = —die 
and w — oo and also z = oo and w = ale are in one-to-one 
correspondence respectively. Further, if z x =£ — die and z 2 =£ 
=fc — die are two different values of the variable z, the differ- 
ence between the corresponding values w x and w 2 of the 
function w is equal, by virtue of (10), to the expression 

If follows that condition (21) guarantees the univalence of 
mapping (10) on the extended complex plane of the variable 
z, and 

dw — b 

z = 1 — 

— cw-\-a 
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In particular, for c = and d — 1 formula (21) implies 
the condition a =£ which guarantees the univalence of the 
linear function w — az + b whose inverse function is 

w b 

a a 

In the case when the coefficients a, b, c and d satisfying 
condition (21) are real, linear-fractional function (10) deter- 
mines a one-to-one mapping of the real axis Im z = onto 
the real axis Im w = 0; under this mapping the direction 
in which the axis is traced is preserved when ad — be > 
and changes to the opposite when ad — be < 0. Indeed, for 
the real values of z, by virtue of the formula 

dw ad — be 
dz ■ (cz-j-d) 2 

we have -=— > for ad — be > and -?— ■< for ad — be <r 

dz dz ^ 

<C 0. By the above theorem on the one-to-one correspondence, 
it follows that in the case under consideration linear-fractional 
function (10) specifies a conformal mapping of the upper half- 
plane z + : Im :>0 (of the lower half-plane z~: Im 2 < 0) 
onto the upper half-plane w + : Im w > (onto the lower half- 
plane w~: Im w <c 0) for ad — be > and of the upper half- 
plane z + (the lower half-plane z~) onto the lower half-plane w~ 
(onto the upper half-plane w + ) for ad — be <C 0. 
The linear-fractional function 

w = e i9izi£l (22) 

Z—Zq 

where is a real constant and z is a complex constant with 
Im z > 0, possesses the property that 

_ I z— fo J 4 

z — z 



w I = I e ie I i_£2- 



I 2— Z I 

for Im z = and that the point z — z goes into the point 
w = under the mapping specified by (22) . This means that 
the function w defined by formula (22) specifies a mapping 
under which the points of the real axis Im z = are in 
one-to-one correspondence with the points of the contour 
I u? I = 1, and consequently, by virtue of the theorem on 
the one-to-one correspondence, this function performs a con- 
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formal mapping of the upper half-plane z + (of the lower half- 
plane z~) onto the interior of the circle \ w | < 1 (onto the 
exterior of the circle \w |s^l). In the case Im z < the 
function w determined by formula (22) specifies a conformal 
mapping of the half-plane z + (z~) onto the exterior of the cir- 
cle | w | ^1 (onto the interior of the circle \ w | •< 1). 

It can readily be verified that under mapping (22) any 
two points z and z which are symmetric about the real axis Im z = 
= g o into two points w and w% = 1/w which are symmetric 
with respect to the circle \ w | = 1. 

Now let us consider the linear-fractional function 

w = e™^?-, |z |<l (23) 

1—ZqZ 

Since for |z| — 1 and 0<C(j)<;2jt we have 

I e^-zo | 



w\ = \e 



id 



e^-zo 



1 — z e 



if 



-*<p 



1, z=e { f 



the repetition of the argument presented above shows that 
function (23) specifies a conformal mapping for the circle 
| z | < 1 onto the circle \ w \ «C 1. 

In the case | z | > 1, formula (23) determines a conformal 
mapping of the exterior of the circle | z |^1 onto the interior 
of the circle \ w \ <C 1. 

Each of the linear-fractional functions we considered above 
(they specify conformal mappings of the upper half-plane 
Im z > onto the upper half-plane Im w > 0, of the upper 
half-plane Im z > onto the circle | w j <; 1, and of the 
circle |z| < 1 onto the circle \w\ < 1 respectively) involves 
three real parameters; these parameters are determined 
uniquely when one of the following conditions is fulfilled: 
(1) three given boundary points z lf z 2 and z 3 go into three 
given boundary points w t , w 2 and w 3 ; (2) an interior point 
z x and a boundary point z 2 go into an interior point w 1 and 
a boundary point w 2 respectively; (3) an interior point z x 
and a given direction passing through it go into an interior 
point w x and a direction passing through it respectively. 

Let us consider the power function 

w = z n (24) 
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where n is a natural number. As a domain of univalence of 
function (24) we can take any angular region D, with vertex 
at the point z = enclosing an angle of 2n/n. Indeed, for 
any two different values z x = re i( fi and z 2 = re*** of the 
independent variable z we have w 1 = r n e in fi and w 2 — 
— r n g inv 2 whence it follows that w 2 — w r = r n (e in ^ — 
_ e *n<pi) = r « e iT>«j>i ( e in(q>2-<Pi>) _ 1 ^ o provided that 
n (cp 2 — cpj) =fc2nk (k = 0, ±1, . . .)' that is w 2 =^=w x 
for | cp 2 — 9i I < 2n/n. The function z = f' 1 (w) inverse 
to w inside the angle D is denoted as 

j_ 

Z = y^W = W « 



and 



i 
~r~ = -3 — = — ^-7 = — w " (25) 

dz 

Under the mapping specified by the function w defined 
by formula (24) the rays arg z = q> go into the rays arg w = 
= «cp; in particular, the ray arg z == 2kn/n (k^O) goes 
into the positive real axis Im w = 0, Re w > 0, and the 
ray arg z = 2 (k + I) nln also goes into the positive real 
axis Im w = 0, Re w > 0. Therefore this function specifies 

a conformal mapping of the angular domain < arg z < 

< ^ ~^~ — onto the complex plane of the variable w 

with a cut made along the real semi-axis 0=sTu < oo. 

On denoting the variables z and » as z = re 1 * and w = 
= pe** we obtain from (24) the equality pe'* = rV n(p , 
whence r" = p and wcp = i|) + 2fcrt that is 

r = p^, q>= ^ + 2fc " ; fc = 0, ±l,...,0<i|)<2n 
Thus, for each of the angular domains 

£>,,:—-< arg z< |~ (fc = ra — 1) 



we can write the equality 
z fe = p"e 



1 ^+2ftn 



(Jfc = n-i) < 26 ) 
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for the inverse function (whose derivative is expressed by 
formula (25)). 

It is inconvenient to consider each of the quantities z h 
as a separate function of the variable w because, for instance, 
in the domain D: nln < arg z <C Sn/n the inverse func- 
tion z = w x l n coincides with z for nln < arg z < 2n/n 

and with z, for — <r arg z < — . Therefore we speak of 
1 re ° re r 

the many-valued function inverse to (24), and each function 
z h (k — 0, . . ., n — 1) is referred to as a branch of the many- 
valued function z = w x l n . 

Consequently, the inverse function z = w l l n whose deriva- 
tive is given by formula (25) is not one-valued. When the point 
z runs once throughout the complex plane z, the point w 
representing the inverse function runs through the complex 
plane w not once but n times. Therefore function (24) is 
said to be n-sheeted, and the inverse function (whose branches 
are determined by formula (26)) is called n-valued. 

A mapping specified by a many-sheeted function can be 
interpreted as a one-to-one mapping of the domain of 
definition of that function onto the so-called Riemann sur- 
face. We shall demonstrate what has been said by the exam- 
ple of the function 

w =■■ z 2 (27) 

To this end let us consider two replicas E + and E~ of the 
complex plane w with cuts made along their positive real 
semi-axes. When the point z runs through the half-plane 
z + the point w runs through E + . When the point j passes 
from z + to z~ across the negative real axis Im z = 0, Re z < 0, 
the point w passes from the lower edge of the cut made in 
E + to the upper edge of the cut in E~. Let us "stick together" 
the lower edge of Lhe cut in E + and the upper edge of the 
cut in E~. Further, when z runs throughout z~ and approaches 
the positive real axis, the point w runs through E~ and 
approaches the lower edge of the cut made in E~. Let us 
identify the points belonging to the lower edge of the cut 
in E~ with the corresponding points belonging to the upper 
edge of the cut in E + (in the real three-dimensional space in 
which the planes E + and E~ lie it is impossible to realize the 
sticking of these edges); this will result in a two-sheeted Bie- 
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mann surface (see Fig. 8) onto which function (27) maps 
the complex plane z in a one-to-one manner. 

Relation (27) specifies a one-to-one correspondence be- 
tween the points of the extended complex plane of the va- 
riable z and the points of the Riemann surface on which 
the function z = w 1 / 2 is defined, the mapping determined 

v 



e + (e-) 



Fig. 8 

by (27) being conformal everywhere except the points z = 
and z = oo. The points w = and w = oo corresponding 
to the points z =- and z = oo possess the following prop- 
erty: if we describe closed contours about these points in the 
counterclockwise direction once, starting with a fixed point 
w, then the corresponding point z passes from one branch 
z to the other branch z x when the point h; returns to its orig- 
inal position. That is why the points w = and w = oo 
are referred to as the branch points of the function z = w 1 /*. 

In just the same way the notion of the branch points of 
the function z = w x l n is introduced; these branch points are 
w = and w = oo. 

Now let us consider the exponential function 

w = e z (28) 

As its domain of univalence can serve any strip D of width 2n 
parallel to the real axis Im z = 0. This follows from the fact 
that for two different points z t and z 2 (z x ^=z 2 ) the equality 
e z i = e z 2 is only possible when z 2 — z x = 2kni (k = 0, 
±1, . . •). 

The inverse function z = f' 1 (w) of (28) considered in 
the strip D is called the logarithmic function and is denoted 
as 

z = In w (29) 
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The derivative of (29) is given by the formula 
dz __ 1 _ 1 _ 1 
dw dw e z w 

dz 

From the equality w = u + iv = pe** = e z = eV y we 
find that p = e x and iy = h); + 2/cnt, that is a: = In p and 
i/ = i|5 + 2fcrc. Consequently, in each strip D h : 2kn <C 
< Im z < 2 (/c + 1) n we have z h = In | w | + i arg u; + 
+ 2A;ni, O^arg w •< 2n (A; = 0, ± 1, . . .) for function 
(29). The value z = In | w | + i arg w, O^arg w < 2n 
of z is called the principal value of logarithmic function 
(29). Since under the mapping specified by function (28) 
the straight lines Im z = const go into the rays arg w = 
= const, this function specifies a conformal mapping of each 
of the strips D h (k = 0, ±1, . . .) onto the complex plane 
of the variable w with a cut made along the nonnegative 
real axis. Consequently, exponential function (28) is infinite- 
sheeted, and logarithmic function (29) is infinite-valued. 

The logarithmic function makes it possible to define the 
power function w = z a for any exponent a by putting w = 
— e in2 a __ gain 2 an( j the exponential function w = or 

for any base a by putting w = e lnaZ = e zlna . 

In order to state the definition of the function z = arc sin w 
inverse to 

e iz g-iz 

w = sinz = T . 

let us rewrite the last relation in the form of a quadratic 
equation with respect to e % ~: 

e* il — 2iwe u — 1=0 
The solution of this equation is the function 

e 11 = iw ±]/ \ — w 2 
It follows that, since In e xz — iz = In (iw ±1/1 — w 2 ) , the 
variable z is expressed as 

z = arc sin w = — ln (iw ± Y 1 — w 2 ) 

and the derivative of z with respect to w is 

dz __ 1 _ 1 _ 1 _ 1 

dw dw COS Z ■%/ j _gj n 2 z t/ j ^,2 

dz 
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§ 2. Complex Integrals 

1°. Integration Along a Curve in the Complex Plane. Let 

S be a piecewise smooth (closed or non-closed) Jordan curve, 
and let / (£) = u (£, rj) -f- iv (£, y\) be a continuous function 
of the variable £ = \ + in defined on S. 
Since the line integrals 

\ udl — v dr\ and I u dv\-\-v dl (30) 

s s 

exist, and since 

/ (£) dt, = (u- J r iv) (^i+ i drfr = ud\ — vdr\-\-i (ud^ + vdQ 
the expression of the form 

j udt-vdi] + i j udi\ + vdl= j /(£)d£ (31) 

s s s 

is naturally called the complex integral of the function / (£) 
along the curve S. 

In the case when the curve S is a closed contour we say, 
when the point £ (£ is the variable of integration along S) 
traces the contour S, that S is described^ in positive 
(negative) direction if the finite domain D whose boundary 
is the contour S always remains on the left (on the right). 
Accordingly, we speak of a positively oriented contour S + = S 
and of the negatively oriented contour S~. When the integra- 
tion goes in the negative direction along S we put, by defini- 
tion, 

J /<£)<*£= -j /<£)<*£ (32) 

s- s 

When the curve S is non-closed and is specified by a par- 
ametric equation of the form £ = £ (t) where t is a real 
parameter, the positive direction along S is the one corre- 
sponding to the increase of t. 

Below we enumerate the basic properties of integral (31) 
which are direct consequences of the corresponding proper- 
ties of real line integrals (30). 
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(1) If / ft (£) (k = 1, . . ., m) are continuous functions 
defined on S and c h are given constants then 



J 2 «*M0<*£=2 C *J h ^ )d ^ 

S ft=l h=l S 

(2) If 5 is a curve consisting of m arcs 5 lt 
then 



j/(S)dt=S J /<«<£ 



(33) 
(34) 



ft=is„ 



where we assume that the integration along each arc S h 
is in the direction generated by the direction of integration 
along S. 

Let S be a collection of pairwise disjoint closed curves 




Fig. 9 

S , S 1 , . . ., S m which form the boundary of an (m -f 1)- 
connected bounded domain D and let S 1; . . ., S m lie in- 
side the bounded domain D whose boundary is S (see 
Fig. 9); then 

m 

{/(£)«= j/(S)d£-2 j /(S)d£ (35) 



So 



fc=l s 4 
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(3) If a continuous function / (£) is integrable over S 
then so is the function |/(£)|, and 

If /(£)#!< f |/(£)| |d£|<I max |/<C)| (36) 

where I is the length of S. 

(4) If f k (£) (k ■■- 1, 2, . . .) are continuous functions 

oo 

defined on S and if the series 2 fk (£) (the sequence {/ h (£)}) 

h = l 

is uniformly convergent on S, then the sum / (£) of that 
series (the limit / (£) of that sequence) is continuous on 5, 
and we have 

oo oo 

J 2 /*(£)<*£ =2 J /*(£)<*£ (37) 

S ft=l fc=t s 

in the case of the series and 

lim [/*(£)<*£=[/(£)<*£ (38) 

in the case of the sequence. 

(5) The change of the variable of integration in complex 
integral (31) is performed according to the same ordinary 
rules for the change of variable in the real line integrals on 
the left-hand side of formula (31). 

2°. Cauchy's Theorem. If f (z) = u (x, y) + iv (x, y) is 
an analytic function in a bounded domain D with a piecewise 
smooth boundary S and the functions u (x, y) and v (x, y) 
are continuous in D \j S together with their partial derivatives 
of the first order then 

j/(C)^ = (39) 

s 

Indeed, on transforming line integrals (30) with the aid 
of formula (GO), we obtain 
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whence, since the functions u (£, T]) and v (%, r\) satisfy 
system (CR) in the domain D, we see that equality (39) does 
in fact hold. 

It should also be noted (this remark will be used in what 
follows) that Cauchy's theorem also remains true when S and 
f (£) satisfy some general (weaker) requirements. In particular, 
equality (39) also holds when it is only required that the 
function / (z) analytic in the domain D should be continuous 
in D U 5. 

Cauchy's theorem directly implies that if a function 
f (z) is analytic in a simply connected domain D, and z and 
z are two points belonging to D, then the integral 

z 

]f(l)dl (40) 

assumes one and the same value for all the curves joining z and 
z and lying within D, that is the value of integral (40) does 
not depend on the path of integration (it is meant that inte- 
gral (40) is taken with respect to £, in the direction from z 
to z). 

Indeed, let S and S x be two curves lying in D and joining 
the points z and z. By virtue of formulas (32) and (39), 
we have 

J f(l)dt=-\f{Qd% 

sr s i 

and 

j/(£)d£+|/(£)dS=J/(£)d£-J/(E)d£ = 

S S j S Si 

whence it follows that 

J/(C)dS=J/(C)dS 

S Si 

Let S be the circle \ t, \ = R; then for the integral expo- 
nents n of the power function £" we have 

for n=£ — l 



itl 



i R \ 2ni for n=-i V 
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Indeed, 

2n 2JI 

\ l n dt, = \ {Re^) 11 iRe i( f d<p = iR' ni \ cos (re + 1) <p dtp — 



lt/=n 

2« 



tf»-'jsin<n + l),>*p={° 

n v 



for n=£ — 1 
for re = — 1 



Now let us consider the integral 

l n dl 



\ 



where n is an integral number and S is a piecewise smooth 
contour bounding a (finite) domain D. 

In the case re^O, by virtue of the analyticity of the func- 
tion z n and on the basis of (39), we have 

J l n dl--=0 (42) 

s 

irrespective of whether the point z ■■■= belongs or does not 
belong to D [} S; in the case re < we have the same equal- 
ity provided that the point z =- does not belong to D, \J S. 
Now let re < and let z = £ D. On deleting the point 
z = together with a closed circle \ z | ^ e of a sufficiently 
small radius e > lying within D from the domain D, we 
can write, by virtue of formulas (36), (39) and (41), the re- 
lation 

fs-dc= J r«H 9 °. ! or n< ~\ <*» 

s iti=E I 2xu for n-= — 1 

From (42) and (43) it follows that for all integral exponents 
re =£ — 1 the value of the integral 



2 



(44) 



is one and the same for all the curves connecting the points 
z v and^zTand not passing through the point z = when 
n <l- 1. 
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To compule integral (44) for n^O, let us take as the path 
of integration the line segment t, = z -\- (z — z ) t, Q^t ^ 
^1. Then, by virtue of (31) and (33), we obtain 

z 1 

j l n dl= j [z + (z-z )tr(z-z )dt = 

10 

= S( I )zT h {z-H) M \t*dt = 

ft=0 



h=0 

n+1 






fc=0 



z n+i z" +1 

-^+r--^TT < 45 > 

3°. Cauchy's Integral Formula. In this section we shall 
prove Cauchy's integral formula 

_J_[ _mj^ = l for z£D~ 4 

2jti J g £- z j /(z) for zeZ)+ 

where D + is a finite domain bounded by a piecewise smooth 
contour S, D~ is the complement of D + \j S with respect to 
the whole complex plane and / (z) is a function analytic 
in D + and continuous in D + [j S. 

Let z £ D~; in this case, by the analyticity of the function 
/ (£)/(£ — z) with respect to £ in D + and by its continuity 
in D + U S, the first equality (46) is nothing other than equal- 
ity (39). If z £ D + then we remove the point z from the do- 
main D + together with a^closed! ^ circle , | t, — z |^6 of a 
sufficiently small radius e > lying in D + ; taking into 
account, the analyticity of the function /'(£)/(£ — z) with 
respect to £ in the remaining part D R of the domain D + 
and the continuity of this function in the domain D + in- 
cluding its boundary, we obtain, by (39) and (35) (see 
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Fig. 10), the equality 

1 f /(Q<% = _J_ f /«)< % 

2iti .) t — z 2iti J t — 



2iti J £ — z 
S 



2iti i £ — z 

IC-2|=e 



hr J ■^a-«+-^-/(.) J 



dC 



2itt j J — z "~ s ' 2iti ' v ~ / J £ — z 

|£-z|=e |t-z|=e 

From this equality, on the basis of (41) and the obvious 
equality 

we derive, on passing to the limit for e -*~ 0, the rela- 
tion 

tt!W-"* 8 « d * <47) 

s 
It is evident that formula (47) ako remains valid when D + 

S 




Fig. 10 

is an (m + l)-connected finite domain whose boundary S con- 
sists of closed pairwise disjoint piecewise smooth curves S , 
S x , . . ., S m . In particular, if the bounded domain D 
with boundary S Q contains the curves Sj, . . ., S m , we 
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can write, by (35), the formula 

So h=l S h 

Let / (2) be an analytic function in a simply connected 
domain D; then, as was already shown above, integral (40) 
depends solely on the position of the points z and 2 inside 
D, whence it follows that for a fixed z the expression 

z 

F(a)=j/(£)d£ 

is a one-valued function of the complex variable 2 in the do- 
main D. Moreover, for the ratio AF/Az we can write the 
expression 

zo zo z 

where, for sufficiently small nonzero values of | A2 |, we 
can assume that the integral is taken along the line segment 
5 joining the points 2 and z + Az. 
According to formula (45), we have 

z+Az 

\ dl = Az 

z 

•ind therefore 

z+Az 






-h- \ f/(D-/( 2 )]^ <max|/(Q-/(2) 



Since max I /(£)-/ (z) | -»■ for | £ — z | -> 0, the last 
inequality implies that 

lim^r = F'(z) = f(z) 

Az^O /1Z 

The family <I> (z) of analytic functions in the domain D 
whose derivatives are O' (z) = / (z) is called the indefinite 
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integral of f (z) (each of the functions O (z) is called an an- 
tiderivative of / (z)). 

For the difference O (z) — F (z) = W (z) = u (x, y) + 
+ iv (x, y) we have the equality W (z) = G>' (z) — F' (z) = 
= / (z) — / (z) = everywhere in the domain D, and there- 
fore -3— = -3- = -=— = -T- = 0, whence it follows that 
3x fli/ ox ay 

u (x, y) = const and v (x, y) = const, and consequently 
O (z) = F (z) -|- C where C is an arbitrary (complex) con- 
stant. Since O (z ) = F (z ) + C = C, we obtain the for- 
mula 

2 

J/(E)d£ = cD(z)-<D( 2o ) 

JO 

for the computation of integral (40) which is known as the 
Newton- Leibniz formula. 

4°. The Cauchy-Type Integral. Let S be a closed or non- 
closed piecewise smooth Jordan curve and let /(£) be a 
continuous function defined on S. 

For a fixed value of z not belonging to S the expression 

(p (z, £) = ^2l considered as function of £ is continuous, 
and therefore the integral 

S 

exists and is a one-valued function of z. Expression (49) i8 
called the Cauchy-type integral. 

If 5 is a closed contour bounding a finite domain D and if 
the function / (z) is analytic in D and continuous in D {] S, 
the right-hand member of (49) coincides with / (z) at each 
point z £D, and in this case (49) is nothing other than 
Cauchy's integral ^formula (47). 

Since for t, £ S the expression cp (z, £) = / (£)/(£ — z) 
considered as function of z is analytic at each point not be- 

longing to S, that is — =- tp (z, £) — 0, and since the operation 

-=- can be written under the integral sign on the right-hand 

dz 

side of (49), we conclude that — i^- = 0. Consequently, 

dz 
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the function F (z) is analytic on the complex plane of the va- 
riable z everywhere except the points belonging to the curve S. 
Further, since for £ £ S [the expression <p (z, £) considered 
as function of z possesses the derivatives 

dz n SP^ Z ' <*) — n - (£_z)n+i 

of any order « at each point not lying on S and since the 
operation d n ldz n can be written under the integral sign on 
the right-hand side of (49), we see that the function F (z) 
represented by Cauchy-type integral (49) possesses derivatives 
of all orders at the points z not belonging to S , and 

Fm ^ = -^-^^k d ^' » = 1.2,... (50) 

s 

From the property of the Cauchy-type integral we have 
just established it follows that if f (z) is an analytic function 
in a domain D then it possesses derivatives of all orders in that 
domain. Indeed, let z„ be an arbitrary point in the domain 
D and let \z — z |^e be a circle of a sufficiently small 
radius e > lying inside D; then, by virtue of Cauchy's 
integral formula (46), we have 

lE-'n}=e 

The right-hand member of (51) is a special case of the 
Cauchy-type integral, and therefore the function / (z) possesses 
derivatives of all orders in the circle \ z — z | <C e; since 
the point z is quite arbitrary, we see that the assertion stat- 
ed above is in fact true. 

5°. Conjugate Harmonic Functions. Morera's Theorem. 
If / (z) is an analytic function, then its derivative 

,, , > du . du 



is itself an analytic function in the domain D where / (z) 

du 
dx 



is defined, and therefore the functions -~— and -£■ possess the 



partial derivatives of the first order -=-5 , , . , — — x— 
r ox 2 ox oy oy ox 
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and -^-j- . Further, according to condition (C/?), we have 



dy* 



and 



d 2 u d 2 v 5 2 (- _ d*u 

dx* dx dy dy dx dy* 

d*u d*u d*v d^v 



dx dy dy dx dy 2 dx 2 



We have thus proved the existence of partial derivatives of 
the second order of the functions u (x, y) and v (x, y) and also 
the harmonicity of these functions in the domain D. The re- 
petition of this argument shows that the functions u (x, y) 
and v (x, y) possess derivatives of all orders in the domain D 
of analyticity of the function f (z). 

The real and the imaginary parts u (x, y) and v (x, y) of 
a function / (z) analytic in a domain D are called conjugate 
harmonic functions. 

Now let us suppose that the real part u (x, y) of an ana- 
lytic function / (z) = u (x, y) + iv (x, y) in a simply con- 
nected domain D is known. Then we can easily reconstruct 
the function / (z) itself. Indeed, we have 

dv =*L d x + ^dy=-^-dx+^dy (52) 

The expression for dv we have obtained (see (52)) is a total 
differential because of the condition 



( —\ — JL ( — \ 

\ dy ) dx \ dx ) 



which holds since the function u(x, y) is harmonic in the 
domain D. Consequently, 

(*. v) 
v(x,y)= j -%-dx+^-dy+C 

(xa, wo) 

where C is an arbitrary real constant, and the integral on 
the right-hand side is independent of the path of integration 
connecting the points (a; , y ) and (x, y) and lying in the 
domain D. 

Thus, we arrive at the conclusion that a function f (z) 
analytic in a simply connected domain D can be reconstructed 
to within an arbitrary pure imaginary constant iC from its 
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given real part u (x, y): 

(x. V) 

f(z) = u(x, y) + i j —^Ldx + ^-dy + iC (53) 

(xo. Vn) 

Now let us prove the converse of Cauchy's integral theo- 
rem known as Mor era's theorem: if f (z) is a continuous 
function in a simply connected domain D and if the integral 
of this function along any closed piecewise smooth Jordan 
curve lying in D is equal to zero, then the function f (z) is 
analytic in D. 

Indeed, by the condition of the theorem, integral (40) of 
the function / (£) depends solely on the position of the 
points z and z and is independent of the shape of the path 
of integration joining z and z. Further, as was seen, for a 
continuous function / (£) this property of integral (40) is 
sufficient for the function F (z) denned by the formula 



z 

F(z)= j/(C)dC 



to be analytic in D and for the equality F' (z) = / (z) to 
hold. Finally, since the derivative of an analytic function 
is itself an analytic function, the equality F' (z) = f (z) 
implies the analyticity of the function / (z). 

S 3. Some Important Consequences 
of Cauchy's Integral Formula 

1°. Maximum Modulus Principle for Analytic Functions. 

Let / (z) be an analytic function in a domain D, and M be 
the supremum of \ f (z) | for z £ D. 

The maximum modulus principle is stated thus: if the 
function f (z) analytic in the domain D is not identically equal 
to a constant in D, then the modulus of this function cannot 
assume the value equal to M at any point in that domain. 

If M = 00, this assertion is obviously true because at 
any point z £ D the function / (z) can only assume a finite 
value. The case M = can be excluded from the considera- 
tion since this means that / (z) s 0. Now let us suppose that 
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the number M is finite and that there is a point z £ D for 
which the equality | / (z ) | = M takes place. Let us con- 
sider a closed circle | t, — z |^5 lying within D. By 
Cauchy's integral formula (47), we have 

|5-^ol=fl o 

whence, according to the hypothesis, it follows that 

2it 

M <4r J l/(2o + «* w )l<*e (54) 

b 

Inequality (54) implies that |/(£) I = M everywhere on 
the circumference | £ — z | = 6 of that circle. Indeed, sup- 
pose that there is a point £ = 6e ie ° for which the inequality 
| / (£ ) 1 < M holds (the opposite inequality | / (£ ) | > M 
is impossible). Then, since the function |/(£)|is contin- 
uous, the inequality |/(£) | < M must also hold for an 
interval 9 — e < 6 < 8 -)- e, and therefore (54) leads 
to the inconsistent inequality M < M '. Consequently, 
|/(C) I = M for all the values of 5 (0<6<J6 ), that is 
this relation holds throughout the neighbourhood \z — z | < 

< 5 of the point z . Since In | / (z) | = yln / (z) / (z), we 

have 

for all the values of z in the circle \ z — z | < 6 , that 
is /' (z) = everywhere in this circle, and consequently 
/ (z) = const. Now we can repeat the corresponding part 
of the argument used in Sec. 4°, § 1 of Chapter 1 for proving 
the extremum principle for harmonic functions, and thus 
come to the conclusion that / (z) = const everywhere in D, 
which is impossible. Hence, the assumption that | / (z ) | = 
= M for z £ D leads to a contradiction, which proves the 
maximum modulus principle. 
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If / (z) =^0 everywhere in D and m is the infimum of 
| / (z) | for z £ D, then we can apply the maximum modulus 
principle to the function 1// (z) which is analytic in the 
domain D, whence it follows that the function \ f (z) | can- 
not assume the value equal to m at any point belonging to 
the domain D. Consequently, in the case under consideration 
the modulus of the junction f (z) analytic in the domain D 
can attain its extremum only on the boundary of the domain D. 

2°. Weierstrass' Theorems. Weierstrass' first theo- 
rem: if a series of the form 



2 fk(z) (55) 

ft=i 

where f k (z) (k = 1, 2, . . .) are analytic functions in a domain 
D, is uniformly convergent on any closed subset of the domain 
D, then the sum f (z) of this series is an analytic function 

00 

in Z), and for every natural number p the series 2 fh" ( z ) 

whose terms are the derivatives of the p-th order of the functions 
f h (z) is uniformly convergent on any closed subset of the 
domain D and 



/ (P >(z)= 2/L P) (z) (56) 

To begin with, we shall prove that the function / (z) is 
continuous in the domain D. Let z be an arbitrary fixed 
point belonging to the domain D. Since series (55) is uni- 
formly convergent, given an arbitrary e > 0, there is a 
natural number N (e) such that | / (z) — S N (z) \ <C e/3 for 
all the points z belonging to a circle \ z — z | ^ 8 X lying 

JV 

within the domain D; here S N (z) = 2 fk ( z )- Since the 

h=l 

finite sum S N (z) is continuous, there exists a number 
8 2 (e) > such that | S N (z) — S N (z ) | < e/3 for all 
the points z belonging to the circle \ z — z | < 6 2 . Con- 
sequently, for all z belonging to the circle \ z — z | < 8 
where 6 = min (8 lt 8 2 ) we can write, on the basis of the 

9-0598 
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inequalities we have derived, the following inequalities: 

|/(*)-/(*o)l = 

= \f(z)-f(z ) + S N (z)-S N (z) + S N (z )-S N (z )\^ 

^\f(z)-S N (z)\ + \f(z )-S N (z )\+\S N (z)-S N (z )\< 

<-3" + T + -3- =e 

The last inequality means that the function / (2) is con- 
tinuous at the point z ; since z is quite arbitrary, it follows 
that / (z) is continuous throughout the domain D. 

Now let us consider a closed circle \z — z | ^ 5 lying 
inside the domain D. On integrating the equality 

over the circumference | t, — z | = 6 of that circle and 
using Property (4) of complex integrals proved in Sec. 1°, 
§ 2 (which is expressed by formula (37)) and Cauchy's inte- 
gral formula (47), we obtain the equality 



/ (0 at, 



2 fk(z) = f(z) 



2ni J £ — z 

for all the points z of the circle \z — z | < 8. Now, taking 
into account the analyticity of the Cauchy-type integral, 
we conclude that the function / (z) is analytic in the circle 
I 2 — z I <8 and, in particular, at the point z . Since z 
is an arbitrary point of the domain D, we see that / (z) 
is analytic everywhere in D. 

On integrating the uniformly convergent series 



ft=l 



2ni £± '* Vfe/ (£ — z)p +1 2itt (^—z)p +1 
ft=i 

over the contour | £ — z | = 8, we conclude, by virtue of 

00 

(50), that 2 fT (z) = f m (z) for the points of the circle 

h-=l 

) z — z I < 8, and hence the last equality holds through- 
out the domain D. 
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From Ihe uniform convergence of series (55) on the con- 
tour | £ — z | = 5 it follows that, given an arbitrary 
e > 0, there is a natural number N (e) such that 

i °° i 

2 fn+h (£) < e for all n > JV. Therefore for all the 

points z of the circle \ z — z | < 5/2 the inequality 



2 fn+h (z) - "2^- ) 2 /"+" (S) tjit 



<*£ 



z)P + 



2P +1 p!e 



holds. This means that the series on the right-hand side of 
(56) is uniformly convergent in the circle \ z — z | < 5/2. 
From this fact, using the well-known finite covering theorem 
proved in mathematical analysis, we conclude that series 
(56) is uniformly convergent on every closed subset of the 
domain D (for our aims the following statement of the 
finite covering theorem is sufficient: every covering of a closed 
set by open circles contains a finite subcovering of that set). 

Weierstrass 1 second theorem: if series (55) consisting 
of functions f h (z), which are analytic in the domain D and con- 
tinuous in D (J S, is uniformly convergent on the boundary S 
of the domain D, then this series is uniformly convergent in 
D US. 

This theorem can be proved in exactly the same way as 
Harnack's theorem (see Sec. 5°, § 2 in Chapter 1). Indeed, 
from the uniform convergence of series (55) on S it follows 
that, given any e > 0, there exists a natural number N (e) 

such that 2 /iv+fc (£) < e Ior an y P ^ 1 a "d for all 

1 ft=i ! 

p 

£ £ S. Since the modulus of the finite sum 2 /jv+s ( z ) 

of the functions f h (z) analytic in the domain D attains its 

v , 

maximum on the boundary S of D, we have | 2 /iv+ft ( z ) < 

h=i ' 

< e, for all z £ D US, which means that series (55) is 
uniformly convergent in D U S. 

3°. Taylor's Series. As was already shown in Sec. 3°, 
§ 1 of the present chapter, the sum S (z) of a power series 



132 CAUCHY-RIEMANN EQUATIONS. ANALYTIC FUNCTIONS 

of the form 

EMz-z ) ft (57) 

fc=0 

is an analytic function inside the circle of convergence 
| z — z | < R (R > 0) of the series. 

It turns out that the converse proposition known as 
Taylor's theorem is also true: if f (z) is an analytic function 
in a domain D, then every point z £ D possesses a neighbour- 
hood within which the function f (z) can be represented as the 
sum of a power series: 

f(z)=^a h (z-z ) h (58) 

ft=0 

The radius of convergence R of this series is not smaller than 
the distance 5 from the point z B to the boundary S of the 
domain D. 

Indeed, by Cauchy's integral formula (47), for any point 
z belonging to a circle \ z — z | <C 8 < 8 we have 

f(z)== J_ r /(C)«*C = 1 f 1 /(»<*£ = 



m j 2j igz^-) T^7 (59) 



2it 

Y h=0 



where y denotes the contour |£ — z 1 = 6 and 
= q<Cl, C€y- Since the series 



s (■£*)' 



1 



< z ~ z o 



is uniformly convergent with respect to £ on y. the series 
on the right-hand side of (59) can be integrated term-by- 
term, which makes it possible to rewrite (59) in form (58) 
with 

flfc ""S«J «^T (* = 0.1,...) (60) 
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Now, taking into account (50), we arrive at the formula 

a » = J ^TT- (* = 0,1,...) (61) 

Since series (58) is convergent in every circle | z — z„ | < 8 
where 8 is an arbitrary number belonging to the interval 
< 6 < 8 , the radius of convergence of series (58) is not 
smaller than 6 . 

Power series (57) whose coefficients a h are expressed in 
terms of the function / (z) by formulas (60) and (61) is called 
Taylor's series (Taylor's expansion) of the function f (z) at 
the point z . 

From formula (61) follows the uniqueness of Taylor's 
expansion of f (z) in the neighbourhood of the given point 

4°. Uniqueness Theorem for Analytic Functions. Liou- 
ville's Theorem. Taylor's theorem implies the following 
uniqueness theorem for analytic functions: if f (z) is an 
analytic function in a domain D equal to zero on an infinite 
set of points E belonging to D and the set E has a limit point z 
lying in D, then f (z) = everywhere in D. 

Indeed, let d be a circle \z — z | < 8 lying in D. By 
Taylor's theorem, for d we can write expansion (58). Let 
us denote by z h (k = 1, 2, . . .) a sequence of points belong- 
ing to E H d which converges to z . By the condition of 

oo 

the theorem, we have / (z ft ) = 2- a n ( z h — Zo)" = 0i whence, 
on passing to the limit for z h -*■ z , z h ^= z , we obtain 
a = 0. In just the same way from the equality — -^- = 

z h — z o 
oo 

= 2 a n ( z h — Zo) n_1 = we obtain a 1 = 0, and so on. 

n=l 

Consequently, a h = for all k = 0, 1, . . ., and hence 
/ (z) =0 in the circle d. Now let z* be an arbitrary point 
of the domain D. Let us connect the points z and z* by a 
continuous curve I lying within D, and let 8 be the distance 
between I and the boundary S of the domain D. Let us make 
the centre of the circle \ z — £|<8<8 move from the 
point z to the point z*; using the fact that for every position 
of the centre £ on I the equality / (£) =0 holds, we conclude 
that / (z*) = 0, that is / (z) = throughout D. 
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A point z 6 D at which / (z ) = is called a zero (or 
a root) of the function / (z). If z is a zero of an analytic 
function / (z) in a domain D, then, by virtue of (58), we 
have 

oo 

/(z)= 2 a k (z — z ) k , re>l, a n ^=0 

h=n 

If re = 1 the zero z is said to be simple, and if re > 1 we 

call z a multiple root (zero) or an n-fold root or a root of order re 
or of multiplicity re. From (61) we see that for z to be an 
n-fold zero (root) of f (z) it is necessary and sufficient that the 
conditions 

/<*> (z ) =0; k = 0, . . ., re - 1; /<»>|(a ) ^0 

should hold. 

Another consequence of Taylor's theorem is the following 
proposition known as Liouville's theorem: if f (z) is an 
analytic function bounded throughout the whole complex plane 
of the variable z, then f (z) is identically equal to a constant. 

Indeed, by virtue of (60), we have 



. 1 



2n .„ 





ft = 0, 1, . . . 



2n 

dQ M 

6" 8" 



where M is the supremum of \ f (z) | on the z-plane and 6 
is an arbitrary positive number. On passing to the limit in 
the last inequality for 6 ->- oo, we obtain a h = (k = 
= 1, 2, . . .), which means that / (z) = a = const. 
5°. Laurent Series. Let us consider the series 



— 00 



2 a k (z-z )\ z =^oo (62) 



ft=-i 



involving the negative powers of (z — z ): (z — Zq)* 1 (& = 
= — 1, — 2, . . .). Each term of series (62) is an analytic 
function of the variable z for 0< | z — z | < oo. The change 
of the variable z — z = l/£ brings series (62) to the form 
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of a power series: 

S «-*£* (63) 

On putting £ = for z = <x>, we readily see that if 
| £ | < r x is the circle of convergence of series (63), then 
series (62) is convergent outside'the closed circle | z — z„ | ^ 
^ r = 1/r-L. Since for any p >■ r series (62) is uniformly 
convergent outside the circle \ z — z | < p, we conclude 
that, by virtue of Weierstrass' first theorem, the sum S-y (z) = 

= SA _ | of this series (where S^ (£) is the sum of 

series (63)) is an analytic function at all points z satisfying 
the condition \ z — z | > r. 

If a series of form (62) is convergent to its sum S ± (z) 

00 

for | z — z | > r, and a power series 5 2 (z) = 2 a h X 

h = 

X (z — z ) is convergent in a circle | z — z | < i? where 

oo 

i? > r, then the series 2 a ft ( z — z o) h is convergent in 

ft=-00 

the annulus K: r < | z — z | < i?, and its sum S (z) = 
= ■?! (z) + iSj (z) is an analytic function in K. 

The converse proposition known as the Laurent 
theorem also takes place: if f (z) is an analytic function in 
an annulus K: r << | z — z | < /?, then at every point z £ K 
this function can be represented in the form of the sum of 
a series 

/(*) = S a h (z-z ) h (64) 

ft=— oo 

where 

i r_MOfS_ ( * = o,±i,...) 



Y 



¥ -^ r l- = ^i,-i (65) 



and y is an arbitrary circle | £ — z | = 8 u;£#i a radius 
6 >0, r<8<R. 

To prove this theorem, let us consider the annulus 

£i= r < r x < | z — z |< i? x < /? 
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(see Fig. 11). For any arbitrary point z £ K 1 we can write, 
using formula (48), the equality 

f( z ) = J- f /(£) ^ *_ f ./J£K_ 



2iti J £ — z 2ni J £ — z 

IS-2..l=fii l&-Zol=r, 



■/(£)<£ (66) 



|t-r.|- Bl * r _ Zo - 

i r i i 



fc=0 

and 



2ni J z — z £ — z„ 

Since the series 

*=o 1 — ; — v 

- z 

are uniformly convergent when the point £ lies on the circles 
| £ — z | = i?j and | £ — ^o I = r i respectively, we can 
substitute (67) and (68) into the right-hand side of (66); this 
results in an equality of form (64) in which 

l P /(»«% fc = o, 1,... (69) 

and 
flk =* f /( » rf£ for A 1, —2, ... (70) 

lt-Zol= r l 

Since /(£)(£ — z )~ fe_1 is an analytic function of £ in the 
annulus K, Cauchy's theorem implies that the integrals on 
the right-hand sides of (69) and (70) can be regarded as 
being taken over the contour | £ — z | = 8, r < 8 ■< R. 
The expression on the right-hand side of (64) is called 
the Laurent series (or the Laurent expansion) of the function 
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/ (z); the series 

2M*-*o)* = /i(*-*o) (71) 

and 

00 

2^(*-«o)-' = /,(^) (72) 

are called the regular part and the principal (singular) part 
of series (64) respectively. A Taylor series is obviously a 
special case of a Laurent series. 

We can easily prove the uniqueness of Laurent expansion 




Fig. 11 

(series) (64) in the given annulus. Indeed, if there are two 
such expansions, that is 

f(z)= 2 a k (z-z )»= 2 b k ( Z -z Q )» (73) 

we can multiply both sides of equality (73) by (z — z )" n_1 
and integrate the result over the circle y, whence, by virtue 
of equalities (43) which can be written in the form 

r dz [ for k^l 

J (z-z ) fe ~~ 1 2ni for k = 1 ^^ 
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we obtain^ a n = b n (n = 0, ±1, . . .)• This proves the 
uniqueness of expansion (64). 

6°. Singular Points and Residues of an Analytic Function. 

If a function / (z) is analytic in a neighbourhood \ z — z I < 
<6 of a point z in the complex plane of the variable z 
except the point z itself (at that point the function may not 
be defined), z is called an isolated singular point (or, simply, 
an isolated singularity) of the analytic function / (z). 

By virtue of Laurent's theorem, the function / (z) can be 
expanded into Laurent series (64) in an annulus < r <. 
< \ z — z | < 6. Next, making r tend to zero, we see that 
Laurent series (64) obtained for / (z) is convergent for all z 
satisfying the condition < | z — z | < 6. 

Depending on whether the collection of the nonzero coef- 
ficients among a h (k = — 1, —2, . . .) in Laurent expansion 
(64) is void, finite or infinite, the isolated singular point z„ 
is called a removable singular point, a pole or an essential 
singular point respectively. The point z is called a pole 
of order n > if a_ n =^0 and a_ h = for all k> n, if 
n = 1 the pole is said to be simple. 

Laurent expansion (64) shows that if z is a removable 
singular point of / (z) then lim / (z) = a , and if z is 

a pole then lim / (z) = oo. 

2-1-20 

The definitions of a zero and of a pole imply that if a 
point z 6 D is a zero of multiplicity n (a pole of order n) of 
a function f (z) analytic in the domain D, then this point is 
a pole of order n (a zero of multiplicity n) of the function 
\lf (z). 

Indeed, there is a neighbourhood of the point z in which 
the function / (z) can be expanded into a series of the form 



fe=m 

where m = n or m = — n depending on whether the point 
z is a zero or a pole of / (z). Therefore 

oo 

1 ( z - 2 °)~ m ^r where <p<*) = S<M*-2o) 1! - m 



/(*) v ~ " u/ <p(z) 



CONSEQUENCES OF CAUCHY'S INTEGRAL FORMULA 139 

1 A 

Since — ;— r- = — ¥=0, the function lAp (z) is analytic 

in the vicinity of the point z , and therefore it can be 
represented in the form of the sum of a power series: 

-^=^b h{ z-z )\ b = J-^0 

ft=0 

Consequently, 

oo 

T ^-=S^( 2 - 2 o) A - m 

It follows that the point z is a pole of order n or a zero of 
multiplicity n for the function 1// (z) depending on whether 
m = n or m = — n. 

It can similarly be shown that if z is a removable singular 
point of an analytic function f (z), then z is a removable sin- 
gular point of the function 1// (z) in case lim / (z) =^0 and 

z^z 

a pole of 1// (z) m case lim / (z) = 0. 

z->-zo 

If z is an essential singular point of / (z) and if f (z) ^0 
in a neighbourhood of that point, then for the function 
1// (z) the point z is an isolated singularity. Moreover, since 
z can be neither a removable singular point nor a pole of 
1// (z) (because, if otherwise, z would be a removable sin- 
gular point or a zero of / (z)), the point z is an essential 
singular point of 1// (z). 

The behaviour of / (z) in the vicinity of its essential sin- 
gularity is characterized by the following SokhotsUy- 
[Veierstrass theorem', if z is an essential singular point 
of the function f (z) then for any complex number a there exists 
a sequence of points z h (k = 1, 2, . . .) convergent to z 
such that lim / (z ft ) = a. 

We shall begin with the case when a = oo. Let us repre- 
sent the function / (z) in the vicinity of the point z in the 
form 



/(z) = / 1 (z-z ) + / 2 ( 7 ^) 



where f 1 and / 2 are expressed by formulas (71) and (72) re- 
spectively. Since the series on the left-hand side of (72) is 



that 



140 CAUCHY-RIEMANN EQUATIONS. ANALYTIC FUNCTIONS 

convergent for \ z — z | > 0, the function / 2 (£) = 
= / 2 ( ), £ = (which is the sum of the series 

\Z Z Q / Z — Zq \ 

00 

2 a -k £ h convergent for all the points oft he complex £= plane ) 
ft-i ' 

cannot be bounded. Indeed, if otherwise, Liouville's theo- 
rem would imply that / 2 (£) is identically equal to a constant, 
that is there would be no principal part in the Laurent 
expansion, which is impossible because z is an essential 

singular point of/ (z). Thus, the function / a (£) = f 2 ( ] 

\ Z — Zq/ 

cannot be bounded in the vicinity of the point z (which 
corresponds to £ = oo), and therefore there exists a se- 
quence £ ft (A = 1, 2, . . .) divergent to oo such that 
lim / z (£ft) = oo- Consequently, the sequence z k = 

= z + T7- (A; = 1, 2, . . .) which converges to z is such 
lim / 2 (- -) = oo. Since lim / x (z k — z ) = 

Zft-^0 VZft_ Z<)/ Zfe-zo 

= a i we conclude that lim / (z h ) = oo. 

Now we shall consider the case when a is a finite number. 
Let us take the function / (z) — a for which z is obviously 
an essential singular point. If in every neighbourhood 
I 2 — z | < ilk of the point z there is a point z h at which 
/ (z ft ) = a we shall have lim / (z h ) = a. In case the 

z fc- 2 o 
point z has a neighbourhood in which / (z) =£a, then, as 
was already mentioned, z will be an essential singular point 
for the function 1/1/ (z) — a] as well. Consequently, in the 
latter case there exists a sequence of points z h (k = 1, 2, . . .) 
convergent to z such that 

lim -77 r = OO 

and consequently, lim / (z fi ) = a. 

We say that z = oo is an isolated singular point at infinity 
of an analytic function / (z) if £ — is an isolated singular 
point for the function cp (£) = / (l/£). Since the Laurent 
expansions of the functions cp (£) and / (z) (z = l/£) in the 
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neighbourhoods of the points t, — and z = oo are connect- 
ed by the relationship 

<p(S)= 2 **s* =/(«)= 2 w h 

h=— oo fc=— oo 

it is possible to classify isolated singular points at infinity 
depending on the character of the collection of the nonzero 
coefficients among a h (k = — 1, — 2, . . .) in the Laurent 

oo 

expansion / (z) = 2 a h z ~ h - Namely, depending on whether 

k= — oo 

the set of these coefficients is void, finite or infinite, the 
isolated singular point at infinity z = oo is called a remov- 
able singular point, a pole or an essential singular point. 

A function / (z) analytic throughout the whole complex 
plane of the variable z is called an entire function. Depending 
on whether the point at infinity z = oo is a removable sin- 
gular point, a pole or an essential singular point of an entire 
function / (z), this function is identically equal to a constant, 
is a polynomial or, as we say, is an entire transcendental func- 
tion. A function / (z) having only poles in the extended com- 
plex plane of the variable z is called a rational function. 
The ratio / (z)/<p (z) of two entire functions / (z) and cp (z) is 
called a meromorphic function. An example of a meromorphic 
function is the function sin z/cos z = tan z. 

Let a function / (z) be analytic in a domain D everywhere 
except an isolated singular point z £ D, and let y be a piece- 
wise smooth closed Jordan curve which lies inside D to- 
gether with the domain D y bounded by it, the point z 
belonging to D T By Cauchy's theorem, the value of the 
integral 



4u\f^) 



dz 



taken over y in the positive direction (for which the finite 
domain D y always remains on the left) is one and the same 
for all y; this value is called the residue of the function f (z) 
at the singular point z . The residue is denoted as 

■sjL \f(z)dz = Res/ (z) (75) 

- z=z„ 
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When the residue is computed we can obviously take as 7 
a circle \ z — z u \ — 6 of a sufficiently small radius (see 
Fig. 12). 

On substituting Laurent expansion (64) into the left-hand 
side of (75) and using equality (74), we obtain 

Res / (z) = a_L 

z=z 

In the case when z is a pole of order n the residue a_ x can be 
found with the aid of the obvious formula 



i=(^T)T»m^« z - z o) n /(z)] (76) 



a_,= 



Let a function / (z) be continuous in D [] S and analytic 
in D everywhere except isolated singular points z k £ D 




Fig. 12 



(k = 1, . . ., m), and let the boundary S of the (finite) do- 
main D be a piecewise smooth closed Jordan curve. Then 
formula (48) implies 

m m 

iJ/W & = iS J /(zW Z =2Res/(z) (77) 



h=i\z-z b \=f> 



*=l z=2 fc 



Formula (77) makes it possible to easily compute some 
definite integrals. 
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For instance, if it is known that a function / (z) is con- 
tinuous for lmz>0 and is analytic for Im z > every- 
where except a finite number of isolated singular points 
z ft > 0, Im z ft > (ft = 1, . . ., m), and if 

l/WK-jTfr. ^ = const>0 (78) 

for sufficiently large | z |, we can apply formula (77) to the 
domain D of the form of a semi-circle j z | < R, Im z > 
containing all the points z ft (ft = 1, . . ., m); then (see 
Fig. 13) we obtain 

R It 771 

j / (a) dar+ j / (Re ie ) i Re 40 <*8 = 2ni 2 Res / («) (79) 

-R h=l Z=Z * 

When /? ->- oo the second integral on the left-hand side of 
(79) tends to zero (this follows from (78)). Therefore we derive 
from (79) the formula 

oo R m 

\ f{x)dx = lim \ f(x)dx = 2ni J\ Res/(z) 

J fi-oo J . , 2=2 fc 

— oo — fi fc=l « 

7°. Schwarz's Formula. Solution of Dirichlet Problem. 
Let us consider the following problem: it is required to 
find a function / (z) analytic in the circle | z | < 1 whose 
real part u (x, y) is continuous for \ z |^1 and assumes the 
limiting values u + (£), described by a (known) continuous 
function cp (£), as the variable point z tends to the circum- 
ference | £ | = 1 of the circle | z | ■< 1 from its interior: 

u + (1) = q, (£), | U = 1 (80) 

For the points belonging to the circumference | £ | = R 
of the circle [ z j < R of radius B<1 we have / (£) + 
+ /(£) = 2u (£). On multiplying both members of this 
equality by 1/2 ju (t, — z) (| z | <; R) and integrating over 
the contour | £ | = R, we obtain, by virtue of Cauchy's 
integral formula (47), the relation 

l£|=H |U=R 
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Let us consider Taylor's expansion 

f(z)^f s a h z k 
in the circle | z | < 1 ; on denoting t, = Re*® for | £ | = B 

oo 

(then % = /?e- i< * = -y-), we can write 7(0=2^ = 

fe=0 
oo 

= V. a fe . Therefore the second summand on the left- 

ft=0 b 

hand side of (81) can be written in the form 

IC|=H fe=0 |S|=H * Vb ' 

(82) 

From formula (74) we obtain 

±- j -£■=!, | z! <i? (83) 

|tl=H 

To compute the integral on the right-hand side of (82) 
we apply formula (77) with k > 0: 

"ST J T^ = ^!^ + ?^TM?b) (84) 

The residues on the right-hand side of (84) are found 
using formula (76): 

Res * T = * lim-ljV ( * ) = -± 
and 



1 .11 

Res ... ... — r- = lim -=r- = — r 



Consequently 



~=R 

z\<R\ ft = l, 2, ... 



2lt£ 
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Using formulas (83) and (85) we bring (81) to the form 

|SI=R 

where a = / (0) = u (0, 0) — iv (0, 0). Further, taking 
into account condition (80), we pass to the limit f or R -*■ 1 
in (86) and thus find 

^ z ) = i \ &&g—u(0,0) + iv(0,Q) (87) 

IEI=l 
For z = we obtain from (87) the equality 

/(0)+7"(0) = 2»(O f O) = -L J ^A 

whence 

»(°.°)--sr 1 ^ (88) 

On substituting the value of u (0, 0) expressed by (88) 
into (87) we arrive at Schwarz's formula: 

/( z ) = i J ^±<?&)dQ+iC (89) 

151=1 
t = e i0 , C = v(0,0) 

This formula makes it possible to reconstruct a function f (z) 
analytic in the circle | z | < 1 from the boundary values of its 
real part on the circumference | £ | = 1 of that circle to within 
an arbitrary pure imaginary constant. 

Since for the boundary | t, | = 1 of the circle | z | < 1 
we have 

g + z __ 1 — |z[ 2 + 2ilm'gz 
C-«- |C-»|« 

Schwarz's formula (89) implies Poisson's formula 

»W = u(*, y)=± } \ ^ilcp^de (90) 

10-0598 
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which expresses the solution of the Dirichlet problem for 
harmonic functions in the circle | z | < 1 (cf. formula (17) 
in Sec. 2°, § 2 of Chapter 1). 

Using Riemann's theorem, the theorem on the correspon- 
dence of boundaries and formula (90) we can prove the existence 
of the solution of the Dirichlet problem stated in the following 
general form: for a domain D in the complex plane of the 
variable I, — \ -\- ir\ bounded by a closed Jordan curve S it is 
required to find the harmonic function u* (£) = u* (i, r\) 
which is continuous in D [) S and assumes on S given values 
described by a continuous function g (£,). 

Indeed, the sought-for harmonic function u* (|, n) must 
be the real|part of a function F (Q analytic in the domain D. 
Further, there is a function z = / (£) specifying a conformal 
mapping of the domain D onto the circle \z | < 1; the 
function u (z) = u (x, y) = Re F [/ _1 (z)] is harmonic in that 
circle and is continuous in the closed circle \z |^1, on the 
boundary | z | = 1 of that circle it assumes the values de- 
scribed by the continuous function q> (z) = g If' 1 (z)]. The 
function u (x, y) = u (z) is found with the aid of formula 
(90); finally, the sought-for harmonic function is expressed 
in terms of u (x,^y) in the form u* (£) = u'^lf (£)]. 

§ 4. Analytic Continuation 

1°. The Notion of Analytic Continuation. Let D^ and D z 

be two domains in the plane of the complex variable z, and 
let their intersection d = D 1 f| D i be also a domain in the 
z-plane. Let us consider a function f 1 (z) analytic in the 
domain D v If there exists an analytic function / 2 (z) in Z) a 
coinciding with / x (z) in d, we say that the function f 2 (z) is 
the analytic continuation of the function f 1 (z) from the domain 
D 1 to the domain D% across the common part d of these domains. 
The uniqueness theorem for^analytic functions obviously 
implies that A if the analytic continuation exists then it 
must be unique (Fig. 14). 

2°. The Continuity Principle. Let us suppose that two 
simply connected domains D 1 and D 2 are such that their 
boundaries have a common part which is a smooth Jordan 
curve y, the intersection D 1 f) D 2 being void. 
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By the continuity principle for analytic functions is meant 
the following proposition: if / 3 (z) and / 2 (2) are analytic 
functions, in the domains D t and Z) a respectively, which are 




Fig. 14 



Fig. 15 



continuous including the arc y, and if it is additionally known 
that 

h (z) = fi (z) for z 6 V 
then the function 

( /,(z) for z£D l 

f (z) - < U (z) for z e £> 2 

I /t (z) = /z (z) for z € 7 
is analytic in the domain D = D 1 [) D 2 [) y (in the case 
when the curve y is non-closed we suppose that its end 
points are excluded from it; see Fig. 15). 

The continuity principle will follow from Morera's theo- 
rem if we manage to show that the integral of / (z) over 
any closed piecewise smooth Jordan curve 5 lying in D 
is equal to zero. 

In the case when S lies in D l [] y or in D 2 (j y the equality 



j/( Z )d2 = 



10* 
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follows from Cauchy's theorem. Now let us consider the case 
when S is the boundary of a domain Ds whose intersections 
with both D 1 and D 2 are not void. According to Cauchy's 
theorem, the integrals of / (z) taken over the contours 
D s fl D l and D s (~| D 2 are equal to zero; in the sum of these 
integrals the parts of the arc y contained in the contours 
D s fl D 1 and D s (}D 2 are described by the point z (z is the 
variable of integration) twice in opposite directions, and 
therefore in the case under consideration the integral we are 
interested in is also equal to zero. 

3°. The Riemann-Schwarz Symmetry Principle. Let a 
part y of the boundary of a simply connected domain D 
lying in the upper or in the lower half-plane be a segment of 
the real axis Im z = 0, and let / (z) = u {x, y) + iv (x, y) be 




Fig. 16 

an analytic function in D continuous including the line 
segment y; further, let the imaginary part v (x, 0) of this 
function be equal to zero on y: v (x, 0) = for x 6 V- Riemann 
and Schwarz proved the following proposition known as the 
Riemann-Schwarz symmetry principle (also called 
the reflection principle): let D be the domain symmetric 
to D about y; then under the conditions stated above, the 
function f (z) can be continued analytically from D to D, and 
if z e~D then f (z) = J (z) (see Fig. 16). 

To prove this principle we shall use the fact that in a 
neighbourhood of any point z £ D we have / (z) = 
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= S a h ( z — z o) k - I* follows that the series ~^]a k (z — z ) h = 

= / (z) is also convergent. By / (z) = / (z) we shall mean 
the analytic function in the domain D equal to the sum of 

the power series 2 a h (z — z ) fe (z £ D). Since Im / (z) = 

fc=0 _ 

for Im z = 0, we have / (x) = f (x) when x £ 7. 
The function 

{/ (z) for z 6 # 

fjx)=j(x) for z<E_Y 
/ (z) for z 6 # 

is analytic in the domain Z) [) D (J 7, which follows from the 
continuity principle; hence, the Riemann-Schwarz symmetry 
principle has been proved. 

Now let us consider a domain/) a part y of whose bound- 
ary is an arc of a circle C; let D* be a domain lying outside 
D, adjoining y and symmetric to D with respect to C. 
As is known, there exists a linear-fractional function speci- 
fying a conformal mapping under which the image of y 
is a segment 7 of the real axis. Therefore the Riemann- 
Schwarz symmetry principle can also be stated thus: if a 
function f (z) is analytic in the domain D and continuous in- 
cluding the arc y , and if Im / (z) = on y , then the function 
f (z) can be continued analytically from the domain D to the 
domain D% across y , and for z £ D* the equality 



f (z) = / (**) 
holds where z^ is the point symmetric to z about C. 

§ 5. Formulas for Limiting Values 
of Cauchy-Type Integral 
and Their Applications 

1°. Cauchy's Principal Value of a Singular Integral. Let 

S be a closed piecewise smooth Jordan curve, and let / (t) 
be a continuous function denned on S. In Sec. 4°, § 2 of the 
present chapter w^ showed that Gauchy-type integral (49) 
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of the function / (t) along S is an analytic function at every 
point z not lying on S. For z £ S the Cauchy-type integral 
obviously does not exist in the sense of the ordinary defi- 
nition; however, under some additional assumptions con- 
cerning the function / (t) and the curve S, this definition 
can be generalized in a proper manner. 

Below we shall suppose that the curvature of the curve S 
is continuous. Let t £ S and let y be the circumference of the 
circle \ t — t Q | < e of a sufficiently small radius e > 0; 
by S e we shall denote the part of S lying outside the closed 
circle \t — t |^e. 



It is obvious that the integral 



h 



~H 



(t)dt 
-to 



exists in the sense of the ordinary definition. 
If the limit 

lim/ e (* ) = /(*„) 

exists, it is called Cauchy's principal value of the singu- 
lar integral 

' f(l)dt 



1 



. t-h 
s 
and is denoted 



'('o) = v.p.J-i^- (91) 



'0 

s 



where v. p. is the abbreviation of the French valeur principal 
principal value. 

Let us show that if f (t) satisfies Holder's condition, that is 
if there exist constants A > and <; h^.1 such that 

I / (*i) - / <* a ) l<4 Mi - h \ h (92) 

for any t x , t 2 £ S, then integral (91) exists in the sense of 
Cauchy's principal value. 

Indeed, on the basis of Canchy's integral formula (46), 
we can rewrite the expression of I e in the form 

h (*„) = J /(t) t l( (t0) dt + 2nif (t ) - f (* ) j -J^L- 
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where ^ is the part of the contour y lying outside the finite 
domain D with boundary S. 

By condition (92), we conclude that the improper integral 

s s e 

is uniformly convergent and is a continuous function of t . 
On the other hand, we have 

lim \ - — — = lim i \ d(p = ni, t — i = ee'f 
e-^o •> t ~ t o e -»o J 

Consequently, on passing to the limit for e — >- in the 
expression of I e (t ) obtained above, we arrive at the relation 

Hm/. fa) = \lMlL = ni f{t )+ \ fV-fto dt (93) 

S S 

In the case when the curve S is non-closed, under the as- 
sumption that t £ S is not an end point of S, Cauchy's prin- 
cipal value of the singular integral 

C f(t)dt 

J t-t 

s 

can also be defined as the limit of the expression 

for e -»- 0, and this limit is sure to exist when the function 
/ (t) satisfies Holder's condition. 

2°. Tangential Derivative of a Single-Layer Potential. 
In Chapter 1, § 4, Sec. 3°, when studying single-layer poten- 
tial (59), we used representation (62) in which the function 
v (x) satisfied conditions (60). Since the integral terms on the 
right-hand side of (62) are continuously differentiable func- 
tions when the point x passes from D + to D~ through an 
arbitrary point x° 6 S, formulas (52) and (60) of Chapter 1 
imply that the tangential derivative of a single-layer potential 
exists and is continuous when the point x passes from D + to D ~. 
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Let us write the expression of a single-layer potential in 
the form 

u(z)=—^\ln\t — z\n(t)ds, z = x+iy 

s 
to show that 

S 6' 

for z = t £ S where s and s are the curvilinear coordinates 
(reckoned as the arc lengths along S) of the points t and t , 

*; = fjjs , ? = 1 and 6 (t, t ) = arg (t — 1 ). The integral 

Ts 
in the first summand on the right-hand side of (94) is under- 
stood in the sense of the definition of Cauchy's principal 
value while the integral in the second summand is under- 
stood in the ordinary sense because the derivative -j- 9 (£, t ) 

is a continuous function (see Chapter 1, § 4, Sec. 1°). 

Let us denote by f a and t 2 two points on S whose curvilinear 
coordinates along S are s — e and s -f e respectively 
where e > is a sufficiently small number; the part of the 

curve S lying outside the arc t^tgt^ will be denoted £ 6 . 
It is evident that for 

u e (t )=--^^ln\t-t \ii(t)ds (95) 

we have lim u e (t ) = u (t ) where the passage to the 

e-0 

limit is uniform with respect to t . Differentiating both 
members of (95) with respect to s , we obtain 

+ ^(*.)ln|*2-'o|-2S-fi(*i) hl |f 1 --M (96) 
Since 

\i (t 2 ) In 1 1 2 — t 1 — ft (tj) In | t x — 1 1 = 

= lp(ti)-p{t 1 )]lTi\t t -to\-ii(t 1 )ln\±=Z!L 

I r 2 — H> | 
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and since the function jx possesses a continuous derivative 
of the second order, we have 

lim[n(t 8 )ln|* s — * |-|*(*i)ln|*i — *o|]==0 

On the other hand, the equality 

\t-t \ = {t-t )e- i W' '.) 
implies that 

-^-lnl* — <o| = — t^ *-T-6(«. to) 

ds ' " > t — t ds v u/ 

for t£Se, and hence 



s. s„ 



Taking into account the fact that the function i'p, (t) is 
sure to satisfy Holder's condition (92) we obtain, by virtue 
of the definition of Cauchy's principal value of a singular 
integral, the relation 



lim f *"> W dt ^ [ *> W d 

E u s„ s 



Therefore, passing to the limit in equality (96) for e 
we obtain 

lim *£M = A ( lmil + ±. \ -i 9 (i, t )ds 



e-0 



and the passage to the limit in the last relation is uniform 
with respect to t , whence, on the basis of the well-known 
theorem proved in mathematical analysis, we conclude that 
the tan^ejitial derivative of a single-layer potential can be 
represented in integral form (94), 
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3°. Limiting Values of Cauchy-Type Integral. We shall 
suppose that the Cauchy-type integral 

s 

is taken over a contour S which is a closed Jordan curve 
possessing continuous curvature, and that the function / (t) 
is one-valued and twice continuously differentiable. 

Under these assumptions expression (97) can be written 
in the form 

F (z) = u(z) + v(z) (98) 

where 

" <^ z > = 2^T 5 7 (i) a?7 ln ^ ~ z ' rfs ' t = t{s) (99) 



is the double-layer potential with the "dipole moment per 

unit length" / (t) and 

vi*) = mlt(t)±\n\t-z\d,=>-±$ln\t-t\r t d,{iQQ) 



is the single-layer potential with density — /' (s). 

According to what was shown in Sees 2° and 3°, § 4 of 
Chapter 1, the function v (z) is continuous throughout the 
whole complex plane of the variable z, and the limiting 
values of u (z) for z tending to t £ S from D + and D~ are 
expressedfby the equalities 

" + (<o) = -^J/(0^1n|/-* |d* + i-/(*„) (101) 

s 

and 

u "('o) = i J f(t)£r t ln\t-t \ds-±-f(t ) (102) 
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respectively (see formulas (54) and (55) in Chapter 1). 
Besides, from (100) we obtain 

v ^^~Wi J ln|*-*o|/' (*)<*« = 

s 

■= — 4-. lim ( \n\i — t \f (s) ds = 

- s sil i i?{J-| ln l t - t ol/(Od- + 



-° s . 



+ /(t a ) In | t a — * 1 — / <*i) In | *i — to |} 

where S s is the part of S considered in the foregoing section. 
Since 

L\n\t-t \ = -Lln(t-t )-i^-Q(t,t ) = 



OS I ° ' 0S V U/ C*S 



*' -*^r»(«. *o) 



and 

lim [/ (f 2 ) In \t 2 -t \-f (tj In | *i — * 1 3 =- 

e-»0 

we obtain for u (t ) the expression 

"<«■>-£ 5 Sf4li«». «'<')*= 

s s 

From (101), (102) and (103) we conclude that there exist 
limiting values F + (t ) and F~ (t ) of Cauchy-type integral 
(97) when z tends to t 6 S from D + and D~ respectively which 
are expressed by the formulas 

F + (t )=±f(t ) + ±^f(t)-£- t \n\t-t \ds + 

y 

+ 25zH7 ln l'-«ol/(0* 
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and 

s 

s 
From these formulas, using the obvious equality 

ds > "' ' c)\t ' "' t — t 



we obtain 



and 



^o) = |/(*o) + ^J4^ (404) 



^C) = -r/(«o)+siJi^ < 105 ) 

s 
From (104) and (105) immediately follow the equalities 

F*(to)-F-(t ) = f(t ) (106) 

and 

^(to) + F-(t ) = ±\I^i (107) 

s 

known as the Sokhotsky-Plemelj formulas. 

4°. The Notion of a Piecewise Analytic Function. The 

conclusions drawn in Sees 1°, 2° and 3° of § 5 also remain 
valid for some more general conditions on the curve S and 
on the functions / (t) and \i (t) defined for t 6 S. In partic- 
ular, formulas (104), (105), (106) and (107) remain valid 
when the function / (t) satisfies Holder's condition and S 
is a Lyapunov curve, that is a curve for which the function 
8 (t) describing the dependence on t of the angle between the 
tangent line to S at the point t and some constant direction 
(for instance, the direction of the real axis in the complex 
plane of the variable z) also satisfies Holder's condition. 

From representation (93) of the singular integral under- 
stood in the sense of Cauchy's principal value and from 
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formulas (104) and (105) it obviously follows that F + (t ) 
and F~ (t ) are continuous functions. Moreover, if f (t) satisfies 
Holder's condition of order h, < h <; 1 , then so are the 
limiting values F + (t ) and F~~ (t ). Below we shall make 
use of this assertion (but its proof will not be presented). 
A function (J) (z) defined in a domain D is said to be 
everywhere continuously extendible to the boundary S of D 
if the limit 

lim<D(z), z£D 

exists for every t £ S. 

The argument given above implies that, under the con- 
ditions imposed on S and f, the function represented by the 
Cauchy-type integral is continuously extendible to S both 
from D + and from D~. 

A function CD (z) which is analytic both in D + and in D~ 
and which can be extended continuously everywhere to the 
boundary S of these domains will be referred to as a piecewise 
analytic function on the plane of the complex variable z. 
The conclusions drawn in the foregoing section imply that 
if the function f (t) in Cauchy-type integral (97) satisfies Hol- 
der's condition, then the function F (z) represented by formula 
(97) is piecewise analytic. 

The difference <D + (t) — <D - (t) = g (t) will be referred 
to as the jump of the piecewise analytic function <£> (z). 

In the case when 0+ (£) and <t>~ (t) are continuous func- 
tions and g (t) = everywhere on S, the continuity prin- 
ciple proved in Sec. 2°, § 4 implies that O (z) is an analytic 
function throughout the whole complex plane of the variable z, 
and hence, by virtue of Sec. 6°, § 3 of the present chapter, the 
function & (z) is either identically equal to a constant (in 
particular, to zero) or is a polynomial or an entire transcen- 
dental function. 

5°. Application to Boundary-Value Problems. In applica- 
tions the following boundary-value problem is frequently 
encountered: it is required to find a piecewise analytic function 
CD (z) satisfying the boundary condition 

®+ (t) - ®- (t) = g (t), tes (io8) 

where g (t) is a given function satisfying Holder's condition. 
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In the case when S is a closed Lyapunov curve, formula 
(106) implies that one of the solutions of problem (108) is 
expressed by the Cauchy-type integral 

■z 



-M'HaJ^ 



Lei cl) (z) denote the general solution of this problem; 
then, by (108), for the difference <P (z) — <l\ (z) -= Q (z) the 
relation 

Q + (t) — Q~(t) = 0, t£S 

holds, and consequently Q (z) = P (z), that is 

s 

where P (z) is an arbitrary entire function. 

If we require additionally that the solution <t> (z) of 
problem (108) should have a pole of order n, n >• 1 at in- 
finity, or should be bounded, then in formula (109) we must 
write, instead of an arbitrary entire function P (z), an ar- 
bitrary polynomial of the nth degree or an arbitrary constant 
C respectively. 

According to (109), in the neighbourhood of the point at 
infinity we have 

oo 

^W— 2Hr2 -^\s(t)t k dt + p n ^) 

ft=0 s 

and therefore the solution of problem (108) having a zero of 
multiplicity n at infinity always exists for n = 1, and for 
n > 1 it exists only when the conditions 

\g(t)t h dt = (& = 0, ...,n— 1) 

s 

hold; in both cases the solution is unique and is expressed by 
formula (109) in which P (z) = 0. 

The solution of the problem of determining a piecewise 
analytic function W (z) satisfying the boundary condition 

W + (t) + T-(0 = g(t) 
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is obviously given by the formula 

f 4>(z) lor z^D* 
Y (*)={ -0)(z) for zeD~ 

where O (z) is the solution of problem (108). 

In the case when S is a straight line, say the real axis, and 
D + and} D~ denote the upper and the t lower half-plane 
respectively, the solution of problem (108) bounded throughout 
the whole complex plane z is given by the formula 



0> 



w-sr J ^+ c < 110 > 



where C is an arbitrary constant. 

To prove the assertion we have stated let us consider the 
function 



z-\-i 



specifying a conformal mapping of the upper half-plane D + 
onto the circle | w | < 1 (see Sec. 5°, § 1 of the present 
chapter). 

If <I> (z) denotes the solution of problem (108) in the case 
under consideration, then the function 

F(w) = ®(i±±^) (111) 

is the solution of the boundary-value problem 

F+ (T) - F~ (T) = gl (T), | T | - 1 (H2) 

where 

1 + T 



*i(*) = *('T=7) 



By virtue of (109), the bounded solution of problem (112) 
has the form 

|T|-1 
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where C t is an arbitrary constant. By virtue of (111), we 
obtain from (113) the expression 

oo 

•M-'f-Srh-srJ-jS-^f+c.- 

— OO 

__J_ f g(t)dt r 

2ni J t — z ' 

— OO 

where 

p _ r 1 f gjQ_di 

°-°i — 2m J 7+T 

— OO 

The integral on the right-hand side of formula (110) is 
understood as the limit of the expression 

] S^ < 114 > 

-N' 

when the positive constants N' and N" independently tend 
to infinity. It is evident that in this case we must require 
that the function g (t) should have the form 

g(t) =0(l/|*| h ), h>0 

for sufficiently large | t | where (1/| t \ h ) denotes an in- 
finitesimal of the same order as 1/| t \ h for t -*■ oo. In the 
case when 

g (t) = const + (1/| t \ h ), h>0, const =^0 

for sufficiently large | I j we should put N' = N" in expres- 
sion (114), that is the integral on the right-hand side of 
(110) should be understood in the sense of Cauchy's principal 
value. 

Using solution (110) of problem (108) we can easily derive 
Schwarz's formula 

oo 
— oo 

which determines, to within a pure imaginary arbitrary additive 
constant iC, a bounded and analytic function F (z) = u (x, y)-\- 



LIMITING VALUES OP CAUCHY-TYPE INTEGRAL 161 

+ iv (x, y) in the upper half-plane D + which is continuous 
including the real axis y — and satisfies the boundary con- 
dition 

Re F (0 = / (/), —oo < t < oo (116) 

where f (t) = (1/| t \ h ) (h > 0) /or sufficiently large values 
of | i |. 

Indeed, let us write condition (116) in the form 



F + (t) + F- (t) = 2/ (0, -co < * < oo (117) 
and let us construct the function 

F (z) for z£D + 



G(*)={ 



■ F(z)=— F(z) for z£Z)- 



The function G (z) can be extended continuously to the 
whole real axis both from D + and from D~. Since F (z) = 
= u (a:, —i/) — iv (x, — y) for z £ D~, condition (117) is 
equivalent to the condition 

G + (t) — G~ (t) = 2/ (t), — oo < f < oo 
Therefore, by (110), we have 



G(,) = -L f L$a* + const 



The function F (z) = G (z) is obviously the solution of prob- 
lem (116) when const = iC where C is an arbitrary real 
constant. 

It should be noted that formula (115) also gives the solution 
of problem (116) in the more general case when the function 
f (t) has a finite number of singularities on the real axis but 
is integrable over that axis. 

Using this remark we shall show that Schwarz's formula 
(115) makes it possible to express in quadratures the solu- 
tion of the following boundary- value problem: it is required 
to find a function O (z) which is analytic in the upper half- 
plane D+ and continuous including the real axis except two 
points z = — a and z — a at which it may turn into infinity 
but is integrable over the real axis, has a simple zero at infinity 

11-0598 
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and satisfies the boundary conditions 

Re 0) (t) = f (t), —a<t<a, a>0 (118) 

and 

Im 0) (f) = 0, —oo<t<—a, a<*<oo(119) 

where f (t) is a given real function in the interval — a <z<a 
satisfying Holder's condition. 

Indeed, let us choose a one- valued branch of the function 
Y a 2 — z 2 which assumes real values for — a < z < a and let 
us consider the new function 



F(z) = Va 2 -z 2 O(z) 

where <D (z) is the sought-for solution of problem (118), (119), 
The function F (z) is analytic and bounded in the upper 
half-plane D + and satisfies the boundary conditions 

r Ya 2 — t 2 f(t) for —a<t<.a 
ReF(t)=< for — oo<i< — a, 

I a<t<oo 

This function, is given by formula (115): 

oo 

F «-4- J -^^-f^dt+ic 

— OO 

whence we find 



•M~H /-SeS-^+txst (120) 

— a ' 

The constant C can be chosen so that the function O (z) 
is bounded at one of the end points of the interval ( — a, a). 
For instance, if we take 

a 

dt 



c = ± \yzn-ptm 

n J ' t—a 
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then formula (120) expresses the uniquely determined solu- 
tion 



/ 



— a 

of problem (118), (119) which is bounded at the point z — a 
where by 1/ ^—^- is meant the branch of the function 

r a-j- z 

turning into i for z — >- oo. 

§ 6. Functions of Several Variables 

1°. Notation and Basic Notions. An ordered n-tuple z =■ 
= (z x , . . . , z n ) of the values z lt . . .,z n of the complex varia- 
bles z h = x h + iy h (k = 1, . . ., n) will be referred to as a 
point of the n-dimensional complex vector space C n . The space 
C n can be interpreted as the 2rc-dimensional Euclidean space 
of the real variables x u . . ., x n ; y lt . . ., y n . 
A set of points z £ C n satisfying the conditions 

I z h -z\ \<r h (fc = 1, . . ., n) 

where r h are positive numbers is called an open polycylinder 
of radius r = (r lt . . ., r n ) with centre at the point z° and is 
denoted C (r, z°); a set of points z £ C n satisfying the con- 
ditions 

\ z h ~ z% |<r ft (k = 1, . . ., n) 

will be called a closed polycylinder and will be denoted 
C (r, z°). The points z £ C n for which the equalities 
\ z k — z k I = r k (ft = 1 > • • • > n ) ar e fulfilled form the skele- 
ton of the polycylinder C (r, z°). 

The concept of a polycylinder makes it possible to intro- 
duce the notions of a neighbourhood of a given point, of an 
interior point, of a limit point and of an isolated point for 
a set E of points belonging to the space C n , and also the 
notions of an open set, of a closed set and of a bounded set 
in C n . 

Let E and E x be some sets lying in C n and in the complex 
plane of the variable w respectively. In the case when there 



n« 
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is a law according to which to every value z £ E there cor- 
responds a definite value w £ E x , we say that w is a one- 
valued function of the variable z or, equivalently, a one-valued 
function of several complex variables z x , . . ., z n ; in this case 
we write 

w = / ( z ) = /( Zl , . . ., z n ) 

A function / (z) of several variables defined on a set E 
is said to be continuous in the variables z x , . . . , z n at a limit 
point z° £ E of that set if, given an arbitrary number e > 0, 
there is a system of positive numbers 5 = (8 X , . . ., 6„) 
such that for any two points z' £ E f) C (6, z°) and z" 6 
€ E f]C(6, z°) the inequality | / (Y) — / (z") | < e holds. 

The definitions of uniform continuity of a function / (z) 
defined on a set E and of convergence and uniform conver- 
gence of a sequence of functions /„ (z) (n = 1, . . .), z £ E 
are stated in just the same way as in the case of a function 
of one complex variable. 

A finite sum of the form 

Sa ftl ... ftn z^...z^ = P m (z) 

where a hl ... &„ are given complex numbers with indices 
k x , . . ., k n assuming nonnegative integral values such that 

n" 

2 kj = m, is called a homogeneous polynomial of degree 

m in the variables z l5 . . ., z„. It is evident that P m (z) is 
a continuous function for all finite values of z. 

2°. The Notion of an Analytic Function of Several Varia- 
bles. Let w = / (z) = u (x, y) + iv (x, y) (x = (x x , . . ., x n ), 
y = (j/n • • •» !/n)) be a function defined in a domain D 
of the space C n whose real and imaginary parts considered 
as functions of the real variables %, . . ., x n \ y x , . . ., y n 
are continuous together with their partial derivatives of the 
first order in their domain of definition. 

Let the variables z h receive some increments Az k (k = 
= 1, . . ., n). Then the corresponding increment Aw of the 
function w = / (z) can be written in the form 

Aw =S (-Sr Az *+-f- Ai *)+ 0( i Az|) (122) 
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where 

_?__±(_d _1_\ ° — 1 / d ■ d \ 

dz k ~ 2 \ dx k dy h / ' ^ ft — 2 \ 5x ft ' <ty ft ) 

Az ft = Aa: ft + i Ai/ fe , Az ft = Ax ft .— i Ay h 
and o (| Az |) is an infinitesimal of a higher order than 

|Az|= S |Az fe |. 
If the part 

fc=l ft 

of increment (122) of the function /(z) is a linear form depend- 
ent solely on Az ft (k = 1, . . ., n) at each point z £D, that 
is if for every point z £ D the equalities 

4£- = (fc=l, ...,/i) (123) 

dz h 

hold, the function / (z) is said to be analytic in the domain D. 

Relations (123) are the complex representation of the 

following systems of equalities involving real quantities: 

Equalities (Ci?) are called the Cauchy-Riemann system of 
partial differential equations for several independent variables 
corresponding to an analytic function / (z) of several varia- 
bles. 
The expression 

n 

dw = df=2^L.dz k (124) 

is called the total differential of the analytic function / (z). 
The above definition of an analytic function / (z) = 
= / (z lt . . ., z n ) implies that / (z) (considered as a function 
of several variables z 1 , . . ., z n ) is continuous in the variables 
Zj, . . ., z n in the sense of the definition stated in Sec. 1°, 
§ 6 of the present chapter; it also follows that, f (z l5 . . ., z„) 
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is analytic with respect to each of the variables z h separately 
in the sense of the definition of an analytic function of one 
independent variable (see Sec. 1°, § 1 of the present chapter). 
It turns out that the converse proposition is also true: if 
the function f (z) is analytic with respect to each of the variables 
z h (k = 1, . . ., n) separately in the domain D then it is analy- 
tic in z £ D in the sense of the definition of an analytic function 
of several complex variables. This proposition is known as 
Hartoges' theorem; its proof will not be presentedjhere. 
The coefficient df/dz h in dz k on the right-hand side of 
formula (124) is called the partial derivative of the analytic 
function / (z) with respect to the variable z k , and it can be 
computed using the formula 

0/ _ Jj m /(z lt . . ., Zfc + Az ft , ...,z n ) — / (z l5 .. ., z ft , . .., z n )_ 



du . dv . du dv 

~ dxh dxu ~ dy h dy h 

It can readily be checked directly that every polynomial 
in the variables z 1 , . . ., z n is an analytic function. 

3°. Multiple Power Series. A functional series in several 
variables of the form 

2«M...* n #---# (125) 

where a hl h are given numbers and the summation is 
carried out over all the values of the indices kj (/ = 1, . . . , n) 
ranging from zero to infinity is referred to as a multiple 
power series or a power series in several variables z 1 , . . ., z n . 
From the course of mathematical analysis we know that 
if a power series 

oo 

2«* z ft 

in one complex variable z is convergent at a point z =£0 of 
the complex z-plane then this series is absolutely convergent 
in the circle \ z \ < | z \ (this is Abel's theorem). It turns 
out that for general series of form (125) this proposition is 
not true. However, if the coefficients a hl ... hl , of power series 
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(125) satisfy the additional requirements 



r*l 



(126) 



/or aZZ values of the indices where g is a positive number inde- 
pendent of k u . . ., k n then this series is absolutely convergent 
in the open polycylinder C (r, 0), r = (r lt . . ., r n ), awd J/ie 
convergence of the series is uniform in every closed bounded 
subset of points belonging to the polycylinder C (r, 0). 
Let us consider the series 



2 i 

hl>0 fc„X> 



hi 



for z 6 C (r, 0); its terms form a multiple geometric progres- 
sion whose sum is equal to the expression 

if.-laL)-... (!_.£!)-' 

If conditions (126) are fulfilled then each of the terms of 
series (125) satisfies the inequality 

I T 111 



l a hi...ft Zl 



hi 



*"» <> 



ftl 



(127) 



From (127) follows the proposition stated above. 

Since series (125) satisfying conditions (126) is absolutely 
convergent in the polycylinder C (r, 0), we can group its 
terms so that the series takes the form 



2 p m (z) 



m=0 



(128) 



where P m (z) are homogeneous polynomials of degree m 
in the variables z u . . ., z n . 

Since series (128) is uniformly convergent on each closed 
subset of the polycylinder C (r, 0) and the polynomials P m 
are analytic functions with respect to each of the variables 
z ft (k = 1, . . ., n) we conclude, on the basis of Weierstrass* 
first theorem (see Sec. 2°, § 3 of the present chapter), that 
the sum s (z) of the series is analytic with respect to each 
of these variables; if, for instance, we differentiate series 
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(128) once with respect to the variable z k , the resultant 
(differentiated) series possesses the property that its every 
term does not exceed in its modulus the corresponding term 
of the geometric progression whose sum is the expression 

_£_ (i -llli)- 1 . . (l—JiLl)" 2 . ( l Kh- 1 

rk ' r t I " ' \ r h I ' " \ r n I 

Consequently, by Hartogs' theorem, the sum s (z) of power 
series (125) is an analytic function in the polycylinder C (r, 0). 

All that was established above remains true for a power 
series of the form 

y« hl .,. hn (z 1 -zi) h i...(z n -z%) hn 

where z° = (zj, . . ., z a n ) is a finite point of the space C n . 
4°. Cauchy's Integral Formula and Taylor's Theorem. 
Let / (z) be an analytic function in a domain D c C n and 
let z° be a point belonging to D. For sufficiently small 
r x , . . ., r n the polycylinder C (r, z°) lies inside D. Let us 
choose, for k =£j, some fixed values of the variables z h 
belonging to the circles | z h — z\ \ < r h ; then / (z) consid- 
ered as an analytic function of the variable Zj in the circle 
| zj — z"j | < rj can be represented in the form 

/(z)= i r /fa,...,o * n ) dt 

f.-z0|= r . 
1 3 1 

with the aid of Cauchy's formula (47). 

On repeating this argument for all ;' = 1, . . ., n, we 
conclude that for all z 6 C (r, z°) the following Cauchy inte- 
gral formula takes place: 



/ (*) = -TtZIW dt i 



(2ni) n 



l«l-zil=ri 



f(t)dt n (129) 



l« B -*»l ! 



(tj — Zj) ... (t n — 3 n ) 



The integration on the right-hand side of formula (129) 
can be carried out in any order because the integrand expres- 
sion is continuous as a function of the point t = (t u . . ., t n ). 
Arguing like in Sec. 4°, § 3, we conclude from formula (129) 



FUNCTIONS OF SEVERAL VARIABLES 169 

that an analytic junction f (z) possesses derivatives of all orders 
with respect to the variables z lt . . ., z n ; by Hartogs 1 theorem, 
these derivatives are themselves analytic functions in the poly- 
cylinder C (r, z°). Since the point z £ D has been taken quite 
arbitrarily we have thus proved the existence and the analy- 
ticity of all derivatives of an analytic function / (z). 
For z £ C (r, z°) we have 

1 



('l — z l) ■ ■• (tn — Zn) 
1 



(*!-«!)••• On -*R) (, *■ 



i-z? \ (a z n -z» \ 

V / z t — z? \"i / Zti-^ \' 

zj \ tl _ z ? ; •■■ \ t n -zi j 



and the series on the right-hand side is uniformly convergent 
with respect to the point t on the skeleton of the polycylinder 
C (r, z°); therefore from formula (129) we obtain the equality 

/ (2) = D K: •*„ («1 - 2 ?) h ' ' • • (^ - O hU (130) 

where 



I«l-»i /- 



f(t)dt n 



(t 1 -z}) h i+ 1 ...(t ra - Z ») ft " +1 

From formula (131) we derive 



(131) 



Jl n -rRj==r rt 



Pftl...fe„ ^s— ft - 

r l •■■ r n 

where Af = max \ f (z) | for z £ C (r, z°), whence it follows 
that the power series on the right-hand side of (130) is abso- 
lutely and uniformly convergent in any polycylinder 
C (p, z°) where p = (p 1( . . ., p n ), p k < r h (k = 1, . . ., n). 
We have thus proved the following T ay lor theorem: a 
function f (z) of several variables analytic in a domain D can 
be represented in a neighbourhood of every point z° £ D in the 
form of the sum of absolutely convergent power series (130) 
whose coefficients are computed according to formula (131). 
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By virtue of formula (129), we have 



*'/(») _ » f dt [ dt 

dzi ~ (2n<)* } dt *--- J dt * 

t (t) dt n 



k Ul-*!l-=ri l'fc-*fcl=>-* 



(tj-Zl) ...(«ft-Zft)' +1 ...(t n -2 n ) 



and therefore for the coefficients £}&,...& given by formula 
(131) we also have the expression 

1 / a h * + - +K nt \ 

^■■■ h » = T1 FT — : — I ( 132 ) 

^ ... k n \ y d2 H _ _ _ & *„ ; j=zo 

The properties of power series we have established and 
Taylor's theorem allow us to conclude that the definition 
of an analytic function given in Sec. 2°, § 6 of the present 
chapter is equivalent to the following definition: a one-valued 
function F (z) defined in a domain D is called analytic if for 
each point z° £ D there is a neighbourhood in which F (z) can be 
represented in the form of an (absolutely) convergent power 
series 

F{*) = 1 yk 1 ...k n (z 1 -z') hi ... {z n -z° n fn (133) 

Using Cauchy's integral formula, we can show directly 
that the coefficients Vfc 1 ... ftn are uniquely determined by 
formulas (131) and (132) in which the function / should be 
replaced by F. In the case of real variables z x , . . ., z n this 
definition of an analytic function coincides with the well- 
known definition of an analytic function of several real 
variables stated in the course of mathematical analysis. 

5°. Analytic Functions of Real Variables. A function 
/ (x) defined in a domain D of the Euclidean space E n is said 
to be analytic in D if for each point x° 6 D there exists a 
parallelepiped | x h — x% | < 6 ft (k = 1, . . ., n) within 
which / (x) can be represented in the form of the sum of an 
absolutely convergent power series 

/(*)= 2 a hl ... h { Xl -x\p ...{x n -xl) hn (134) 

hl>0 h n >0 " 
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It is evident that the coefficients of this series are expressed 
in terms of / (x) by the formulas 



d 



hi + ...+h n 



fl *«-*„- *,!...*„! I ghl d h n 

\ ozj ... ax n / x=x0 

The class of analytic functions is rather wide. In particular, 
it includes the harmonic functions. When the analyticity 
of harmonic functions is proved, Poisson's formula (see 
formula (20) in Chapter 1) is used. Here we shall limit our- 
selves to the consideration of harmonic functions for the 
case n — 2. 

Thus, let x x = x, x 2 = y and x\ = x , x\ = y , and let D 
be a domain in the complex plane of the variable z = x + iy 
in which a harmonic function u (x, y) is defined. Let us con- 
sider a circle ) z — z | <C R where z = x + iy is an 
arbitrary fixed point belonging to D and R is a positive 
number smaller than the distance from the point z to the 
boundary of the domain D. In this circle the function 
u {x, y) can be represented with the aid of Schwarz's formula 
(see formula (86) in the present chapter): 

«<*.*> = M^r 1 ^ + c ) < 135 > 

|*-*ol=H 

Since for | z — z | < 1 1 — z \ we have 
1 _ ^ ( Z -z ) ft 



S 



(<-z ) h+1 
ft=0 



formula (135) implies 

CD 

»*(*, 0) = ReSM*-*o)* ( 136 ) 



ft=0 



where 



and 



1 (" u (t) dt , r 
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On regrouping the terms on the right-hand side of (136) 
in the appropriate manner (this operation is legitimate since 
the power series is absolutely convergent), we arrive at a 
series in powers of (x — x ) and (y — y ): 



u(x,y)= 2 yki(x~x ) h {y-y Y (137) 

h, j=0 

The coefficients of the last series are computed with the aid 
of the formula 

1 / d*+iu 



1 I d*+iu \ 
1*1— k\j\ {.dxhdyi iz=* 



The series on the right-hand side of (136) being convergent 
for | z — z | < R, power series (137) converges absolutely 
in the parallelepiped | x — x | •< r lt \ y — y | < r 2 where 
r \ + r \ < -ft 2 * whence follows the analyticity of the function 
u (x, y). 

Since series (137) is absolutely convergent in the poly- 
cylinder C (r, z ) lying in the complex space C % of the vari- 
ables z t = x + ix\ z 2 = y -f iy' for r\ -\- r\ <; i? 2 , its sum 

"(zi, z 2 )= S Tft7-(2i — x ) h (z 2 — y°Y 

h, j=0 

which is an analytic function in C (r, z ) (see Sec. 3°, § 6 
of the present chapter) can naturally be called the analytic 
continuation of the harmonic function u (x, y) from the 
parallelepiped | x — x | < r 1? | y — y | <; r 2 to the poly- 
cylinder C (r, z ). 

6°. Conformal Mappings in Euclidean Spaces. Let us 
consider a system of real functions yi = yi (x u . . ., x n ) 
(i = 1, . . ., n) defined in a domain D of the Euclidean space 
E n of the points x = (x lf . . ., x n ). We shall suppose that 
these functions are continuous together with their first-order 
partial derivatives and that they specify a one-to-one map- 
ping of the domain D onto a domain D x c= E n . 

Using vector notation we can write the function specifying 
this mapping in the form 

y = y (x) (138) 
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The squares | dx | 2 = dx dx, | dy | 2 = dy dy of the distances 
between the points x, x + dx and y, y + dy (the squares of 
the elements of length) will be denoted as ds 2 and do 2 res- 
pectively. 

Function (138) is said to specify the Gauss conformal map- 
ping if there exists a scalar function % (x) such that 

do* = Kds 2 (139) 

In other words, the conformality of the mapping specified 
by (138) means that under the mapping there is uniform 
magnification (of elements of length)* for all directions is- 
sued from the point x. 

Condition (139) is equivalent to the equalities 

££-*«• J7^ = ° < 140 > 

i-=j^k; (i, k = 1, . . ., n) 

Under the mapping specified by (138) two infinitesimal 
vectors dx and 6a: starting from a point x go into two vectors 
dy and by starting from the point y = y (x). Since 

we obtain, by virtue of (139), the relation 

5 k dy &H dx bx j e 

cos dy oy = ■ ", , . , = , , ■■ . , = cos dx ox 

* I dy I I 8y I I dx \ | 8x \ 

Consequently, a characteristic feature of a conformal map- 
ping is the angle-preserving property. 

The following simple transformations are examples of 
conformal mappings in space: a parallel translation y = 
= x + h, a transformation of similitude y = \ix and an 
orthogonal transformation y = Cx where h = (h t , . . ., h n ) 
is a constant vector, \i is a constant scalar and C is a constant 
orthogonal matrix. In the first and the third of these exam- 
ples we have X = 1, and in the second example K — u. 2 . 

The mapping specified by the function 



* See footnote on page 107,— TV. 
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is defined for all finite values of x different from x = 0; 
this mapping is called the inversion or the reflection of the 
space E n in the unit sphere \ x \ = 1 or the symmetry trans- 
formation of E n with respect to the unit sphere. 

On multiplying scalarly both members of equality (141) 
by x, we obtain 

xy = 1 (142) 

From (141) and (142) we conclude that | x | | y | = 1, that is 
under the inversion two points x and y corresponding to each 
other belong to one ray starting from the point x = 0, the 
product of the distances from these points to the point x = 
being equal to unity. Since l/\x | 2 = | y | 2 , we directly 
derive the formula expressing the one-valued mapping inverse 
to (141) forz =£0, y =£0: 

x = ^— 

For x=£0 the differentiation of equality (141) results in 
dy _ \*l***-2(zdx)x 



M 4 
and therefore | dy | 2 is expressed by the formula 

\ a y\ - | Z |4 

This means that the inversion specified by formula (141) 
is a conformal mapping for x =£0, and K = 1/| x | 4 . 

In the case n = 2 system (140) is equivalent to one of the 
following two linear systems of partial differential equations: 

%i _ dy 2 _ n Jtyi , dy. 

and 



— Vl I Vi . = 



Consequently, in this case the theory of conformal mappings 
reduces completely to the theory of one-sheeted analytic 

functions of one complex variable z = x t + ix% or z = 
= x 1 — ix 2 respectively. . 
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In the case n > 2 system of equations (140) is non-linear 
with respect to y 1 , . . ., y n , and the number of the equations 
in the system exceeds that of the sought-for functions. 

The extent to which system (140) is overdetermined is 
characterized by the following Liouville theorem: for 
n > 2 the conformal mappings in the Euclidean space E n are 
exhausted by a finite number of superpositions of the following 
four types of mappings: the parallel translation, the 
transformation of similitude, the orthogonal transformation and 
the inversion (also called, as was already mentioned, the 
symmetry transformation with respect to unit sphere or the 
reflection in unit sphere). Here we shall not present the proof 
of this theorem. 



CHAPTER 3 

HYPERBOLIC PARTIAL 
DIFFERENTIAL EQUATIONS 



§ 1. Wave Equation 

1°. Wave Equation with Three Spatial Variables. Kirch- 
hoff's Formula. Below we shall suppose that in the space 
E n+l of points (x, t) the symbol x denotes the collection of 
the spatial variables a: 1( . . ., x n and t denotes time. 

It was proved in Sec. 2°, § 3 of Introduction that if a 
function u. (x v x 2 , x 3 ) defined in the space E 3 of the variables 
x x , x 2 , x 3 possesses continuous partial derivatives of the second 
order, then the function 

u {x u x 2 , x 3 , t) = tM (u.) 
where 

M(\i) = \ fi(*i + «5i, *« + «52i *3+*6a)da 5 (1) 

161=1 

is a regular solution of the wave equation with three spatial 
variables: 



dx\ ~ dx\ ~ dx\ dt* 

Since the element of area ds v of the sphere | y — x | 2 = t 2 
is equal to t 2 do$ where da% is the element of area of the 
unit sphere | £ | 2 = 1, the expression 

IF M M = ~^F J ^' Vi ' v *> ds y (3) 

is the integral mean of the function u. (x t , x i% x 3 ) over the 
sphere | y — x | 2 = t 2 . 

It is evident that as well as tM (u.) the function dldt X 
X [tM (u.)] is also a regular solution of equation (2) provided 
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that the function \i (x t , x 2 , x 3 ) possesses continuous partial 
derivatives of the third order in the space E 3 where it is 
denned. 

It can easily be shown that the function 

u(x lt x 2 , x 3 , t) = -t^W + ^-l[^(q))] (4) 

is the regular solution of the Cauchy problem for wave equation 
(2) with initial conditions 

u(x v x 2 , x 3 , 0) — y(x lt x 2 , x 3 ) (5) 

and 

du(x lt x 2 , x 3 , t) 



dt 



t ^ Q = ^(^ii x 2 ,x 3 ) (6) 



where <p (x x , x 2 , x 3 ) and t|j (x x , x 2 , x 3 ) are real functions defined 
in the space E 3 of the variables x x , x 2 , x 3 and possessing con- 
tinuous partial derivatives of the third and of the second order 
respectively. 

Indeed, as was already mentioned above, each summand 
on the right-hand side of (4) is a regular solution of equation 
(2) for all points (x ± , x 2 , x 3 , t) belonging to the space £ 4 
of the variables x x , x 2 , x 3 , t. From (1) and (4) it follows that 
for t = we have 

u(x u z 2 , x 3 , 0) = -£j- j (f(x v x 2 , x 3 }daz = y{x 1 , x 2 , x 3 ) 

Further, since 

du (*i, x,, x 3 , t) 

Ft ~" 

we have 

d , . _ 

-^-u{x 1 , x 2 , x 3 , t) f=Q — 

= ~4n" J ^( x n x 2< x 3 )doi = ^(x u x 2 , x 3 ) 

lll=i 

Equality (4) expressing the solution of Cauchy's problem 
(5), (6) for wave equation (2) in the case of three spatial 
variables x lt x%, x s is known as Kirchhoff's formula. 

12-0598 
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The physical phenomenon described by a solution u (x, t) 
of the wave equation is spoken of as propagation of a wave, 
and the solution u (x, t) is often referred to as a wave. 

Formulas (33) and (34) established in Introduction imply 
that 



f M(cp) = Jtf(cp) + -lj-gL^ 



where v is the outer normal to 5 at the point y, and therefore 
Kirchhoff' s formula implies that in the case of three spatial 
variables the wave corresponding to Cauchy^s problem (5), (6) 
is completely determined at the point (x ± , x 2 , x 3 , t) of the space 

E k by the values of cp, -^ an d ty assumed on the sphere 

(yi— x i) 2 + (#2 — *2) 2 + (#3 — x z f = t 2 of radius | t | with 
centre at the point (x x , x % , x 3 ). In the theory of propagation of 
waves, and, in particular, in the theory of sound, this fact 
is known as Huygens 1 principle. 

2°. Wave Equation with Two Spatial Variables. Poisson's 
Formula. Let us consider the wave equation with two 
spatial variables: 

dxl "^ dx\ dt* "> 

The solution u (x u z 2 , t) of the Cauchy problem for this 
equation with the initial data 

u(x u x 2 , 0) = q>(x lt x 2 ) (8) 

and 

— u (x lt x 2 , t) f=o = tp (x u x 2 ) (9) 

can be derived from Kirchhoffs formula (4) provided that 
the functions cp and \p possess continuous partial derivatives 
of the third and of the second order respectively. 

To obtain the solution we use the fact that when the 
functions cp and ip on the right-hand side of formula (4) 
depend solely on the two variables x x and x 2 this formula 
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gives the function 

U (X X , *2. *) = 4^- J ^ (*1 + 2/1,^2+ #<i) rfs B + 

+ 4^I"[tJ «P(*i + Vi.*.+ ^)^yJ (10 ) 

which is independent of x 3 and satisfies both equation (7) 
and initial conditions (8), (9). 

As is known, the projection dy 1 dy 2 of the element of area 
ds v of the sphere | y | 2 = t 2 on the circle y\ + J/*^** 2 * s 
expressed in terms of ds y by the formula d;/ 1 dy 2 = ds v X 

X cos (i 3 , v) = jjj ds y where i a is the unit vector along the 

Zg-axis and v is the normal to the sphere | y \ 2 = t 2 at the 
point (y x , y 2 , y 3 ). To compute the integrals on the right-hand 
side of formula (4) we must project on the circle y\ + y\ ^t 2 
both the upper hemisphere (y 3 > 0) and the lower hemisphere 
(Us < 0) of the sphere | y \ 2 = t 2 ; therefore formula (10) 
can be written in the form 



-*•)» 



+ 



(*i. -2, *) - ^ j y ta _ (j/l _, l)a _ ( , a _ 3 

where d is the circle (y x — x t ) 2 + (i/ 2 — x 2 ) 2 ^.1?. 

Equality (11) is called Poisson's formula. This formula 
shows that in order to determine the wave u (x lf x 2 , t) at a 
point (x u x 2 , t) we must know not only the values of the 
solution and of its time derivative described by the functions 
cp (#!, x 2 ) and ij) (x t , x 2 ) on the circumference (y t — Xj) 2 + 
+ (j/2 — Zi) 2 — t 2 of the circle d but also the values of the 
functions qp (x lt x 2 ) and tjj (ar lt a: 2 ) at all the points inside the 
circle d. This means that in the case of the two spatial variables 
x t and x 2 Huygens 1 principle does not apply to wave processes. 

3°. Equation of Oscillation of a String. D'Alembert's 
Formula. Let us consider the case when the initial data 
q> and i|) depend solely on one spatial variable x = x±. For 

12* 
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this case formula (11) yields 

"' -Yt'-ri 



■^-J ^(x + ^arcsin-JL 



/'•-ti? 






dtJi 






= T J i|'(* + r|)d'n + -2-gj-J q>(* + l)dT| = 

-< -t 

x+t 

= l<p(a- + t) + -§-<p(z-0+4 i 1>W<*t 



The formula 

u( a .,t) = l<p( a: + + -|«p(*-0 + y J ^W dT ( 12 ) 



x+i 



x-i 



expresses the solution of the Cauchy problem for the equation 
of oscillation of a string 



d 2 u d*u 



5x a at 2 



= 



(13) 



with the initial data 



u (x, 0) = <p (x) and — u (x, t) 



<=o 



= *(*) 



Relation (12) is called D'Alembert's formula. 
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4°. The Notion of the Domains of Dependence, Influence 
and Propagation. In Sees l°-3°, § 1 of the present chapter 
we considered the Cauchy problem in which the initial data 
were prescribed throughout the whole space E n of the vari- 
ables x = (x x , . . ., x n ). 

The set of points belonging to the space E n which posses- 
ses the property that the value of the solution u (x, t) of 
the wave equation at the point (x, t) of the space E n+1 is 
completely determined by the values of the functions cp (x) 



C(x,t) 




(x-t,0) | (x+t,0) x 

Fig. 17 

and ip {x) assumed on that set is called the domain of depend- 
ence corresponding to the point (x, t). Those points for 
which the corresponding values of (p (x) and op (x) do not 
affect the value of u (x, t) at the point (x, t) are not of course 
included in the domain of dependence (Fig. 17). 

As was already mentioned, in the cases n = 2 and n = 1 
the domains of dependence corresponding to the point (x, t) 
are the circle | y — x | 2 ^t 2 and the line segment | y — x | 2 ^ 
^. i 2 in the space E n respectively, and in the case n = 3 the 
domain of dependence is determined according to Huygens' 
principle. 

Now let us suppose that the initial data are prescribed not 
in the whole space E n but on some domain G lying in E n , 
that is 

u(x,0) = (f>(x), *"<*'*> =y(x) for i = 0, x£G (14) 

As is seen from formulas (4), (11) and (12), the values of 
cp (x) and ip (x) prescribed on G affect the values of u (x, t) 
assumed at all those points (x, t) of the space E n+ ^ which 
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possess the property that the intersection of the two sets G 
and {| y — x | 2 =0 2 } is not void. The set of all such points 
is usually referred to as the domain of influence (see Fig. 18). 
The set of points (x, t) £ E n+1 for which the corresponding 
values of u (x, t) are completely determined by the given 




Fig. 18 



Fig. 19 



values of q> (x) and t|) (x) on G is called the domain of propa- 
gation of the wave u (x, t) with the initial data prescribed on G 
(Fig. 19). 

Formulas (4), (11) and (12) show that for initial data (14) 
the domain of propagation of the wave u (x, t) consists of 
those and only those points (x, t) of the space E n+l which 
possess the following property: for n = 3 the sphere | y — x\ 2 = 
— t 2 , which is the intersection of the characteristic cone 
\ y — x | 2 = (t — t) 2 with vertex at the point {x, t) and the 
hyperplane x = 0, belongs to G, for n = 2 not only the 
contour | y —■ x | 2 = t 2 (which is the intersection of the 



characteristic cone | y — x 



2 _ 



(t — t) 2 with vertex at 



the point (x, t) and the plane t = 0), but also the whole cir- 
cle | y — x \ 2 ^t 2 belongs to G and, finally, for n = 1 not 
only the points x — t and x + t at which the characteristic 
straight lines y — x = x — t and y — x = t — t (these 
lines form the degenerate characteristic cone (y — x) 2, —- 
= (t — t) 2 ) passing through the point (x, t) intersect the 
straight line x = 0, but also the whole line segment between 
these points belongs to G, 



NON-HOMOGENEOUS WAVE EQUATION 183 

§ 2. Non-Homogeneous Wave Equation 

1°. The Case of Three Spatial Variables. Retarded Potential. 

Let the initial data be prescribed not on the plane t = 
but on the plane t = x t where x t is a parameter. We shall 
denote by v (x x , x 2 , x 3 , t, x t ) the solution of wave equation 
(2) satisfying the initial conditions 

V (X lt X 2 , X 3 , Tj, Tj) = U 

/ ^ (15) 

, „ — g\ x li x 2i x 3> ~l) 



-j77-V(Xi, X2, X3, t, %l) 



where g (x^ x 2 , x 3 , t x ) is a given real function possessing 
continuous partial derivatives of the second order. 

On replacing t by t — x 1 , we obtain from Kirchhoff's 
formula (4) the following expression for v: 

v (x t , x 2 , x 3 , t, t x ) = 4w(f _ Ti) J g (j/i, 3/ 2 » J/3, ^i) ds y 

|y-x|=|<-T. I 

Let us show that the function 

t 
u (#!, x 2 , x 3 , t) = \ v (ar l5 x 2 x 3 , t, Tj) dx 1 (16) 



is the solution of the Cauchy problem with the data 

u(x u x 2 , x 3 ,0) = 0, —u(x 1 ,x 2 ,x 3 ,t) t=o = (17) 

for the non-homogeneous wave equation 

iz+1%+1%—. w= ~ 8{x ^ X2 ' X3 ' t] (18) 

Indeed, by virtue of (15), it is readily seen that the func- 
tion u (x^ x 2 , x 3 , t) satisfies initial conditions (17). 
Further, from (15) and (16) we derive 

■^r = g(x u x 2 , x 3 , f)!]^-"^!. x 2, x 9 , t, x)dx (19) 
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Finally, from (16) and (19) it follows that 

d 2 u , d 2 u . d 2 u d i u , *\ _i_ 

a^f + "a51" + tof - ~W~ g (x t , x 2 , x 3 , t) •+■ 
t 

o 

== g \ X \1 X Zl X 3i t) 

which proves the assertion stated above. 

The change of the variable t — Tj = r brings formula 
(19) to the form 



= 4^ J g(y t , i/2. y 3 , t— r) rfT y (20) 

where r = | j/ — x \. 

The function u (x, t) defined by formula (20) coincides 
with the potential function of a volume distribution of mass 
over the] sphere r 2 ^i 2 with density' g (j/ x , y 2 , y 3 , t — r) 
and is the solution of problem (17), (18). The function g 
in formula (20) involves the values of time t — r preceding 
the instant i'at which the wave is observed; that is why ex- 
pression (20) is called the retarded (or the delayed) potential. 

2°. The Case of Two, or One, Spatial Variables. The above 
procedure of constructing the solution of the Cauchy problem 
for equation (18) can also be applied to the case of two, or 
one, spatial variables. 

Since, by virtue of (11), the function 



''(*!. *2. f ' T )= 2^.) 



g (Vi, y a . t) dy t dy 2 



d /(t-T)»-(y 1 -a 1 ) , -(»i-*.) 1 
is the solution of equation (7) satisfying the conditions 

= g (x u x t , x) 



<(xy x 2 x, t) = and — v(x u x i ,t,x) 



NON-HOMOGENEOUS WAVE EQUATION 185 

we see that the expression 

u{x 1 ,x 2 ,t)=4-\dx\ , s^y- ^^y* (2 i) 

where d is the circle {x x — j^) 2 + {x 2 — j/ 2 ) a ^(f — t) 2 , 
is the solution of the Cauchy problem for the non-homoge- 
neous wave equation 

with the initial conditions 

w (a?!, z 2 , 0) = and -^u(x 1 , x z , t)\ t=0 = 
It can similarly be shown that the function 

x+t-x 



v(x,t,x) = Y j g(x 1 ,x)dx 1 

x-t+x 

is the solution of equation of oscillation of a string (13) 
satisfying the initial conditions 

v(x,x, t) = and —v (x, t, t)| t=T = £ (x, x) 
and that the function 

i l X + t — X 

u(x, t)= \ v (x, t, x)dx=^ y \ dx \ g(x 1 ,x)dx 1 (23) 

b x-t+x 

is the solution of the non-homogeneous equation 

ipr—gfl=-g^t) (24) 

satisfying the initial conditions 

u(x, 0) = and — u (x, t) | (=0 =~- 

Here we suppose that the functions g (x^ x 2 , t) and 
g (x, t) in equations (22) and (24) (and, consequently, in 
formulas (21) and (23) as well) possess continuous partial 
derivatives of the second and of the first order respectively. 
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§ 3. Well-Posed Problems for Hyperbolic 
Partial Differential Equations 

1° Uniqueness of the Solution of the Cauchy Problem. We 

shall show that the Cauchy problem stated above for the wave 
equation (both homogeneous and non-homogeneous) cannot have 
more than one solution. For the sake of simplicity, we shall 
limit ourselves to the investigation of the case of one spatial 
variable x x = x. 

Let us suppose that u x (x, t) and u 2 (x, t) are two solutions 
of the Cauchy problem for equation (24); then their differ- 
ence u x (x, t) — u 2 (x, t) = u (x, t) is the solution of equa- 
tion of oscillation of a string (13) satisfying the initial con- 
ditions 

u(x,0) = and ±-u (x, 0|t=o = (25) 

Hence, we must prove that homogeneous equation (13) 
cannot possess a nonzero solution satisfying homogeneous 
initial conditions (25). On integrating the obvious identity 

_ 2 du i d*u d i u \_ 
dt \ dx* dt* I ~ 

— dx \ dx dt I + dt \ dx I ~*~ dt \ dt ) ~~ 

over the triangular domain A with vertices at the points 
A (x — t, 0), B (x + i, 0) and C (x, t), and using formula 
(GO), we obtain 

(" r c d I du du\ . d ( du \2 , d ( du \ 2-] „ , 

- J - 2 lr£*-(4r) 8d M£) 2 *- < 26 ) 

AB+BC+CA 

By (25), the equalities du!d\ = and duldx — hold 
along AB. Besides, since the line segments BC and CA 
are described by the equations | = — t -\- x + ( and £ — 
= t + x — t, we have for these line segments d\ = — dx 
and d| = dx respectively. Therefore equality (26) can be 
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rewritten in the form 



BC CA 



that is 



C ( du du \ 2 , . f / du . du \ 2 „ 



whence it follows that -^ — - = Oon BC and-^- + -r- = 

at, ox 9§ at 

= on AC. Consequently, at the vertex C(x,t) of the tri- 
angle A the equalities—^ — sr- = and^--f — - = hold, 

° dx dt dx ' dt 

that is #- = and-^ = 0. 

ox dt 

Since the point C (x, t) has been chosen quite arbitrarily, 

the equalities j- = and -j = hold throughout the 

whole plane of the variables x, t. This means that u (x, t) = 
= const. Finally, from (25) it follows that u {x, 0) = 0, 
whence we conclude that u {x, t) = everywhere. 

Now let us suppose that u^ (x, t) is the solution of non- 
homogeneous equation (24) satisfying the non-homogeneous 
initial conditions 

u t (x,0) = <p(x) and -gfU 1 (x,t)U^ = ^(x) (27) 

We shall denote by u 2 (x, t) the solution of homogeneous 
equation (13) satisfying non-homogeneous initial conditions 
(27) (as is known, this solution is expressed by D'AIembert's 
formula); then the difference % (x, t) — u 2 (x, t) = u (x, t) 
is obviously the solution of non-homogeneous equation (24) 
satisfying homogeneous initial conditions (25). Such a 
reduction is often used in practical problems. 

2°. Correctness of the Cauchy Problem for Wave Equation. 
We shall show that the Cauchy problem stated for the wave 
equation is well-posed (correctly set). In other words, to 
small variations of the initial data (p and i|) and of the right- 
hand member g of the wave equation there corresponds a small 
variation of the solution of the Cauchy problem. This follow? 



u(x,t)\= T 
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from KirchhoS's, Poisson's and D'Alembert's formulas and 
also from formulas (16), (21) and (23). 

For the sake of simplicity, we shall limit ourselves to the 
proof of this assertion for the case of homogeneous Cauchy 
problem (25) for non-homogeneous equation (24). Without 
loss of generality we may assume that t > 0. 

If the difference g x (x, t) — g 2 (x, t) = g (x, t) between 
the right-hand members of the non-homogeneous equations 

"ft?— "aF =-*!<*• «> and lJ—-d^=-^{x,t) 

is sufficiently small, that is | g (x, t) | < e, then, for the 
difference u x (x, t) — u 2 (#> t) — u (x, t) between the solu- 
tions u x (x, t) and u 2 (x, t) of these equations satisfying homo- 
geneous initial [conditions (25), we obtain, by virtue of 
formula (23), the inequality 

t X + t-1 t 

\ dx \ g(Ti, T)dT x <e \ (t — x) dx = e -j- 

x-t+x 

Consequently, to a small variation of the right-hand member 
of non-homogeneous equation (24) in the domain of definition 
of that member there corresponds a small variation of the solution 
of Cauchy problem (24), (25) provided that this domain is 
bounded with respect to the variable t. Taking into account 
the uniqueness property of the solution, we conclude that 
the Cauchy problem for the wave equation is well-posed. 

3°. General Statement of the Cauchy Problem. Up till 
now we investigated the case when initial data (27) were 
prescribed on the hyperplane t = in the space E n+1 of the 
variables x x , . . ., x n , t. In this section we shall consider a 
more general case when the data are prescribed on a mani- 
fold L different from t = 0; we shall also investigate the 
form of the initial data themselves for which the resultant 
problem is well-posed. For the sake of simplicity, we shall 
limit ourselves to the example of equation (13). 

Let us denote by D a domain in the plane of the variables 
x, t bounded by a piecewise smooth Jordan curve S. By 
u (x, t) we shall denote a regular solution of equation (13) 
in the domain D possessing continuous partial derivatives 
jn D [} S. 



WELL-POSED PROBLEMS JOR HYPERBOLIC EQUATIONS 180 

On integrating the identity 

"tor("5ir)~"^r("^r) =0 (28) 

over the domain D and using formula (GO), we obtain 

j [iM"£)~iMlr)]^ idfi= 

D 

s 

Let L be a non-closed Jordan curve with continuous curva- 
ture satisfying the following two requirements: (a) every 




straight line belonging to one of the two families x + t = 
= const and x — t = const of the characteristics of equa- 
tion (13) intersects the curve L at not more than one point; 
(b) the direction of the tangent line to the curve L does not 
coincide with the characteristic direction corresponding to 
equation (13) at any point belonging to L. 

Let us suppose that the characteristics x x — x = t t — t 
and x x — x = t — t x issued from a point C (x, t) intersect 
the curve L at two points A and B (see Fig. 20). On applying 
formula (29) to the domain bounded by the arc AB of the 
curve L and the segments of the characteristics CA and CB, 
we obtain 

i ik dt ^ dx ^ (30) 

AB+BC+CA 



i§0 
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Since for CA and BC we have dx 1 = dt ± and dx x = — dt x 
respectively, formula (30) can be written in the form 

1 -B r d ti + j^dx 1 -2u(C) + u(A)+u(B) = 

AB 

whence we find 

u{C) = ±u{A) + ±u{B) + ^-^-dt 1 + -£-dx 1 (31) 

AB 

If the solution u (x, t) of equation (13) satisfies the con- 
ditions 



. du 



■y 



(32) 



where cp and i|j are given real functions which are continuously 
differentiate twice and once respectively and Z is a vector 



C(x,t) 




Fig. 21 

defined on L such that it varies sufficiently smoothly and 
does not coincide with the tangent to the curve L at any 
point, then, on determining duldx 1 and duld^ from the 
equalities 



du dx 1 , du dt 1 dtp du dx 1 

dx t ds dt 1 ds ds ' dxi dl 



du dt x 

~dU~dT~ V 



where s is the arc length of L, and substituting the given 
values of u, duldx 1 and duldt x into the right-hand side of (31), 



well-posed problems for hyperbolic equations i§l 

we obtain the regular solution of equation (13) satisfying 
conditions (32). 

The problem of determining the regular solution of equa- 
tion (13) satisfying conditions (32) is also called the Cauchy 
problem. The argument presented above shows that the 
Cauchy problem stated in the indicated way possesses a single 
stable solution. 

4°. Goursat Problem. Now let L consist of two line seg- 
ments OA and OB lying on the characteristics x 1 — t t — 
and #! + t t = respectively. The two characteristics 
x t — x = t — t t and x x — x = t x — t issued from the point 

(fr — t- t X -4- t \ 

and B t (-y-, — ~i~) respectively (see Fig. 21). 

The application of formula (29) to the characteristic 
rectangle OA 1 CB 1 results in 



J 



du j. , du j A 

OAt+AtC+CBi + BiO 



that is 



OA, A t C 

+ 1 ik dx *+i£ dt i- 5 it dx ^w dti== 

CB, Bfi 

= 2u (Aj) — 2u (0) — 2u (C) + 2u (B t ) = 
whence we obtain 

u(C) = u(ili) + u (Bj) - u (0) (33) 

If it is known that 

« Ioa = q» (*), « Iob = * (*), <P (0) = i|) (0) (34) 
then we obtain from (33) the expression 

«(s,t) = q>(-^) + i|>(J^-)-cp(0) (35) 

The problem of determining the regular solution of equa- 
tion (13) satisfying conditions (34) is referred to as the 



192 SYPERBOLtC PAllTlAL DIFFERENTIAL EQUATIONS 

Goursat problem. The single stable solution of this problem is 
given by formula (35). In the Goursat problem the data (the 
"Goursat data" or the "Goursat conditions") are prescribed 
on characteristic curves (straight lines) of equation (13). 

5°. Some Improperly Posed Problems. Since formula (35) 
determines uniquely the solution of Goursat problem (34) 
in the characteristic rectangle OAO x B with the data pre- 
scribed on the two adjoining sides OA and OB of the rectangle 
we cannot additionally prescribe arbitrary values of u (x, t) 
on the sides O x A and O x B. It follows that the Dirichlet 
problem (in which the data are prescribed on a closed con- 
tour) for a hyperbolic partial differential equation is im- 
properly posed (not well-posed). 

With the aid of a simple example it can also be shown that 
the Cauchy problem for the Laplace equation 

1^+W = ° (36) 

is improperly posed. 

Indeed, let us consider the following problem: it is re- 
quired to find the regular solution u (x, y) of equation (36) 

satisfying the initial conditions 

/ n\ / \ a du I / , sin nx 
u (x, 0) = x (x) = 0, — - = v (x) = 

Since A h v(x) = , 2fe v (x) = ( — l) ft « 2h+1 — j — , we find, using 
formula (26) established in Introduction, the expression 



^y)=2(-v h <£^(-^ k+i ^= 



k=0 

sh ny sin nx 



( 3? ) 

Taking sufficiently large n we can make the function 
v (x) become arbitrarily small, while the corresponding 
solution of form (37) of the Cauchy problem for equation 
(36) is unbounded for n -*■ oo. Consequently, the solution 
we have obtained is unstable, and hence the problem under 
consideration is not well-posed. This example was suggested 
by J. S. Hadamard. 
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The Cauchy problem and the Goursat problem are also well- 
posed for more general hyperbolic partial differential equations 
of the second order. 



§ 4. General Linear Hyperbolic Partial 

Differential Equation of the Second Order 
in Two Independent Variables 

1°. Riemann's Function. In Sec. 2°, § 2 of Introduction 
we proved that under some general assumptions concerning 
the coefficients of a linear hyperbolic partial differential 
equation of the second order there exists a non-singular 
transformation of the independent variables which brings 
the equation to the normal form 

+ C(x,y)u 1 = F i (x 1 y) (38) 

Equation (38) can also be written in terms of the charac- 
teristic variables \ = x + y and r\ = x — y: 

r d*u , du . , du r, /OA . 

Lu= W^ + a l)l +b -dn +cu = F (39 > 

where 

ia = A + B, Ab^A — B, Ac = C, 4F=F, 

It is evident that the characteristic curves of equation (39) 
are the straight lines {■ = const and tj = const. 

Under the assumption that the coefficients a and b of 
equation (39) are differentiate we can define the adjoint 
operator of L denoted as L*\ 

Lv = ith - ir {av) ~ *f (bv) + cv 

The solution v(\, r\) of the adjoint equation 

L *»=iBt-i {av) -ik {bv)+cv==0 < 40 > 

13-0598 
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which satisfies the conditions 



v(li, n) = exp j a{\ x , T] 2 )dTi 2 



ii 



e (41) 

v(l, ih) = exp j 6(S 8 , Th) <2S a 
ii 

on the characteristics i = l x and tj = y\ 1 where (^, %) is 
an arbitrary fixed point of the domain D of definition of 
equation (39), is called Riemann's function. 

Let us show that when the additional requirement that the 
functions dald\, dbldx\ and c should be continuous is fulfilled 
Hiemann's function exists. 

Indeed, the integration of equation (40) results in 

V(l, T0— D(£, %)—»(£!, Tl) + »(?„ T]i) — 

— J 6 (S2. *l) *>(£». T l)^2— Jo(S, »ls)l>(£, *h)*fe + 

Si ni 

6 t) 6 



j d6« } c(l 2 , th)i;(5«, Ti 2 )dT] 2 + j 6(g„ TjOwda, th)d6« + 
£i m 6i 

n 
+ Jfl(E!, tfe)!;^, ti a )dti a = (42) 

Til 

Since, by virtue of (41), we have 

6 

U (g, t] ) — ( 6 (1 2 , T],) W (£ 2 , %) dl 2 = 1 

Ei 

n 
" (5i. 1) — j a (Sit 12) " (Si. 12) dlz = 1 



and 

v (Ei, Hi) = ! 
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equality (42) can be written in the form of Volterra's linear 
integral equation of the second kind with respect to v (E, n): 

v(l, T]) — j b(l 2 , n)y(| 2 , y\)dt 2 — j a (I, f\ 2 )v{i, y] 2 )dr\ 2 + 

l\ ri 

+ j dl 2 j c (| 2 , T) 8 ) y (E 2 , n 2 ) dy\ 2 = 1 (43) 
li m 

In Sec. 4°, § 2 of Chapter 5 we shall prove that- equation 
(43) possesses a uniquely determined solution, and therefore 
we can consider the existence of Riemann's function to be 
proved. 

Since Riemann's function depends not only on the vari- 
ables | and n but also on | x and n x we shall denote it 

v = R (I, n; Ei, th) 
From (41) we obtain 

*fl(E,^Si, th) _ &(i ^^ ^ Sji %) = (44) 

#(Ei, %; 6i, tji) = l 

and 

'" (S ' * **■ ^ + b fo, to fl (E, ti; Ei, ti) = (45) 

*(£, n; E, t]) = 1 

If u. (| 1? T) x ) is a sufficiently smooth function defined in 
the domain D, then the obvious identity 

-_-_[u(g„ n^i^Ei, tji; E, ti) — 

— R(l u n,; E, i\)Lu(lu tiOl — 

=^-[»(^-«)]+^["(4g-"')] w 



holds. 

13* 
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On integrating (46) with respect to |j and with respect to 
x] ± over the intervals £ ^ | x $C \ and n eT. tji^t] where 
(| , n ) is an arbitrary point belonging to the domain D, 
we obtain, by virtue of (44), the equality 

u(l, T]) = ^(| , n )/?(i , T] ; I, n) + 

i 
+ }*(&!, r] ; g, ^[ '"^'^ +b(l 1 , r\ Q )u(l x ,r ]o )]dt 1 + 
so 

n 
+ j i?(i , ri,; |, Tl) [ g "go.Ti 1 ) +a(|o; ^^ th) J dTU + 

Ho 

+ j* rfl, j /? (£ 1( T)j; E, T]) i" (Si, T]l) drji (47) 
So 1o 

Let us put u (I, n) = R (l , T) ; I, n) in (47), according to 
(45), this yields 

j dEi j fl(Si, %; 1, t])Li?(i , tj , g t , %)<*%=() (48) 

So ilo 

Identity (48) implies that Riemann's function R(\, tj; | x , rji) 
is a solution of the homogeneous equation 

LR (6, t|; g lf tiO = (49) 

wii/i respect to the last two variables |j and tj 1# 

On the basis of (45) and (49) we can directly check the 
following property: for a continuous right-hand member 
F (£, r\) of equation (39) one of its particular solutions is the 
function 

"oU, T])= J <*!l j #(&, ThJ £, Tj)/ i '(Si, TJiJdTJ, 
So ilo 

2°. Goursat Problem. Let us take as u(|, tj) in identity 
(47) a solution of equation (39); then the integration by 
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parts results in 

u(l, T|) = jR(i, tj ; I, t|)u(E, "n ) + 

+ R&0' n; 5. *l)«(£o. i\) — B(l , t] ; £, n)u(£ , T] )4- 



+ J [&(', ri )i?(f, T) ; I, n )-±R(t, r] ; £, tj) 

So 

n 

(*, Tio)d*+[ [a(g , T)tf(E , t; £, t,)- 



x u . 

no 

— -5j-fl(5o. x; I, ti)]m(Eo, t)dT + 

+ j di j /?(<, t; I, i\)F(t, x)dx (50) 

So 110 

The properties of Riemann's function enumerated above 
obviously imply that if u (|, tj ) and u (|„, T]) in formula (50) 
are replaced by arbitrary continuously differentiable functions 
and u (!„, T) ) is replaced by an arbitrary constant, we obtain 
a regular solution u (£, n) o/ equation (39). 

Consequently, i^e Goursat problem for equation (39) uni/z 
i/ie conditions 

u (i, rj ) = <p (1), u (1 , tj) = ip (tj) 

wftere cp (\) and \p (-rj) are given continuously differentiable 
functions satisfying the equality (p (i ) = ip (t] ), Aas a 
uniquely determined stable solution u (|, n) which is expressed 
by the formula 

«(E, r]) = /?(|, rfc,; |, n)cp(£) + 

+ *(&», ti; g, r\)^{r\)-R{l , r] ; &, n)cp(E ) + 

ft 
+ J |&(*. %)*(*, %; I, y\)-^R{t, n ; g, n) J cp (*) dt + 

So 

Tl 

+ j ("a(6o, x)/?(go, t; 1, r\)—^R(l Q , x; S- tj)] t|)(t) dx + 

S n 
+ j d* J R(t, t; 1, n)dT 

So Do 
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3°. Cauchy Problem. Let us denote by a a non-closed 
Jordan curve with continuous curvature lying in the domain 
D and possessing the property that it is not tangent to 
characteristic curves of equation (39) at any of its points. 

Let us suppose that the characteristics | x = | and t^ = r\ 
issued from a point P (|, tj) intersect the arc a at two points 
Q' and Q respectively, and let us denote by G the finite 
domain in the plane of the variables |, r\ bounded by the 
part QQ' of the arc o and by the segments PQ and PQ'foi 
the characteristics. 

For arbitrary twice continuously differentiable functions 
u (Ij, T^) and v (l v %) defined in the domain G there holds 
the identity 

2 (vLu — uL*v) = -t — { -~£- v — =r- u 4- 2buv J 4- 

d ( du dv , n \ 

+ lu\^T i; -l^ u + 2auv ) 

On integrating this identity over the domain G, we obtain, 
using formula (GO), the relation 

2 \ (vLu — uL*v) dt, dr\ — \ [ -^- v — -^— u 4- 2auv ) d^ — 

g s ' * 1 

~(^v—^-u + 2buv)dl 1 F (51) 

where S is the boundary of the domain G. 

Let u (| lt td) = u (P') in formula (51) be a solution of 
equation (39) and let v (| x , t^) == v (P') = R (| x , th; |, tj) = 
= R(P', P) where P = P (|, y\). Then identity (51) yields 

u(P)=--±u(Q)R(Q, P)+±u(Q')R(Q',P) + 
+ ^F(P')R(P\ P)dt 1 dr ]l - 

"T J P^*^ P)-u(P')^^]da P ,- 
QQ' 

-J [a(P')^+b(P')^]R(P', P)u{P')do P . (52) 



QQ' 
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where 

d d\ x d 3t)j d 

~W ~ IV lrj7 + ~dv "Sf7 

and v is the outer normal to the curve cr at the point P' . 

Conversely, if u and duldN on the right-hand side of for- 
mula (52) are arbitrary sufficiently smooth functions defined 
on 0, then the function u (P) determined by this formula is 
a solution of equation (39). 

If the sought-for solution u (P) of equation (39) and its 
derivative du (P)/dl, where / is a vector defined on a such 
that it is not tangent to o at any point, are known as func- 
tions defined on a, that is 

u(P) = <t>(P), *tp- = W(P), Pea (53) 

where O and W are given twice continuously differentiable 
and once continuously differentiable functions respectively, 
the derivative duldN can always be determined uniquely. 

Consequently, formula (52) gives the solution of Cauchy 
problem (39), (53). The process of the derivation of formula 
(52) obviously shows that the solution of this problem is 
unique and stable. 

Besides the problems considered in the present chapter, 
an important role is also played in applications by the so- 
called mixed problems for hyperbolic partial differential 
equations, but here we shall not dwell on them. 



CHAPTER 4 

PARABOLIC PARTIAL 
DIFFERENTIAL EQUATIONS 



V 



1. Heat Conduction Equation. 
First Boundary-Value Problem 



1°. Extremum Principle. The simplest example of a para- 
bolic partial differential equation is the heat conduction 
equation: 

Since the differential equation describing the characteris- 
tic curves corresponding to equation (1) has the form dt 2 = 0, 
equation (1) possesses only one family of characteristic curves 
t = const which are straight lines parallel to the x-axis. 

Let us consider a domain D in the plane of the variables 
x, t which is bounded by segments OA and 57V of the straight 
lines t — and t = T respectively where T is a positive 
number and by two curves OB and AN each of which inter- 
sects any straight line t = const at one point; we shall also 
suppose that if the equations of these curves are given in 
the forms x — a (t) and x = (5 (t) respectively, then a (t) < 
< p (*) for 0^ *■< T. 

Let us denote by S the part of the boundary of the domain 
D consisting of OA, OB and AN; here we suppose that 
B 6 S and N 6 S (see Fig. 22). 

A function u (x, t) possessing continuous partial deriva- 
tives d 2 u/dx 2 and duldt on the set D [] BN and satisfying 
equation (1) in the domain D will be referred to as a regular 
solution of that equation. 

The extremum yrineiple: a regular solution u (x, t) 
of equation (1) which is continuous in D \j S \j BN attains 
its extremum on S. 
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Here we limit ourselves to proving this principle for the 
case of maximum. 

We shall denote by M the maximum of u (x, t) on the 
closed set D\J S\j BN. Let us suppose that the function 




Fig. 22 

u (x, t) attains its maximum M not on S but ft a point 
(■£(>> ^o) € D U BN. It is easy to show that this assumption 
leads to a contradiction. 

Indeed, let us construct the function 

v(x, t) = u(x, t) + a(T — t) (2) 

where a is a positive constant. Since si' ; t s^ T, formula 
(2) implies that 

u (x, t) < v (x, t)^u (x, t) + aT (3) 

everywhere in D [} S [j BN. 

Let M& and M v be the maxima of u (x, t) and v (x, t) 
on S respectively. By the hypothesis, Mf < M ■ Let us 
choose the number a so that the inequality 

m-mI 

a< ~- (4) 

holds. 

From (3) and (4) we obtain 

M s v ^M s u + aT<M s u -\ y-^T = M = 

= u(x , t )^v(x , t ) 
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It follows that the function v (x, t) cannot attain its maximum 
on S. Consequently, the maximum of this function on 
D U S U BN is attained at a point (x r , t x ) £ D \J BN. 

Let us first suppose that (x t , t{) £ D. Since (x lt tj) is a 
point of maximum of the function v {x, t) on D \j S \j BN, 
we have dvldt = and dfy/cto^O at that point, that is 

Now let (x l , ij) 6 BN. Since the function v (x, t) attains 
its maximum on the set D [} S\j BN at the point (xj, t-,), 
there must be dvldt ^-0 at that point. Further, since (x t , T) 
is the point of maximum of v (x, T) considered as function 

of x, we must have if 1 ' — ^0. Consequently, inequality 

(5) is fulfilled at the point (x l , T) as well. 

On substituting the values of dvldt and d 2 vldx 2 found from 
equality (2) into the left-hand side of (5), we derive 

du d 2 u ^ n , . . 

_-a— ^->0 for x = x u t = t, 

whence, since u (x, t) is a solution of equation (1), we ob- 
tain — a '> 0, which is impossible because a > 0. 

The contradiction we have arrived at proves the assertion 
of the extremum principle for the case of maximum. The 
case of minimum is considered 'quite analogously. 

2°. First Boundary-Value Problem for Heat Conduction 
^qi'ation. T'e extremum principle proved in the foregoing 
section makes it possible to establish the uniqueness and the 
stability of the solution of the following problem called the 
first boundary-value problem for the heat conduction equation: 
it is required to find the regular solution u (x. t) of equation 
(1) in the domain D which is continuous in D (J S{J BN*and 
satisfies the conditions 

" J on = ifo (t), u | AN = i|), (t), u ! oa = <P (*) , R v 
ih (0) = cp (0), ,MX) = q>M) ( ' 

where ipj, a|) 2 and q> are given real continuous functions. 

Indeed, let us suppose that u 1 (x, t) and u 2 (x, t) are two 
regular solutions of equation (1) satisfying boundary con- 
ditions (6); then the function u (x, t) = u t (a:, t) — u 2 (x, t) 
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is a regular solution of equation (1) which turns into zero 
on S. Consequently, according to the extremum principle, 
we have u (x, t) = in D \J S \J BN, whence it follows that 
the solution of the first boundary-value problem (1), (6) 
is unique. 

Now let us suppose that the absolute value of the difference 
between the boundary values on S of two regular solutions 
Wj (x, t) and u 2 (x, t) of equation (1) is less than e (e > 0). 
Then, by virtue of the extremum principle, we must have 
| u t (x, t) — w 2 (x, \t) I < e everywhere in D [] S [] BN, 
which means that the solution of the first boundary-value 
problem depends continuously on the boundary data pre- 
scribed on 5, and hence we have proved the 'stability of the 
solution of this problem. 

Now we shall prove the existence of the solution of the 
first boundary-value problem for equation (1) under the 
assumption that OB and AN are the segments of straight 
lines connecting the points (0, 0), B (0, T) and A {I, 0), 
N (I, T) respectively and that 

u (0, t) = 0, u (I, t) = 0, 0<* < T (7) 

and 

u (x, 0) = (p (x), O^xsZZl (8) 

where cp (x) is a continuously differentiable function defined 
in the interval O^a^Z which turns into zero for x = 
and for x = I. 

As is known from the course of mathematical analysis, 
in the interval ^ x^.1 the function q> (x) can be expanded 
into absolutely and uniformly convergent Fourier's series 



<P(*)= 2j AftSin-^-a; (9) 

where 

i 
a k = -j- \ (p (x) sin —j— xdx (k = 1 , 2, . . . ) 

o 

Using formula (40) established in Introduction in which 
we put n = 2, x± = x, x t = t, T& (x) = sin -j x we obtain 
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the regular solution 

u h (x, t) = e-* %h2t / li sin^fz (10) 

of equation (1) satisfying the boundary conditions 

u k (0. l) = u(l, t) = 0, u h (x, 0) = sin— t— x. 

It is evident that the function u (x, t) represented as the 
sum of the series 

u(x, 0=2 a * e li sin ~T~ x (**) 

is the sought-for solution of boundary-value problem (1), 
(7), (8). For t > 0, the absolute and uniform convergence 
of series (11), in the neighbourhood of the point (x, t), and 
of the series obtained from (11) by means of the differentia- 
tion with respect to x and with respect to t any number of 
times, follows from the fact that 

lim [^-) m e " -0 (m = 0. 1, ...) 

When initial data (8) are prescribed on a segment of the 
straight line t = t and when t $T t s^ T in conditions (7) 
the solution of the first boundary-value problem in the rec- 
tangle < x < I, t < t < T is also expressed by formula 
(11) in which t should be replaced by t — t . 

It should be noted that the series on the right-hand side 
of formula (11) may not make sense at all for t < t . That 
is why the first boundary-value problem for equation (1) 
is not stated when t < t Q where t = t is the set on which 
the boundary data are prescribed. 

All that was established above obviously remains valid 
in a more general case when the number of spatial variables 
exceeds unity; the only distinction is that in this case we 
should take multiple series instead of one-fold series (9) 
and (11). 



§ 2. Cauchy-Dirichlet Problem 

1°. Statement of <auchy-Dirichlet Problem and the Proof 
of the Existence of Its Solution. Let D be thf infinite strip 
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— oo < x < oo, O^i^I 7 where T is a fixed positive 

number, the case T = oo not being excluded (see Fig. 23). 

A bounded and continuous function u (x, t) defined in the 

strip D, possessing continuous partial derivatives d 2 u/dx 2 




Fig. 23 



and duldt inside D and satisfying equation (1) will be referred 
to as a regular solution of that equation. >, 

The Cauchy-Dirichlet problem is stated thus: it is required 
to find the regular solution u (x, t) of equation (1) in the strip D 
satisfying the condition 

u (x, 0) = cp (x), — oo < x < oo (12) 



where cp (x) ( — oo < x <c oo) is a given real bounded con- 
tinuous function. 

As was already mentioned in Sec. 3°, § 3 of Introduction, 
the function 

£>0 



E(x,t,t,0)=-j T e 



H 



(13) 



satisfies equation (1) at all the points (x, t) of the half-plane 
t >0. 

Let us prove that the function u (x, t) determined by the 
formula 



^-rTsW 6 *' 



q-*) a 



it 



dl 



(14) 



is the solution of the Cauchy-Dirichlet problem. 

From the course of mathematical analysis it is known that 
the integral on the right-hand side of (14) is uniformly con- 
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vergent in a neighbourhood of any interior point (x, t) 
of the strip D. 

The change of the variable of integration £ = x + 2n. \ t 
brings formula (14) to the form 

u(x, *)=-4=- \ <p(x+2r]Vt)e-Wdi] (15) 

y n J 

— oo 

Since sup | cp (x) | •< M where M is a positive num- 

— oo<a:<cx> 

ber and since the integral on the right-hand side of (15) 
is absolutely convergent, we have 



Y 

whence, since 



u{x, t)\<-^- \ e-^drj 

yii J 

— CX) 
CX3 

f e-^dr l = yn (16) 



it follows that 

\u{x, t)\^M 

The integrals resulting from the differentiation any 
number of times of the integral on the right-hand side (14) 
with respect to x and t under the integral sign are uniformly 
convergent in a neighbourhood of every point (x, t) (t > 0), 
and the function E (x, £, t, 0) satisfies equation (1) for 
t > 0; this leads to the conclusion that the function u (x, t) 
determined by formula (14) satisfies equation (1) in the 
strip D. 

Finally, on passing to the limit for t ->■ (this operation 
is legitimate because the integral converges uniformly in 
a neighbourhood of every point (x, 0) for t ^ 0), we obtain 
from (15), by virtue of (16), the limiting relation 

lim u(x, £) = <p (x) 

2°. Uniqueness and Stability of the Solution of Cauchy- 
Dirichlet Problem. The uniqueness and the stability of 
the solution of the Cauchy-Dirichlet problem are immedi- 
ate consequences of the following proposition (the extremum 
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principle for a strip): a regular solution u (x, t) of equation (1) 
in the strip D satisfies the inequalities 

m < u(x, t) < M (17) 

where 

m = inf u (x, 0), M = sup u (x, 0), — oo < x < oo 

To prove the first inequality in (17) let us consider the 
function v (x, t) = x 2 + 2t which is a solution of equation 

(1). " 

We shall denote by n the infimum of u (x, t) for (x, t) £D 
and consider the function 

w(x, t) = u(x, t)-m+t v \^f o) (18) 

where e is an arbitrary positive number and (x , t ) is an 
arbitrary fixed point inside the strip D. 

The function w (x, t) expressed by formula (18) satisfies 
equation (1); for t = we have 

w(x, 0) = u(x, 0)-m + E 4 * 2 2fo >0 (19) 



and for \x\ = \x \+ j/ (™-"M*o, to) we have 

w (x, t) > u(x, t) — n > (20) 

Inequalities (19) and (20) together with the extremum 
principle proved in the foregoing section (which should be 
applied to the rectangle 







<t<Z\ n*ol-j/ (m ~" ) ' e (a °' to) <a<KI + 



i ■t/ r ( m ~ n ) v ( x o> l o) 

containing the point (x , t )) imply that 

w (x , t ) = u (x , t ) — m + e ^ 

that is u (x , t ) ^ m — e. Since e is quite arbitrary, it 
follows that u (x , t ) ^ m. Thus, u (x, t) ~^-m everywhere 
in D. 

Replacing u (x, t) by — u (x, t) and repeating the above 
argument, we readily prove the second inequality in (17). 

Problem (1), (12) is called the Cauchy-Dirichlet problem 
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because, if the variable t is interpreted as time, relation (12) 
can be regarded as an initial condition. However, this rela- 
tion can also be considered as a boundary condition set for 
the boundary t = of the upper half-plane t > of the 
variables x, t. 

3°. Non-Homogeneous Heat Conduction Equation. In this 
section we shall consider the non-homogeneous equation 
d 2 u/dx 2 — duldt = — g (x, t) where g (x, t) is a given real 
bounded continuous function denned for — oo<^< oo, 
^ t < oo. Let the initial data be prescribed on the straight 
line t = x (instead of t = 0) where x is a fixed positive 
number. For the function 

4 i ? _ (6-*)' 

v(x, t, t)= * h =- e *«-« g(l, x)dt t>% 

z y ji y t — x j 

we can readily show in just the same way as in the fore- 
going section, that 

ajr — -Jf = ° for *> T and v ( x ' T - T ) = Z( X , T ) 

From these equalities we conclude that the function 

t 

u(x, t)= \ v(x, t, x)dx 

o 

is the solution of the non-homogeneous heat conduction equation 

d 2 u du , .. 

-teC—St =-*(*> *> 
satisfying the condition u (x, 0) = 0. 

§ 3. On Smoothness of Solutions of Partial 
Differential Equations 

1°. The Case of Elliptic and Parabolic Partial Differential 
Equations. As was already proved in Sec. 5°, § 6 of Chap- 
ter 2, a harmonic function u (x, y) in a domain D is an 
analytic function of the variables x and y in that domain. 
Moreover, it can be proved that the solutions of linear ellip- 
tic partial differential equations with analytic coefficients 
are analytic functions in the domain where they are regular. 
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From Poisson's formula (see Sec. 2°, § 2, Chapter 1) it 
follows that the solution u (x, y) of the Dirichlet problem 
for Laplace's equation in the circle | z | < 1 is an analytic 
function of the real variables x and y for | z j < 1 when the 
only requirement that the function g describing the boundary 
values should be continuous on the contour | z | = 1 is 
fulfilled (even when g is continuous on | z | = 1 but is not 
differentiate at any point of the contour). 

In Sec. 2°, § 1 of the present chapter it was shown that the 
solution u (x, t) of the first boundary- value problem (7), (8) 
for heat conduction equation (1) possesses partial deriva- 
tives of all orders with respect to the variables x and t in the 
domain D: < x < I, < £ < T provided that the first 
derivative of the function u (x, 0) = cp (x) is continuous. 
Similarly, in Sec. 1°, § 2 of the present chapter we concluded 
from formula (14) that the boundedness and the continuity 
of the function cp (x) = u (x, 0) (— oo < x < oo) guarantee 
the existence of partial derivatives of all orders of the solu- 
tion u (x, t) of Cauchy-Dirichlet problem (12) for equation 

(1). 

2°. The Case of Hyperbolic Partial Differential Equations. 

The assertions of the foregoing section are not valid for the 
Cauchy problem and the Goursat problem for the equation 
of oscillation of a string. 

For instance, formula (35) of Chapter 3 implies that the 
type of smoothness of the solution u (x, t) of Goursat problem 
(13), (34) is the same as that of the functions cp (x) and ip (x) 
describing the given data, that is for the partial derivatives 
of the Ath order of the sought-for solution u (x, t) of this 
problem to exist we must require that the derivatives of the 
kth. order of the functions cp (x) and tp (x) should exist. The 
function u (x, t) determined by this formula is called, irre- 
spective of the type of smoothness of the functions cp (x) and 
ty (x), the generalized solution of problem (13), (34) stated 
in Chapter 3. If the function cp (x) (or \p (x)) has a discon- 
tinuity for x — |, then the function u (x, t) also has a dis- 
continuity on the characteristic x + t = 2£ (or x — t = 2£), 
that is the discontinuities of the functions cp (x) and ip (x) de- 
scribing the given data generate discontinuities of the wave 
u (x, t) on the characteristics of the equation of oscillation of 
a string. 

14-0598 



CHAPTER 5 
INTEGRAL EQUATIONS 



§ 1. Iterative Method 

for Solving Integral Equations 

1°. General Remarks. In this chapter we shall study the 
Fredholm integral equations of the second kind 

y(x)-X J K(x, y)tp(y)dy = f(x), x^D (or x£S) (•) 

D(S) 

where the integral is taken over a bounded domain D of the 
Euclidean space E n or over its smooth boundary S, the 
kernel K (x, y) and the right member f (x) are given real 
continuous functions of the points x and y, q> (x) is the 
unknown function and K is a real parameter. 
The integral equation 

q>o (*)-*, j K(x,y)<ffi(y)dy=*0 (1) 

JXS) 

is called the homogeneous integral equation corresponding to 
the given Fredholm integral equation of the second kind of 
form (*). Further, the homogeneous integral equation 

Mp(x)-X j K(y, x)$(y)dy = (2) 

D(S) 

is referred to as the homogeneous integral equation adjoint 
to (or associated with) integral equation (1). 

Below we state and prove the basic propositions of the 
theory of integral equations for the special case when D 
is a finite interval (a, b) lying on the real axis, that is for 
the equation 

<p(*)-*jff(*, y)<p(y)dy = f(x) (3) 
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We shall also consider the integral equation with a variable 
upper limit of integration: 

X 

(p(x) — X^K(x,y)<p(y)dy = f(x), x>a (4) 

a 

Equation (4) is called Volterra's integral equation of the 
second kind. 

It can easily be seen that the general solution <J> (x) of the 
Fredholm integral equation of the second kind, provided it 
exists, has the form 

O (as) = cp° (x) + q> (as) (5) 

where cp (x) is the general solution of homogeneous equation 
(1) corresponding to (3) which in the case under consideration 
has the form 

b 

<p°(x)-K^K(x,y)<pO(y)dy = (6) 

a 

and cp (x) is a particular solution of non-homogeneous equation 
(3). 

Indeed, if O (x) and q> (x) are the general solution and a 
particular solution respectively of non-homogeneous equa- 
tion (3), then their difference <p° (x) = O (x) — q> (x) satis- 
fies equation (6), which proves equality (5). 

2°. Solution of Fredholm Integral Equation of the Second 
Kind for Small Values of the Parameter Using Iterative 
Method. In the case when the parameter % satisfies the condition 

!M<^ ( 7 ) 

where M is a positive number such that 

b 

[\K(x, y)\dy^M, a^xs^b (8) 



the solution <p (x) of equation (3) exists and can be constructed 
using the iterative method (the method of successive approxima- 
tions). 

14* 
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The idea of this method is that the function <p (x) is con- 
structed as the limit of the sequence of functions 

b 

<Po (*) = /(*)• <Pn (*) = / (*) + * j K (x, y) ?„_! (y) dy (9) 

n = l, 2,... 

As is known from the course of mathematical analysis, 
the convergence of sequence (9) is equivalent to the conver- 
gence of the series 

oo 

<Po(*)+2 [q>»(*)-<p»-i(*)l (io) 

n=l 
From (8) we obtain the inequalities 

I <Po (*) l<« 
|<Pn(*)-<Pn-l(*)KHM n ^ n ("=1,2, ...) (11) 

where m= max |/(a:)|. 

a<xsgb 

Thus, the absolute value of every term of series (10) 
does not exceed the corresponding term of the positive 

oo 

number series 2 m | a | n M n , the latter being convergent 

n=0 

by virtue of inequality (7). Consequently, series (10) is 
uniformly and absolutely convergent; therefore sequence 
(9) of continuous functions is also uniformly and absolutely 
convergent, its limit being a continuous function q> (x): 

oo 

q> (x) = lim <p„ (x) = tpo (*) + S l<Pn (*) — 9 n -i (*)] 
Passing to the limit for n -*■ oo in the equality 

b 

<Pn (*) = / (*) + * j K (*. ») <Pn-i (J/) <*» 

a 

(all conditions guaranteeing that this operation is legiti- 
mate are fulfilled) we obtain 

b 
q>{z) = f(x) + K] K{x, y)y(y)dy 
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which means that the function cp (x) is a solution of integral 
equation (3). 

It can easily be shown that equation (3) has no solutions 
other than the function (p (x) we have constructed. Indeed, 
let us suppose that not only the function cp (x) is a solution 
of equation (3) but another function ip (a;) is also a solution. 
Then the difference (x) = q> (x) — ip (x) of these solu- 
tions must satisfy homogeneous equation (6), that is 

b 



%(x) = \\K(x, y)Q(y)dy 



whence we find that 

o <jk|M0 o where O = max |8(*)| 

The inequality we have obtained contradicts inequality 
(7) when 

9o ¥>0 
Consequently, 

e„ = o 

and therefore (x) = that is, ip (x) = cp (x). 

3°. Volterra Integral Equation of the Second Kind. On 

repeating the above argument in the case of Volterra's inte- 
gral equation of the second kind (4), we obtain 

X 

q>o (*) = /(*). q>n (*) = /(*)+*■ J* (*. y)q>n-i(tf)<*y (12) 

and 

l<Pn(*)-<Pn-l(*)l<>» ^ nM H X -^ n , „ = 1, 2,... (13) 

m = max|/(;r)|, M, = max | K (x, y)\ 
Since the junctional series 



^-J re! 



m 

7V=0 



with positive terms is uniformly convergent for any finite 
value of the parameter %, inequalities (13) imply that sequence 
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of functions (12) is uniformly convergent, and therefore the 
function 

<p'(x) = lim cp n (x) 

n->oo 

is a solution of integral equation (4). 

Let us prove that for any fixed value of the parameter "K 
equation (4) cannot possess more than one solution. 

To this end let us suppose that q> (x) and Up (x) are two 
continuous solutions of equation (4). Then the difference 
6 (x) = cp (x) — ij) (x) of these solutions must satisfy the 
homogeneous equation 

X 

Q(x) = X^K(x, y)Q(y)dy (14) 

a 

and consequently 

1 (x) |< | X | M*m* (x - a) (15) 

where M* = max | K (x, y) | and m* = max | (x) |. From 
(14), by virtue of (15), we derive the inequality 

fe(*)i<iM 2 M>,i5=^ 

On repeating this procedure n times we arrive at the 
inequality 

le^Ki^rM;^-^^ (16) 

which holds for any natural n. From inequality (16) we ob- 
tain, on passing to the limit for n -v oo, the equality 8 (x) = 
= 0, which means that i|) (x) = tp (x). 

Thus, we have come to the conclusion that Volterra's in- 
tegral equation (4) has a uniquely determined solution for any 
finite value of the parameter \ on condition that its kernel 
K {x, y) and its right member f (x) are continuous. Here lies 
the essential difference between Volterra's integral equation 
of the second kind and Fredholm's integral equation of the 
second kind: later we shall show that Fredholm's equation 
may noi possess solutions for some values of % and that for 
some other values of X it can have several solutions. 
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§ 2. Fredholm Theorems 

1°. Fredholm Integral Equation of the Second Kind with 
Degenerate Kernel. The kernel K (x, y) of integral equation 
(3) is said to be degenerate when it has the form 

K(x, y)= Y. Pi(x)q t (y) (17) 

where p t (x) and q- t (y) (i = 1, . . ., TV) are given real con- 
tinuous functions denned in the intervals a^ix^Lb and 
a^y^b respectively. Without, loss of generality, we can 
assume that the systems of functions {pi (x)} and {q t (y)} 
are linearly independent. 

Let us consider Fredholm's integral equation of the 
second kind 

N b 

<p (*) - * S J Pi (*) 9t (y) «p (y) dy = / (*) (18) 

i=l o 

Integral equation (18) can be written in the form 

AT 

<PW = /(*) + i2 e,p t (x) (19) 



i=i 



where 



c t =]q t (y)v{y)dy, * = 1 N (20) 



are some unknown constants. 

Let us try to choose the constants c t (i = 1, . . ., N) so 
that the function (p (x) specified by formula (19) satisfies 
integral equation (18). To this end we substitute expression 
(19) of q> (x) into the left-hand side of (18). After some simple 
calculations we obtain 

JV- 6 JV 6 

2 Pi (*) [ c i — j ii (v) fWdy-^'Z J c j9i (v) Pi (y) d y] = ° 

1=1 a ;=1 8 
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and 

d{ d j N (/ = 1, ..., N-r) 

On substituting the solutions of systems (24) and (27) 
thus found into the right-hand sides of the formulas 



i = l 



and 



N 

ty(x) = k%d\q t (x), (1 = 1 N-r) 

we obtain N — r linearly independent solutions of homo- 
geneous integral equation (23) and of equation (26) re- 
spectively. Hence, homogeneous integral equation (23) corre- 
sponding to (18) and adjoint (homogeneous) integral equation 
(26) corresponding to (23) have exactly N — r linearly inde- 
pendent solutions each (this is Fredholm's second theorem). 

The functions (pi (x) (7 = 1, . . ., N — r) are called the 
eigenfunctions of the kernel K (x, y) corresponding to the 
characteristic value K h . 

From linear algebra it is known that for k = K h (k = 
= 1, . . ., m) system (21) may not be solvable for some 
right members. For the system to be solvable it is necessary 
and sufficient that the numbers y t (i = I, . . ., N) should 
satisfy the conditions 

N 

SY,dj = 0, (* = 1 N-r) (28) 

i=l 

By (22), conditions (28) are equivalent to the system of 
equalities 

h N b 

\ f\\>i (x) dx = 'k^d\\ j q i (x) f (x) dx = 0, (29) 

1 = 1 TV - r 

Thus, we have come to the conclusion that for integral 
equation (18) to be solvable for X = k k (k = 1, . . ., m) it is 
necessary and sufficient that its right member f (x) should be 
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orthogonal to all the solutions tyi(x) (1= 1, . . ., N — r) of adjoint 
homogeneous integral equation (26) corresponding to (23) 
(this is Fredholm's third theorem). 

2°. The Notions of Iterated and Resolvent Kernels. In 
Sec. 2°, § 1 of the present chapter we proved that when ine- 
quality (7) holds successive approximations (9) converge to 
the solution cp (x) of integral equation (3) (we supposed that 
the functions K (x, y) and / (x) were continuous). 

The functions 

b 

K n {x, y)=^K(x, y 1 )K n . 1 (y 1 , y)dy^ (rc = 2, 3, ...) 

a 

are called iterated kernels. 

Using iterated kernels we can rewrite successive approxi- 
mations (9) in the form 

b n 

<Pn (*) = /(*) + * J S tf-'Kj (*, y) f (y) dy (30) 

a .7=1 

The repetition of the argument which was used in Sec. 2°, 
§ 1 of the present chapter in the proof of the convergence of 
sequence (9) shows that if condition (7) is fulfilled, the series 

fj *>-%(*, y) 

9 — i 

is uniformly convergent for as^z^fe, a^y^b. The 
sum R (x, y; X) of this series is called the resolvent kernel 
corresponding to the kernel K (x, y) (or to integral equation 
(3)). From equality (30) it is obviously seen that the resol- 
vent kernel makes it possible to rewrite the expression for 
the solution (p (x) of equation (3) in the form 

b 

<t(x) = f(x) + k ^R(x, y; X)f(y)dy (31) 

a 

It should be noted that the function R (x, y\ X) is con- 
tinuous with respect to the variables x, y in the square 
a^a;^6, a^z/^fe (and is ' analytic with respect to X 
for all values of X, both real and complex, belonging to the 
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whence, since the functions p t (x) (i = 1, . . ., N) are linear- 
ly independent, it follows that 

b N b 

ct — J q i (y)f(y)dy-^^ i c } J qi(y)Pj(y)dy--=o 



j=i 



Hence, we have 



"<i — ^ S a u c J =: yo i = l,-.-,N 



where 



;=i 





*tj=]qt(y)Pj(y)dy and y t = ] f(y)g t {y)dy 



(21) 



(22) 



Thus, the problem of the determination of the solution 
cp (x) of integral equation (18) has been reduced to the solu- 
tion of the system of algebraic linear equations (21). 

The homogeneous integral equation corresponding to (18) 
has the form 

b N 

9 o (x) - % j 2 Pt (x) ?i (V) (P° (y) dy = (23) 

a i=l 

and it can be in just the same way reduced to the 
homogeneous algebraic linear system 

N 

d-^autj = (24) 

}=i 
corresponding to (21). 

As is known, in the theory of algebraic linear systems of 
form (21) the fundamental role is played by the matrix 

1 — A-Otjj — ^0&i2 • * • — "&1N 



In linear algebra it is proved that when the condition 
detM(X)=£0 (25) 
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is fulfilled, system (21) is always solvable (for any right 
members y t ) and that its solution is unique. 

The expression det M (X) is a polynomial of the Nth 
degree with respect to X, and consequently condition (25) 
may be violated only for a finite number of values of X: 
A.j, . . ., X m (mzZZN). The numbers X u . . ., X m are the zeros 
of the polynomial del, M (X); they are called the characteris- 
tic values (numbers) of the kernel K (x, y). 

Thus, for every finite value of X different from X h (k = 
= 1, . . ., m) system (21) possesses a single solution c l7 . . . 
. . ., c N . On substituting the solution c t , . . . , c N found 
from system (21) into the right-hand side of formula (19), 
we obtain the solution q> (x) of integral equation (18). We 
have thus proved the following theorem: if X is not a charac- 
teristic value of the kernel K (x, y), integral equation (18) is 
soli able for any continuous right member f (x), and its solution 
is unique (this is Fredholm 's first theorem). 

According to formula (1), the adjoint integral equation 
corresponding to (23) has the form 

N b 

$ (x) - X 2 J Pi (y) '?, (*) i|> (y) dy = (26) 

Equation (26) is equivalent to the homogeneous alge- 
braic linear system 

d,-XSa fl d, = (27) 

where 

b 

d i= j" Pi(y)$(y)dy; i = i,...,N 

a 

System (27) is the adjoint algebraic system corresponding 
to (24). 

If X = X h (k = 1, . . ., m) and if the rank of the matrix 
M (X) is equal to r, then, as is known from linear algebra, 
homogeneous system (24) and its adjoint system (27) have 
N — r linearly independent solutions each: 

<f c°} (/ = !, ...,N-r) 
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circle | K | < 1/M). Therefore from formula (31) it follows 
directly that if f (x) is a continuous function then so is the 
solution cp (x) of equation (3). 

3°. Fredholm Integral Equation of the Second Kind with 
an Arbitrary Continuous Kernel. Now let us proceed to 
study integral equation (3) for the general case when con- 
dition (7) must not necessarily be fulfilled. 

From the course of mathematical analysis it is known that 
if K (x, y) is a continuous function in the square a^z^6, 
a ^J/^^' then, given an arbitrary number e >• 0, there 
exist linearly independent systems {pi (x)}, a^.x^.b, 
and {q t (y)}, a^.y^.b (i = i, . . ., N) of continuous func- 
tions such that 

JV 

K (x, y)=% P i (x) gi (y) + K e (x, y) (32) 

t=i 

where K e (x, y) is a continuous function satisfying the con- 
dition 

(b — a) | K z (x, y) | < e, a<x<&, a<i/<& (33) 

In particular, according to Weierstrass' theorem proved 
in mathematical analysis, as functions p; (x) and q t (y) can 
serve some polynomials. 

Let us represent the kernel K (x, y) of equation (3) using 
formula (32) and rewrite that equation in the form 

b 

<p(x)- , k^K e (x,y)<p(y)dy = F(x) (34) 



where 



2V 6 



F(x) = f(x) + %2 \pi{x) qi {y)q>{y)dy (35) 

i=! a 

Let % be an arbitrary finite fixed value; we can choose 
a number e > so small that the inequality 

IM<T (36) 

holds. 

According to (33) and (36), condition (7) is fulfilled for 
integral equation (34), and therefore this equation can be 
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uniquely resolved with respect to cp (x). Let R e (x, y; X) be 
the resolvent kernel corresponding to K e (x, y); then equa- 
tion (34) can be written in the form 

b 

cp (x) = F (x) + X j R e (x, y; X) F (y) dy (37) 

a 

After some simple calculations, the substitution of ex- 
pression (35) of F (x) into the right-hand side of (37) yields 

b N 



where 



and 



<p (*) — * j 2 r t (*) ii (y) 9 (y) d y = s (*) ( 38 ) 

a i=l 

b 

r i ( x ) = Pi (x) + X j i? e (x, y ; A,) /3; (y) dy 

a 
b 

g (x) = / (*) + X J # e (x, »; *) / (y) dy 



Thus, /or arai/ finite fixed value of X integral equation (3) 
is equivalent to Fredholm's integral equation of the second 
kind (38) with a degenerate kernel. 

Now, using the Fredholm theorems proved in the fore- 
going section for an integral equation with a degenerate 
kernel, we arrive at the so-called Fredholm alternative: for 
every fixed value of X, either homogeneous integral equation (6) 
corresponding to (3) has no solution different from zero (and 
then equation (3) always has a uniquely determined solution 
for any right member f (x)) or homogeneous equation (6) pos- 
sesses solutions not identically equal to zero (and then both 
homogeneous equation (6) and its homogeneous adjoint equa- 
tion possess an equal number of linearly independent solutions 
each); in this case equation (3) may not be solvable for some 
functions f (x): for non-homogeneous equation (3) to be solvable 
in this case it is necessary and sufficient that its right member 
f (x) should be orthogonal to all the solutions of the homogeneous 
adjoint equation corresponding to (6), that is 

b 

\f(x)ty,(x)dx=0 (l=r.l, ... tP ) 
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where tyi (x) (1 = 1, . . ., p) are all linearly independent 
solutions of the homogeneous adjoint equation corresponding 
to (6). 

The function which is identically equal to zero obviously 
satisfies both homogeneous equation (6) and the adjoint 
equation corresponding to it. In what follows, when speaking 
of a solution of a homogeneous integral equation (or of the 
adjoint equation corresponding to it) we shall always mean 
a solution which is not identically equal to zero. 

A number % for which homogeneous equation (6) posses- 
ses solutions (pi (x) (1 = 1, . . ., p) will be called, like in 
Sec. 1°, § 2 of the present chapter, a characteristic value (or a 
characteristic number) of the integral operator with the kernel 
K (x, y), and the functions <p ; (x) will be called the eigenfunc- 
tions of that kernel (or of that operator) corresponding to (or 
associated with or belonging to) the characteristic value K 

It should be noted that if we write equation (3) in the form 

b 

(p(j/)->.j K(y,t)y(t)dt = f(y) 

a 

and then multiply its both members by "KK(x, y) and 
integrate the result from a to b, this will yield 

b 

<p (x) — A, 2 j K z (x, t) <p (t) dt = f 2 (x) 

a 

where 

b 

U(x) = f(x) + ^K(x,y)f(y)dy 

a 

Continuing this process, we obtain the relations 

b 

q) (x) -K m ^K m (x, y) <p (y) dy = f m (x) 

a 

where 

b 
fm W = fm-1 (X) + A- j K (*, y) fm-1 (</) dy, f t (x) = / (x) 
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Thus, we have arrived at the conclusion that if % is a 
characteristic value of the kernel K (x, y) and q> (x) is an 
eigenfunction associated with K, then K m is a characteristic 
value of the iterated kernel K m (x, y) and (p (x) is an eigen- 
function of that kernel belonging to the characteristic value K m . 
The converse proposition is also true but here we shall not 
dwell on its proof. 

All the propositions concerning equation (3) which were 
stated and proved above can be immediately extended to 
the case of general equation (*) with a continuous kernel 
K (x, y) and a continuous right member / (x) (x, y £ E n ). 

Moreover, proceeding from the remark made above, wo 
can conclude that these propositions also remain valid in 
the case of a kernel of the form 

rs / \ K* (x, y) 

where K* (x, y) is a function continuous with respect to the 
variable point (x, y) = (x t , . . ., x n , y t , . . ., y n ) and n 
denotes the dimension of the domain D or of its boundary S. 
This can easily be shown if we take into account the fact 
that the kernel K m (x, y) of the integral equation 

<p (x) — K m j K m (x,y)<p (y) dy = f m (x) 

D(S) 

obtained from the kernel K (x, y) by means of m-fold itera- 
tion is a continuous function of the point (x, y) for a suffi- 
ciently large value of m. 

It is also evident that if the function / (x) is continuous 
everywhere except a finite number of points or of smooth 
manifolds whose dimensions are less than n , and if / (x) 
is absolutely integrable over the domain D (or over its 
boundary S), the Fredholm alternative remains true. It is 
this class of equations to which belong the integral equations 
mentioned in Sec. 2°, § 5 of Chapter 1; to the latter integral 
equations were reduced the problems concerning the existence 
of the solutions (including the elementary solutions) of gen- 
eral elliptic partial differential equations of the second order. 
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For these integral equations the value of the integral 

J I K (x, y) | dy 

D 

can be made arbitrarily small for a domain D of a sufficiently 
small diameter, and therefore condition (7) of Sec. 2°, § 1 
of the present chapter may be regarded as being fulfilled; 
consequently for the domains of this kind the existence of the 
solutions of the indicated integral equations is guaranteed. 

4°. The Notion of Spectrum. The set of all characteristic 
values of an integral equation with a kernel K (x, y) is 
called the spectrum of this kernel. The investigation of the 
spectrum plays an important role in the theory of integral 
equations. 

As was shown earlier, the spectrum of the kernel of Vol- 
terra's equation is void (see Sec. 3°, § 1 of the present chap- 
ter), and in the case of a degenerate kernel of Fredholm's 
equation the spectrum consists of a finite number of charac- 
teristic values (see Sec. 1°, § 2 of the present chapter). Among 
the other kernels whose spectra are thoroughly investigated 
it is advisable to mention the so-called symmetric real 
kernels. 

A (real) kernel K (x, y) is said to be symmetric if the 
equality K (x, y) — K (y, x) holds for all the values of x 
and y belonging to the domain of definition of the kernel. 

It can easily be seen that if (f ± (x) and (p 2 (x) are two eigen- 
functions (of a symmetric kernel K (x, y)) corresponding to two 
different characteristic values X t and X 2 respectively, then 

b 

J <Pi (z) <P2 (*) dx = 

a 

Indeed, the kernel K (x, y) being symmetric, we have 

b b b 

(K — h) J <Pi (*) 92 ( x ) dx = V-2 ] cpi (x) dx^K (x, y) <p 2 (y) dy— 

a a a 

b b 

— XjX 2 \(p 2 (x)dx\K(x, y)<pi(y)dy = 

a a 

b b 

= KK J <Pi (x) dx^[K (x, y) — K (y, x)] (j> 2 (y) dy = 
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J* 

whence, since X 1 ^X 2 , it follows that the assertion we have 
stated is true. 

In its turn, this assertion implies that the characteristic 
values of an integral operator with a symmetric kernel cannot 
be complex. 

Indeed, let us suppose that a characteristic value k and 
the corresponding eigenf unction 9 (x) are complex, that is 

X = k 1 + iX 2 , cp (x) = cp x (x) + j<p a (x) 



Then X = k t — iX 2 and cp (x) = cp x (x) — icp 2 (x) are also 
a characteristic value and an eigenfunction corresponding to 
it respectively. 

If i 2 =^0, then, as was already proved, we have 



I cp(x) cp (x) dx = I J cp | 2 dx = 



It follows that cp (x) is identically equal to zero, which is 
impossible by virtue of the definition of an eigenfunction. 
Hence, k 2 = 0, that is k is in fact a real number, which is 
what we intended to prove. 

Among the other important properties of a symmetric 
kernel we shall mention the following one: the spectrum of 
an integral equation with a symmetric real kernel is not void. 
Here we shall not prove this property because we do not 
need it for our further aims. 

5°. Volterra Integral Equation of the Second Kind with 
Multiple Integral. The application of the argument given 
in Sec. 3°, § 1 of the present chapter to an integral equation 
of the form 

I T] 

<p(g, T))-*jdtJff(g, T); t,T)<p(*,T)dT = /(6,T|) (39) 

it 1. 

where K (£, n; t, t) and / (|, n) are given real continuous 
functions, leads to the conclusion that this equation pos- 
sesses a single solution for any fixed value of the real para- 
meter X. That is why equation (39) is also called the Volterra 
integral equation of the second kind. 

15-0598 
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The one-to-one transformation 

+ Ja>(«, r\)b(t, rj)exp (]&(«!, 1))^)*+ 

+ j u> (I, t) a (1, x) exp ( f a (£, t,) dx^ dx 

of the unknown function v (£, n) in equation (43) of Chapter 3 
to the new function w (£, n) reduces this equation to an 
integral equation of form (39): 

i 13 
w (I, tj) + j dt j K (g, n; £, t) u> (t, x) dx = 1 

I, n, 
where 



^ o (£. tj; *, x) = c (t , t) — b (t, n) a (t, x) exp ( j a (t, x t ) dxj ) — 

T 

s 

— a(|, t)6(*, t)exp( j&fo, t)d* 1 ) + 

+ 6(f, T)jc(i lt x)exp ( \b(t 2 , x)dt 2 }dt 1 + 

t t 

n x, 

+ a(t, x) \ c(t, x x )exp ( \a(t, x 2 )dx 2 ] dx t 

X X 

6°. Volterra Integral Equation of the First Kind. Let us 

consider the Volterra integral equation of the first kind 

X 

^K(x,y)(p(y)dy^f(x) 

a 

whose kernel K (x, y) and the right member / (x) satisfy 
the following conditions: (1) the derivatives K x (x, y) and 
f (x) exist and are continuous functions, and (2) the expres- 
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sion K (x, x) does not turn into zero for any value of x. The 
differentiation of this equation with respect to x brings it 
to the Volterra integral equation of the second kind 

X 

<f(x)+^K*(x,y)<p(y)dy=f*(x) 

a 

where 

K *(^y)-Wi and >*<*>=x^V 

In the case when the above conditions do not hold the 
investigation of the Volterra integral equation of the first 
kind is rather intricate. However, for some special cases it 
is possible to elaborate methods with the aid of which the 
solutions of the equations can even be expressed in quadra- 
tures. 

For instance, let us consider the integral equation 

I -f^ = /<*). o< a <i, *>0 

whose right member / (x) is a continuous function; it is 
known as AbeVs integral equation. Let us rewrite the equa- 
tion in the form 



t 

[' <f{y)dy 



i («-*>" 



=/(*) 



On multiplying the last equality by the kernel , ,.,„ and 

(x — t;i « 

integrating with respect to t from zero to x, we obtain the 

identity 

f dt (• q>(y)dy _ r / (Q dt 

I (x-t) 1 "* J (t-yf J (x-t)'-* 

Now, taking into account the relations 



-v)' 

v v « v 

15* 
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and 

X 

r dt n 

J ( X _i)l-«( t _j,)a ~~ sinita 

we derive from the above identity the equality 

. . sin na d C f (t) dt 

o v ' 

In case the function / (x) is continuously differentiabie we 
can rewrite the last expression in the form 

mM - sinrox r /(0) 4- f fl*)** 1 
o v ' 
In particular, putting a = 1/2 we obtain the solution of 
integral equation (63) of Introduction which is encountered 
in the study of the tautochrone problem: 



o 



" f(t)dt 



Y x—t 



§ 3. Applications of the Theory 
of Linear Integral Equations 
of the Second Kind 

1°. Application of Fredholm Alternative to the Theory of 
Boundary- Value Problems for Harmonic Functions. In Sec. 
2°, § 4 of Chapter 1 we proved that if the solution of the 
Dirichlet problem is constructed in the form of double-layer 
potential (47) then the function \i must satisfy the Fredholm 
integral equation of the second kind of form (57): 

H(s)-X^K(s,t)]i(t)dt=-2g(s), X=-i (40) 

s 

If we manage to show that X = — 1 is not a characteristic 
value of the kernel K (s, t), the Fredholm alternative will 
imply that integral equation (40) is solvable for any right 
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member. This will imply the solvability of the Dirichlet 
problem with boundary condition (56) stated in Chapter 1. 
The homogeneous equation corresponding to (40) has the 
form 



\h 



(s)-K^K(s,t) i i (t)dt = (41) 



For X = —1 this equation has in fact no solutions different 
from zero. Indeed, let us suppose that u. is a solution of 
equation (41). The double-layer potential u (x, y) cor- 
responding to u. possesses the property 

u; (s) = 0, x° (s) 6 S 

which follows from formulas (54) in Chapter 1 and formula 
(41) written above. 

When the variable point (x, y) tends to the boundary S 
from the interior of the domain D + the limit of the function 
u o ( x i y) i s equal to zero, and therefore, by the uniqueness 
property of a harmonic function, the equality u (x, y) = 
must be fulfilled for all (x, y) £D + . Consequently, for the 
value of the normal derivative dujdv on S we have 

Now, by virtue of the property of the normal derivative 
of a double-layer potential expressed by the equality 

du a \ + / du. 



I dug \ + _ I du \- 



(see Sec. 2°, § 4 in Chapter 1) and by virtue of equality 
(42), we conclude that 

("ST =° < 43 ) 

Like in Sec. 3°, § 4 of Chapter 1, it can easily be shown 
that the function u (x, y), which is harmonic in D~, repre- 
sents a double-layer potential and satisfies condition (43), is 
identically equal to a constant. Finally, since u (x, y) 
turns into zero at infinity there must be u (x, y) = every- 
where in D~. 
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Now, using again formulas (54) and (55) in Chapter 1. 
we can assert that 

-li (s) = u + (s)-u-(s) = 

This proves that % = — 1 is not a characteristic value of the 
kernel K (s, t). 

It can be proved that the kernel K* (s, t) of Fredholm's 
integral equation (69) in Chapter 1 to which Neumann prob- 
lem (67) was reduced has the characteristic value % = — 1; 
however, in this case condition (68) is fulfilled, and therefore 
the Fredholm alternative guarantees the solvability of this 
equation. 

But here, in order to prove that condition (68) is suffi- 
cient for Neumann problem (67) to be solvable, we shall 
use another technique. 

Let u (x, y) be" the sought-for solution' of the Neumann 
problem in the domain D + , and let v'(x, y) be the harmonic 
conjugate function to u (x, y). 

Since the derivatives duldx and duldy are supposed to be 
continuous functions in D* (J S, condition (CR) and (67) 
imply the following expression for dvlds: 

dv dv dx . dv dy du dx . du dy 

ds dx ds dy ds dy ds dx ds 

du r dy . du dx du , ■, 

~ ~dy"d^'^~dx"dv"~' ~dv ~ g ^ $ ' 

It follows that 

s 

v(s)=[g(t)dt + C, 0<s<Z 



where I is the length of contour S bounding the domain D + . 
Since 

i 

v(0) = C and v (Z)= \ g (t) dt + C 

n 

we see that for the function v (s) to be continuous at the 
points s = and s = Z, that is for the equality v (0) = v (I) 
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to be fulfilled, the function g (t) should satisfy the condition 

i 

o 

which exactly coincides with condition (68) indicated in 
Chapter 1. 

The existence of the function v (x, y) harmonic in the 
domain D* and satisfying the boundary condition 



5 



was proved above (as has just been proved, the Dirichlet 
problem is solvable). 

The harmonic function u (x, y) (the sought-for solution of 
the Neumann problem) can be constructed using v (x, y) 
with the aid of the method indicated in Sec. 5° § 2 of Chap- 
ter 2. 

2°. Reduction of Cauchy Problem for an Ordinary Linear 
Differential Equation to a Volterra Integral Equation of 
the Second Kind. Let us consider the ordinary linear dif- 
ferential equation of the rath order 

n-l 

5r+2M*)-£f- = /(z) (a<x<b) (44) 

whose right member / (x) is continuous and whose coeffi- 
cients a h (x) are continuous functions possessing the con- 
tinuous derivatives d h a h /dx h (k = 0, 1, . . ., n — 1). For 
this equation we shall consider the Cauchy problem 



fry 
da* 



= y\ (ft = 0, ...,» — 1); a<x <b (45) 



where y% (k = 0, . . ., n — 1) are given real constants. 
The polynomial 

n-l 

z{x)= y 2i-^yl(x-x Q f 

ft-0 
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satisfies conditions (45), and the function u (x) = y (x) — 
— z (x) is a solution of the ordinary differential equation 

n— 1 n— 1 

d n u , v / \ d k u t i \ S.'i / \ d k z 

S=0 ft=0 

and satisfies the initial conditions 
d*u 



dx k 



= (/c = 0, ..., n — 1) 



Therefore, without loss of generality, we can assume that in 
conditions (45) all the numbers y% are equal to zero, that is 

d*y 



dxk 



= (fc = 0, ...,«— 1) 



(46) 



x=x„ 



On integrating n times equality (44), we obtain, by virtue 
of (46), the relation 

n-l a. x t xn-i 

y(x)+ 2 jdsjjdsa--- ja ft (*)-g-d*^ 



/! = X„ 3C 8 



*n-t 



= jctejjdxjs . . . f /(*)d* (47) 



Using the identity 
J da:, jF(f)(*t-0 j - 1 



di 



•"•J-l 2-1 A i-l 

= j F(t)dt J (^-O'-'^^y j (Xm-O'^O 



d£ 



(which is known from mathematical analysis and holds for 
any continuous function F (£)), we can rewrite equality (47) 
in the form 



n-i 



X 



ft=0 



*o 



•*o 
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Next we perform integration by parts in the left-hand side 
of (48); by virtue of conditions (46) this results in 

n-i 



»(*)+-^4ijrSl(- 1 ) h j»w-|^[«*(')(*--o M - 1 ]d«= 

X 



fc=0 

x 

jdt 
that is 

X 

y(z)+^K(x,t)y(t)dt = F(z) (49) 

where 

n-i 

and 

X 

F(x) = J ^^ w ^(x-t) n - i f(t)dt 

are given continuous functions. 

Thus, problem (44), (46) has been reduced to the equiva- 
lent Volterra integral equation of the second kind of form 
(49) whose kernel K (x, t) and right member F (x) are con- 
tinuous functions. 

Finally, the existence and the uniqueness of the solution 
of Volterra's integral equation of the second kind proved in 
Sec. 3°, § 1 of the present chapter imply the existence and 
the uniqueness of the solution of Cauchy problem (44), (46). 

3°. Boundary- Value Problem for Ordinary Linear Dif- 
ferential Equations of the Second Order. In the theory of 
ordinary differential equations, besides the Cauchy problem, 
an important role is also played byjthe so-called first bound- 
ary-value problem (the Dirichlet problem). Let us state this 
problem for the case of a linear equation of the form 

^ r + \p(x)y = f(x), a<x<b (50) 



234 INTEGRAL EQUATIONS 

It is required to find the solution y (x) of equation (50) which 
is regular in the interval a < x < b and continuous for 
a^x^b and satisfies the boundary conditions 

y(a)=A, y{b) = B (51) 

where A and B are given real constants. 

Like in the study of problem (44), (45), we can assume, 
without] loss of generality, that .4=5 = 0; in other 
words, we shall consider boundary conditions (51) of the 
form 

y{a) = y (b) = (52) 

Let us suppose that p (x) and / (x) are given continuous 
real functions defined for a^.x^.b and that X is a real 
parameter. 

For our further aims we construct Green's function 



G(t,x) = 



( *- &)(j - a) for *« 
b — a ^ 

(t - a)( *- ft) for x^t 



which possesses the following properties: (1) it is conti- 
nuous in the square a^z^gCfr, a^^6; (2) in the intervals 
a < x < b and a ■< t < b, for t =^= x, it possesses second- 
order derivatives both with respect to t and with respect to 
x, the derivatives being equal to zero; (3) there holds the 
limiting relation 

lim-l?— lim-g- = l, a<x<b 

t-x dt t-x dt 

t>x t<x 

On integrating the obvious identity 

over the intervals a < t < x — e and x + e < t <C b where 
e is a sufficiently small positive number, adding together 
the results and taking into account (50), (52) and Properties 
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(1), (2) and (3) of the function G (t, x), we obtain the relation 

x-e 

^ G(t, x)[-Kp(t)y(t) + f(t)]dt + 

a 

b 

+ [ G(t, x)[-Kp(t)y(t) + f(l)]dt = 






dt 



t=.t— e 



■y(x — &) 



dG(t, x) 
dt 



.G(x + b,z)-£\ - 

Ul \t—X + B 

, / , x PG (t, x) 



t—x+e 



Now, passing to the limit for e-»-0 in the la>t relation, 
we obtain 

b b 

y (*)= -X J G(t, x) p(t)y (t)dt+ { G{t,x)f(t)dt (53) 

a a 

that is 

y (*)-*■ j K(x,t)y(t)dt = F(x) (54) 

a 

where 

b 

A:(z, f)= — G(f, x)p(f) and F (x)= [ G(t, x)f(t) dt 

a 

It can easily be seen that the solution y (x) of integral equa- 
tion (54), provided it exists, satisfies differential equation (50) 
and boundary conditions (52). 

Indeed, since y (x) is a solution of integral equation (54), 
or, which is the same, of equation (53), we can write 

b 

y(x)=^G (t, x)[-Xp (t) y (t) + f (t)] dt (55) 

a 

whence 

X 

y (x) = [ (i ~ a ^~ h) l-kp(t)y (t) + f (t)\ dt + 



(t-b)(x-a) 



[-^p(t)y(t) + f(t)]dt 
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From the last expression we find 

X 

I jE^[-^p(t)y(t)+f(t)]dt+ 



dy 
dx 



and 

d 2 y x — a 

dx 2 b — a 

x — b 



V 

+ ]^[-^p{t)y{t) + f(t)\dt 

x 

[-%p(x)y(x) + f(x)]- 

[-kp(x)y(x) + f(z)]=-kp(x)y(x) + f(x) 



Further, since the function G (t, x) is continuous, the 
passage to the limit in (55) for x ->- a and x -*■ b results in 
y (a) = y (b) = because we have the equalities G (t, a) = 
= G (t, b) = 0. 

Thus, problem (50), (52) has been reduced to the equiva- 
lent Fredholm integral equation of the second kind of form 
(54). Consequently, the propositions proved in §§ 1 and 2 
of the present chapter make it possible to judge upon whether 
the problem under consideration is conditionally or uncondition- 
ally solvable and upon the number of linearly independent 
solutions of the problem. 

The theory of integral equations presented above readily 
shows the essential difference between the Cauchy problem 
and the Dirichlet problem for ordinary differential equations. 



§ 4. Singular Integral Equations 

1°. The Notion of a Singular Integral Equation. In the 

case when the kernel K (x, y) of an integral equation turns 
into infinity for x = y so that the integral exists only in the 
sense of Cauchy's principal value, the equationfis referred 
to 'as a singular integral equation. 9| 

Let S be a closed or non-closed Lyapunov curve. A one- 
valued function K (t, t ) defined on S is said to satisfy 
Holder's condition if for any two pairs of points t, t and 
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t' , t' belonging to S the [inequality 

\K(t t t )-K(t', Q\^A(\t-t'\ h > + \t -t' \ h ') 

holds where A, h x and h 2 are positive constants, and /^^Cl, 
A 2 <1. 

In applications a singular integral equation of the form 

a(*o)q>(to) + j^z^<p(*)<fc = /('o), «o€5 (56) 
s 

is often encountered where cc, /f and / are given functions 
and 9 is the sought-for function, all the functions satisfying 
Holder's condition (for a function of one variable Holder's 
condition was stated in Sec.^1 , § 5 of Chapter 2). 
^Generally speaking, Fredholm's theorems do not hold in 
the case of a singular integral equation. The theory of sin- 
gular integral equations of form (56) satisfying the require- 
ment that the functions a (t ) and (3 (t ) = K (t , t ) should 
not simultaneously turn into zero at any point t £ S was 
elaborated by N. I. Muskhelishvili in his book Singular 
Integral Equations (Moscow, 1968, in Russian). 

Below we shall consider some special classes of singular 
integral equations whose solutions can be expressed in quad- 

2°. Hilbert's Integral Equation. In Sec. 7°, § 3 of Chapter 2 
we derived Schwarz' formula (89) representing in the integ- 
ral form an analytic function 

/ (z) = u (x, y) + iv (x, y) 

in the circle | z | •< 1 in terms of the boundary values u (<p) 
of its real part u (x, y) under the assumption that the latter 
is continuous in the closed circle | z | ^ 1. 

We shall suppose that the function u (<p) = u (t ) (t Q = 
= e i<f , 0<!(p^2n) satisfies Holder's condition. Let us 
write Schwarz' formula in the form of formula (87) of 
Chapter 2: 

fW = -k J -i^7 L -«(0,0) + i V (0 t 0) (57) 

tt|=i 
From (57) we conclude that the expression 

/ + (*o) = m( ( P) + «>(<P). t = e if f, 0^(p<2n 
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exists, and, by virtue of formulas (104) and (88) of that 
chapter, we have 

f + (t ) = u(q>) + iv(y) = 

= u ^ + -k t ^—u(0,0) + iv(0,0) = 



/ \ , 1 f u(t)dt 1 (" u(t)dt . . /n AN 

i*i-i 1*1=1 

2rt 

= «*(«P)+2Si ju^cot^-d^ + fotO.O) (58) 



where 






The property of the limiting values of the Cauchy-type 

integral of the form *— : \ -rz~ with a function / (t) satis- 

s 
fying Holder's condition (see Sec. 4°, § 5 of Chapter 2) 
allows us to conclude from formula (58) that if u (t ) = u (<p) 
satisfies Holder's condition on the circumference \ t | = 1 of 
the circle \ z | < 1, then so does the function f* (t ). 

According to the mean-value theorem for harmonic func- 
tions, we have the equality 

v(0,0) = ±jvWdy 



and therefore formula (58) implies the equality 

2it 2rt 

y fo>=— 5T j "tt)cot!=^*|> + -i r ljy(i|))dt|> (59) 



where the first integral on the right-hand side is understood 
in the sense of Gauchy's principal value. 

The function — / (z) = v (x, y) — iu (x, y) analytic in the 

circle | z | < 1 can be represented in terms of the boundary 
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values v (<p) of its real part v (x, y): 

-r>«~sr I ^-^(0.0)-i«(0 f 0) 

1*1=1 

Using this representation we obtain the integral representa- 
tion of the function / (z) in terms of the boundary values 
v (8) of its imaginary part v (x, y): 

fW = !T J JL ®£—iv(0,0) + u(0,0) 
1*1=1 

As above, from the last equality we find the expression 

f + (to) = u(y) + iv((p) = 

2ji 2jt 

= iv (q>) +-^ \ v (6) cot -^2- dQ + -^ [ u (8) dd, t = e ie 



whence 

2n 2n 

u ( ( P) = ^r J v(Q)oot^d6 + ^ j u(Q)dQ (60) 



Consequently, if it is known that the function u ((f) satis- 
fies Holder's condition, then the function v ((f) also satisfies 
Holder's condition, and these functions are connected by rela- 
tion (59). Conversely, if v (cp) satisfies Holder's condition, then 
so does the function u (cp), and the relationship between these 
functions is expressed by formula (60). This means that for- 
mulas (59) and (60), connecting the boundary values of the 
real part and of the imaginary part of a function f(z) analyt- 
ic in the circle | z | < 1 and satisfying Holder's condition 
in the closed circle | z |^1, are equivalent. 

In the case when it is additionally known that 

2n 

( [u(q) + iv(,f)]d\f = (61) 

J o 
formulas (59) and (60) take the form 

2rt 
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and 



2it 

2n 



i-j y (6)cot^de = u(^ (63) 



respectively. 

Let us consider equality (63) under the assumption that 
u ((f) is a given real function and v (cp) is the sought-for real 
function, both functions satisfying Holder's condition and 
condition (61). Then this equality is a singular integral equa- 
tion of the first kind whose solution is given by formula (62). 
Equation (63) is called Hilberfs integral equation, and (62) 
is the corresponding inversion formula. 

On substituting the expression of v (9) given by formula^ 
(62) into (63) we obtain the following composition formula 
for singular integrals: 

2n 2rt 

-—■ Jcot^=-^d6 j u(q>)cot-^-d<p=-u(t|)) 



The functions - — - and cot are called Cauchy's 

t — Iq Z 

kernel and Hilberfs kernel respectively. 

3°. Hilbert Transformation. Let us consider the singular 
integral equation 



H 



,_ ' =u(x), — oo<:r<oo (64) 



where u (x) is a given real function and v (x) is the unknown 
real function; we shall suppose that u (x) and v (x) satisfy 
Holder's condition and that for large values of j x \ the 
inequalities 

I b WI<tV and l y (*)l<-rV 

| x I I x I 

where A>0 and 6>0 

are fulfilled. 

Let us denote by F (z) the Gauchy-type integral involving 
the function v (t): 

oo 
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According to formulas (106) and (107) of Chapter 2, we have 

F+ (x) — F~ (x) = v (x) (65) 

and 

oo 

F+(x) + F~(z) = -±r J -^-, -oo<x<oo (66) 

— oo 

From (64) and (66) we conclude that the function F (z) 
must be the solution of the boundary-value problem 



F+(x)+F-(x) = ^- 



By virtue of formula (110) of Chapter 2, the solution of 
this problem turning into zero at infinity has the form 

f $ (z) for Im z > 

F < Z >=U*( Z ) for lmz<0 < 6? > 

where 

— oo 

Since, by (67) and (68), we have 

00 

F*(x)-F-(x) = <P(x) + <Dr(x)=—L j ^ 



)dt 
-x 



the sought-for solution v (x) of equation (64) is given by 
formula (65), that is 

— 00 

Formula (64) expressing the function u (x) in terms of the 
function v (x) specifies Hilberfs transformation; formula (69) 
giving the solution of integral equation (64) expresses Hil- 
berVs inverse transformation (it is also referred to as the in- 
version formula for Hilberfs transformation). 

4°. Integral Equation of the Theory of the Wing of an 
Airplane. In the theory of a thin wing of an airplane an 

16—0598 



£42 INTEGRAL EQUATIONS 

important role is played by the integral equation 

a 

4" j J T=rr = u W' -*<*<«. 0<a<oo (70) 

—a 

where v (x) and u (x) are real functions satisfying Holder's 
condition in the interval — a < x <. a. 
For the limiting values 

F* (x) = limF{z), lmz>0, 

and 

F-(x) = limF{z), lmz<0, 

of the function 



'W-E-J-7 



(t)dt 



we have the formulas 

F+(x) — F-(x) = v(x) (71) 

and 

a 

F+(x) + F-(x) = -L J -^|i, -a<z<a (72) 



-a 



which follow from formulas (106) and (107) of Chapter 2. 
Equalities (70) and (72) imply that the function F (z) must 
be the solution of the boundary-value problem 

F + {x) + F-{x) = ±^-, -a<x<a (73) 

F+ (x) — F~ (x) — 0, — oo<;r< — a, a<.x<oo (74) 

According to (73) and (74), the function 

Q{z) = Va*=PF(z) (75) 

satisfies the boundary conditions 



■Q-(*) = {" 



n*(*)+0-(*)H~ Val ~* u(a!) f ° r ~ a<x<a (76) 

0, — oo<a;<; — a for a<Cx<C.oc> 
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As was already shown in Sec. 5°, § 5 of Chapter 2, the 
solution of problem (76) is given by the formula 



f cp (z) tor 1m z > U 
°<H-<D W for Im Z <0 < 77 > 



where 



O 



(z)= ^\ v^umt + ^ (78) 



and C is an arbitrary constant. 

Let us compute the expressions Q* (x) and Q" {x) using 
formulas (77) and (78): 



Q + (x) = 


f 2 


and 




Q-(s) = 


1 9 



, 1 f /qi-fufltt , Co 

UW— "2n J T=^ "^T" 



u 

»(*>+ilrJ 



1_ f l/a 2 — t*u(t)dt __ Co_ 
t — x 2 



From these expressions, by virtue of (71) and (75), we di- 
rectly derive the inversion formula for integral equation (70): 



— a 

where C = Re C . 

On taking as C the value determined by the formula 

Jl J r « — a 

— a 

we obtain from (79) the solution of equation (70) which is 
bounded in the neighbourhood of the end point a: 



v(X)-—— j |/ (a _, )(a + !e) ( _ x {&>) 

— a 

Formula (80) expresses HilberVs transformation on a finite 
interval ( — a, a). 



16* 
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5°. Integral Equation with a Kernel Having Logarithmic 
Singularity. In continuum mechanics an integral equation 
of the form 

a 

i ^ In j t — x j v{t)dt = u{x), —a<x<a (81) 

— a 

where u (x) and v (x) are real functions is frequently encoun- 
tered. 

Let us assume that the function u (x) is differentiable and 

that the function v (x) and the derivative u , satisfy Hol- 
der's condition for — a < x < a; then we can repeat the 
argument presented in Sec. 2°, § 5 of Chapter 2, differentiate 
equation (81) and write it in the form 

o 

T J J r=^- =-"'(*)- -«<*<« (82) 



where the integral is understood in the sense of Cauchy's 
principal value. 

Formula (79) implies that the general solution of equation 
(82) is the function 






— 1» u'(t)dt 



where C is an arbitrary real constant. 

As was already mentioned in the foregoing section, the 
solution of equation (82) which is bounded in the neighbour- 
hood of the end point a is expressed by the formula 



"m-h/s±$ 



— x) u' (t) dt 

~\-x) t — X 



In applications it is sometimes necessary to find the solu- 
tion v (x) of equation (82) which is bounded at both end 
points of the interval ( — a, a). It is evident that this solu- 
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tion can only exist when the equality 

f^m- = (83) 

-o ' 
holds; in this case the solution has the form 



/ x 1 f,/ « a — ** u'(t)dt ^ ^ 

—a 

In particular, condition (83) holds in the case when u (x) 
is an even function. 



CHAPTER 6 

BASIC PRACTICAL METHODS 
FOR THE SOLUTION OF PARTIAL 
DIFFERENTIAL EQUATIONS 



§ 1. The Method of Separation of Variables 

1°. Solution of Mixed Problem for Equation of Oscillation 
of a String. In the theory of oscillation of a string an im- 
portant role is played by the solutions of the equation 

dx* ~di^~ K ' 

(the equation of oscillation of a string) which can be repre- 
sented in the form 

u (x, t) = v (x) w (t) (2) 

.Such solutions are called standing waves, and their construc- 
tion lies in the foundation of the method of separation of vari- 
ables (also referred to as Fourier's method). 

The substitution of expression (2) of u (x, t) into the left- 
hand side of equation (1) results in 

v" (x) w (t) — v (x) w" (t) = 
whence 

v"(x) _ w"(t) ,~ 

v{x) ' w(t) * ' 

Since the left-hand side of (3) is independent of t and the 
right-hand side is independent of x, there must be 

Ziff = J^ = const (4 ) 

V (x) w (t) v ' 

On denoting by — k the constant on the right-hand side 
of (4), we can rewrite these equalities in the form 

v" (x) + %v (x) = (5) 
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and 

w" (t) + hv (t) = (6) 

Equalities (5) and (6) are ordinary linear diSerential equa- 
tions of the second order with constant coefficients. 

From the theory of ordinary differential equations it is 
known that the general solution v (x) of equation (5) has 
the form 

v = c x x + c 2 (7) 

for % = 0, the form 

v — c 1 cosY K x+c 2 sin ]fk x (8) 

for k > 0, and the form 

i^deV^Xs-j-^e-y^X* (9) 

for X <Z where c t and c 2 are arbitrary real constants. 

Similarly, for X = 0, h> and A, < the general solu- 
tion of equation (6) has the form 

w = c b t + c 4 

u? = c 3 cos Y % £-fc 4 sin Y% t (10) 

w = c 3 e vr Z> + cji-V^ 1 * 

respectively where c 3 and c 4 are real arbitrary constants. 
Let us find a non-trivial (that is not identically equal to 
zero) solution u (x, t) of equation (1) which is regular in 
the half-strip <Z x < n, £ > and continuous for O^x^ 
<!n, t^zQ, and satisfies the boundary conditions 

u (0, t) = 0, u (it, t) = 0, *>0 (11) 

We shall construct the solution of problem (1), (11) as a 
standing wave of form (2). Then the functions v (x) and 
w (t) must satisfy equations (5) and (6) respectively and the 
conditions v (0) w (t) = v (n) w (t) = whence it follows 
that .1 

v (0) =0, v (n) = (12) 

The problem of determining a non-trivial solution v (x) 
of equation (5) satisfying conditions (12) is a special case of 
the so-called Sturm-Liouville problem. 
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A number K for which equation (5) possesses a non-trivial 
solution v (x) satisfying conditions (12) is called an eigen- 
value, and the solution v (x) itself is called an eigenfunction 
corresponding to (or belonging to or associated with) the eigen- 
value X. 

Problem (5), (12) possesses no non-trivial solutions of 
form (7) and (9); indeed, the substitution of expressions (7) 
and (9) of v (x) into (12) results in c 2 = 0, nc x + c 2 = and 
c i + c 2 — 0, e^-^Ci + e~ 1 ^~' Kjl c 2 = respectively, that 
is c 1 = c 2 = in both cases. Now let us substitute expression 
(8) into (12); this yields c x = and c 2 sin y~Xn = 0, whence 
it follows that problem (5), (12) possesses a non-trivial 
solution of form (8) if and only if 

sin Y A, n = 
Thus, the solutions of form (8) of problem (5), (12) exist only 
when \ = re 2 where n is a nonzero integer. 

Since the functions sin nx and sin ( — n) x = — sin nx are 
linearly dependent, it is natural to confine ourselves to the 
consideration of the natural values 1,2, ... of n. 

Thus, we have come to the conclusion that the numbers 
K = n 2 (n = 1, 2, . . .) are the eigenvalues of problem (5), 
(12), the corresponding eigenfunctions being c n sin nx (n = 
= 1, 2, . . .) where c n are arbitrary real constants different 
from zero. 

In what follows we shall suppose, without loss of general- 
ity, that c„ = 1 (re = 1, 2, . . .). Accordingly, the system 
of the eigenfunctions will be written in the form v n (x) = 
= sin nx (re = 1, 2, . . .). Consequently, homogeneous prob- 
lem (1), (11) possesses an infinitude of linearly independent 
solutions u n (x, t) = sin nx-w n (t) where, by virtue of (10), 

w n (t) = a n cos nt + b n sin nt 

and a n , b n are arbitrary real constants. 
The system of solutions 

sin nx (a n cos nt + b n sin nt) (re = 1, 2, . . .) (13) 

of equation (1) we have constructed makes it possible to solve 
the following mixed problem (the boundary-initial-value prob- 
lem): it is required to find the solution u (x, t) of equation (1) 
which is regular in the half -strip •< x < it, t > and con- 
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tinuous for O^x^ji, t ^ 0, and satisfies boundary condi- 
tions (11) and the initial conditions 

u(x, 0) = q>(*), *tl!!i±JL =Mx) (14) 



dt 



t=0 



where cp (x) and \p (x) are given sufficiently smooth real func- 
tions. 

We shall construct the solution u (x, t) of problem (1), (11) 
and (14) in the form of a series 

oo 

u(x, t)= V, sin nx (a n cos nt + b n sin nt) (15) 

It is evident that if the series on the right-hand side of 
formula (15) is uniformly convergent, the function u (x, t) 
specified by that formula satisfies boundary conditions (11) 
For this function to satisfy initial conditions (14) as well, 
we must have 

00 oo 

2 a n sin nx = cp (x), 2 nb n sin nx = ty(x) (16) 

ie= 1 n= 1 

whence 

ji n 

a n — — \ cp (x) sin nx dx and b n = — I ip (x) sin nx dx 

o o 

From the theory of Fourier's series it is known that the 
continuity of the functions q>" (x) and i|/ (x) in the inter- 
val O^Cz-^ji and the conditions q> (0) = q> (n) = i|) (0) = 
= i|) (it) = guarantee the validity of representation (16) 
and the uniform convergence of the trigonometric series on 
the right-hand side of (15). Besides, in this case the sum 
u (x, t) of series (15) is a continuously differentiable function 
for 0^x^.n, t^-0, satisfying conditions (11) and (14). 

If it is additionally known that the functions q> (x) and 
\|j (x) are continuous in the interval O^a^n together 
with their derivatives up to the third and the second order 
inclusive, respectively, and if q> (0) = q/' (0) = cp (ji) = 
= cp" (ji) = 0, \p (0) = \p (ji) = then the function u (x, t) 
represented by formula (15) possesses partial derivatives up 
to the second order inclusive, and these derivatives can be 
computed by means of term-by-term differentiation of the 
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series on the right-hand side of (15). It is evident that under 
these assumptions the sum u (x, t) of series (15) is the sought- 
for solution of the mixed (boundary-inil'al-value) problem (1), 
(11), (14). Each of the sumniands 

sin nx (a n cos nt + b n sin nt) (n == 1, 2, . . .) 

on the right-hand side of (15) is called (in the theory of prop- 
agation of sound) natural oscillation (or a harmonic) of the 
string whose end points (0, 0) and (n, 0) are fixed. 

Let us prove the uniqueness of the solution of mixed prob- 
lem (1), (11), (14). To this end it is sufficient to show that 
for q> (x) = t|) (x) = 0, 0<x<n problem (1), (11), (14) 
possesses only a trivial solution (i.e. the solution identical- 
ly equal to zero). 

As was already proved in Sec. 1°, § 3 of Chapter 3, the 
solution u (x, t) of the homogeneous Cauchy problem 

u (x, 0) = 0, -^ — - = 0, OsS^a^n, for equation (1) 

is identically equal to zero within the right triangle with 
vertices at the points A (0, 0), B (n, 0) and C (ji/2, n/2). It 
can easily be seen that the solution u (x, t) of equation (1) 
which is equal to zero on the line segments A C and AD where 
D = D (0, n/2) turns into zero everywhere in the triangle 
ACD. Indeed, the integration of the identity 

_9 _£_ (J!}Ll}L\ _i__£_ ( —\ 2 j- JL ( du \ 2 — n 

dx { dx dt ) + dt \ dx ) "i dt [ dt ) 

over the triangular domain AC X D X , where C x = C x (x, x) 
and D x — D x (0, x), for any fixed x, < x ■< n/2, yields, 
by virtue of formula (GO), the equality 

j *££*+(£)'*+(*) , *-« 

AC X + C X D X +D X A 

Since u = on the line segments AC X and D X A, we derive 
from the last equality the relation 



i \m+m'v*-° 



which means that ,' = \] ' = on D X C X ; it fol- 

dx dt x x ' 

lows that u (x, t) = in the triangle ACD. It can similarly 
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bo proved that we also have u (x, t) = everywhere in the 
triangle BCD 1 where D x = D 1 (n, rc/2). 

Since the function u (x, t) satisfies the homogeneous ini- 
tial conditions u (x, t) = ' ' = for t = n/2, 0^.x^. 

^.n, the consecutive repetition of the above argument leads 
to the conclusion that u (x, t ) = at all the points belong- 
ing to the strip O^x^jt, t >- 0. 

2°. Oscillation of a Membrane. The oscillation of an 
elastic membrane whose edge is fixed along a curve C lying 
in the plane t = and bounding a finite domain G in that 
plane is described by the solution of the wave equation with 
two spatial variables x and y (the equation of oscillation of a 
membrane) 

dx* ' dy* at 2 \ ' 

This solution satisfies initial conditions of the form 

u(x, y, 0)-<?(x, y), du(x ^ y ' ° \ (=q = 

= !>(*, y), (*, V)tG (18) 
and the boundary condition 

u (x, y, t) = 0, t > 0, (x, y)eC (19) 

Using the method of standing waves which was considered 
in the foregoing section, we conclude, in an analogous man- 
ner, that for an expression of the form 

u (x, y, t) = v (x, y) w (t) (20) 

to satisfy equation (17), the functions v (x, y) and w (t) must 
be solutions of the equations 

Av (x, y) + kv (x, y) - (21) 



and 



respectively where 



w" (t) + ho (t) = (22) 



l= _ Av(x,y) =r _J^ig, = , const 
v(x, y) w(t) 

and A is Laplace's operator d 2 /dx 2 + d i ldy i . 
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On substituting the expression of the function u {x, y, t) 
given by formula (20) into boundary condition (19), we 
obtain 

v (x, y) w (t) = 0, (x, y) £C, t > 

The last relation is equivalent to the boundary condition 

v (x, y) = 0, (x, y)£C (23) 

for the function v (x, y). 

A number % for which Dirichlet's homogeneous problem 
(23) for Helmholtz' equation (21) possesses a non-trivial 
solution v (x, y) is called an eigenvalue, and the function 
v (x, y) is called an eigen) 'unction corresponding to (or asso- 
ciated with) %. 

Let us suppose that the contour C bounding the plane 
region G is a piecewise-smooth Jordan curve and that v(x,y) 
is an eigenfunction of problem (21), (23) associated with 
an eigenvalue K. 

On integrating the obvious identity 

over the domain G and using formula (GO), we obtain, by 
virtue of (21) and (23), the relation 

\ (v% + vl) dxdy = \ v -^- ds— \ v Av dx dy = % \ v 2 dx dy 
g c G G 

From this relation we conclude that the eigenvalue K must be 
positive. Therefore we can use the notation K = u 2 where [A 
is a real number. Accordingly, by virtue of (10), the general 
solution of equation (22) can be written in the form 

w (t) = c 3 cos pt + c 4 s i n Pi (24) 

Formula (24) implies that w (t) is a periodic function 
with period 2n/|x. 

For some general assumptions concerning the domain G it 
can be proved that there exists a countable set of the numbers 
\i x , (j, 2 , . . . and the corresponding countable set of eigenfunc- 
tions v 1 (x, y), v 2 (x, y), . . . . Below we shall prove this 
fact for the special case when the domain G is a circle. 
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The solutions of equation (22) having form (24) and cor- 
responding to |A„ (w = 1, 2, . . .) can be written in the form 
w n (t) — a n cos \i n t + b n sin \i n t where a n and b n are arbit- 
rary real constants; the corresponding system of solutions 
of equation (17) is 

u n (x, y, t) = v n {x, y) (a n cos \i n t + b n sin \i, n t) (25) 

n = 1, 2, . . . 

// v h and v m are two eigen) 'unctions corresponding to % h and 
^m (K ¥=km) then 

j v k {x, y) v m (x, y)dxdy = 0, k^=m (26) 

G 

To prove equality (26) it is sufficient to integrate the 
identity 

= Vk&v m — v m Av k 

over the domain G and then make use of formula (GO) and 
the equalities 

Av k = — K h v k , Av m = — X m v m , (x, y) £G 

vk (x, y) = v m (x, y) = 0, (x, y) £C 

This results in 

J (»k Av m — v m Av h ) dx dy = (k h — K m ) j v h v m dxdy=^0 

G G 

whence, since k h =?*=A, m , follows formula (26). 

We shall construct the solution u (x, y, t) of problem (17), 
(18), (19) in the form of a series 

00 

u {x, y, t)= 2 v n (x, y) (a n cos pj + b n sin nJ) (27) 

where a n and b n (n = 1, 2, . . .) are some real constants. 
Let us suppose that the series on the right-hand side of 
(27) is uniformly convergent and that it is legitimate to 
differentiate it twice term-by-term; then the sum u (x, y, t) 
of that series will satisfy equation (17) and boundary condi- 
tion (19). 
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For the function u (x, y, t) to satisfy initial conditions (18) 
as well, the coefficients a n and b n must be such that the 
equalities 

2 a n Vn(x, y) = w{x, y), 2 Ma^. y)=^(^. «/) (28) 

hold, whence, taking into account (26), we find 

1 % < 29 > 

G 

where 

^ <«>„) = ( Jw«(*, y)dsdy) i/2 (30) 

G 

The number iV (u n ) determined by formula (30) is called 
the norm of the function v n (x, y). 

3°. The Notion of a Complete Orthonormal System of 
Functions. Real functions v h (x, y) (ft = 1, ..., n) defined 
in a domain G each of which is not identically equal to zero 
are said to be linearly independent if there are no real con- 
stants c h (ft = 1, . . ., n) among which at least one is differ- 
ent from zero such that 

n 

2 c k v k (x, !/) = 0, (x, y)£G 

An infinite system of functions 

v h (x, y) (ft = 1, 2, . . .) (31) 

is called linearly independent if any finite system of functions 
v k ( x , y) chosen from system (31) is linearly independent. 
We shall suppose that the functions v h (x, y) (ft = 1, 2, . . .) 
are square integrable in the domain G. A linearly independent 
system of form (31) is said to be orthogonal if 

J v k (x, y) v m (x, y)dxdy = 0, k^=m (32) 

G 

An orthogonal system of form (31) is called orthonormal if 
N (v h ) = 1 (ft = 1, 2, . . .) 
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It is obvious that, given an orthogonal system of form 
(31), we can always make it orthonormal by dividing its 
every member v h (x, y) by the corresponding number N (v h ). 

Let 9 (x, y) be an arbitrary function defined and square 
integrable in G, and let system (31) be orthonormal. Then 
the numbers 

flft = J <P (x, y) »h (*, y) dx dy (fe = 1, 2, . . .) (33) 

G 

are called Fourier's coefficients of the function cp (x, y) with 
respect to orthonormal system (31). 

n 

An expression of the form ^a k v h (x, y) where a h are real 

ft- 1 
constants will be referred to as a linear combination of the 
functions v h (x, y) (k = 1, . . ., n). 

The number 

n 

M =\ ( f P-2 Wxfdxdy (34) 

a fe=i 

is called the mean square deviation of the linear combination 

n 

2 a ft y ft ( x > y) from the function cp. 
ft=i 

By virtue of (32) and (33), formula (34) implies that 

M = ^(<p)+ 2 (a fc -a k ) 2 - 2 <&>® 

ft=l h=l 

whence it follows that for a fixed value of n mean square 
deviation (34) attains its minimum when a h = a h (k = 
= 1 n). 

n 

For the linear combination ^a k v k (x, y) we have the in- 

ft=i 
equality 

n 

J (<P— 2 a n v h) dxdy^O 

G ft = l 

which implies that 

2 a|<.tf»(cp) (35) 
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for any n. Consequently, the number series whose terms are 
the squares of Fourier's coefficients of the function cp (x, y) is 
convergent, and the inequality 

oo 

2Ja]!<tf 2 (<P) ( 36 ) 

ft-i 

is fulfilled. Relation (36) is called BesseVs inequality. 

An orthonormal system of form (31) is said to be complete 
(in the function space to which cp (x, y) and v k (x, y), k — 
= 1, 2, . . ., belong) if 

n 

lim \ ( <p — 2 a h v h ) dxdy = 

or, which is the same, 

2aJt = ,/V*(q>) (37) 

ft=i 

Condition (37) expressing the completeness of system (31) 
by far not always guarantees that the function cp (x, y) can 
be represented as the sum of the first series (28): 

00 

<p(*, y)= 2 Whiz, y) (38) 

// the function cp (x, y) is continuous together with its partial 
derivatives up to the second order inclusive, representation (38) 
is sure to hold. 

If we assume that the functions cp (x, y) and \p (x, y) are 
continuous together with their derivatives up to the second 
order inclusive, the series on the right-hand side of (27) whose 
coefficients a n and b n are determined by formulas (29) is 
uniformly convergent. To guarantee the possibility of term- 
by-term differentiation of that series in order to compute 
the derivatives up to the second order we should addition- 
ally assume that the derivatives of cp (x, y) and op (x, y) 
up to the fourth and the third order respectively are contin- 
uous. Under these assumptions the sum u (x, y, t) of series 
(27) will be a regular solution of equation (17). 

This assertion can be proved using the theory of the Fred- 
holm integral equations, but here we shall not dwell on 
the proof. 
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4°. Oscillation of Circular Membrane* In the study of 
the oscillation of a circular membrane we shall assume, with- 
out loss of generality, that in the state of equilibrium the 
membrane occupies the circle x 2 + y 2 ^ 1 in the xi/-plane. 
| In this section, besides the orthogonal Cartesian coordi- 
nates x, y, we shall also use the polar coordinates r, 9 which 
are connected with x and y by the equalities x = r cos 9 
and y = r sin 9. 

When we pass from the orthogonal Cartesian coordinates 
to the polar coordinates, Laplace's operator is transformed 
according to the formula 

Therefore in the polar coordinates equation (21) is written as 

e?+Tl? + ira& + » av==0 > ^ =x (39) 

For a function v (r, 9) of the form 

v (r, 0) = R (r) (9) (40) 

to be a solution of equation (39), the functions R (r) and 
(9) should satisfy the equations 

r 2 R" (r) + rR' (r) + (fiV 2 - co) i? (r) = (41) 

and 

" (9) + co0 (9) = (42) 

respectively where (o is a real constant: 

ffi = g- = ! — ^— ■ — - — = const 

From (40) it follows that for the function v (r, 9) to be one- 
valued, the function (9) must be one-valued, that is 
(9) must be a periodic function of period 2n. It follows 
that in equation (42) the constant co must be equal to re 8 : 
co = n 2 where n is an arbitrary integer. Accordingly, the 
general solution of equation (42) takes the form 

(9) = a n cos w9 + p n sin nQ (43) 

where a n and p n are arbitrary real constants. 

17-0598 
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If R (r) is a solution of equation (41) which is regular for 
^ r <. 1 and continuous for ^r ^ 1, and satisfies the 
condition 

R (1) = (44) 

then, in the case under consideration, the function v (r, 0) 

represented by formula (40) is a solution of problem (21), (23). 

On changing the variable r with the aid of the formula 

\ir = p and transforming the unknown function according to 

the formula R (r) = R ( — ) = / (p) we bring equation (41) 

to the form 

■np)+-f.np)+(i--|J-)/(p)=o (45) 

In what follows we shall assume that the integer n satisfies 
the condition n ^ 0. 

Let us consider the power series 

ft-0 

k 

Since (k\) 2 = [f j(k — j + i)>k h , we have 

2™k\(n + k)\ ^- fe* 
for k > 0, and therefore 



2h / 1 

lim y — — = 



Now, taking into account the Cauchy-Hadamard formula, 
we conclude that the radius of convergence of power series 
(46)^is infinite, whence it follows that the sum of series (46) 
is an entire function of the variable z. 

The last fact makes it possible to verify directly that the 
entire functions 

■Mp)=2(-l) V a ft P fe , (n+fe) , <»«0.1,...) (47) 

ft=0 

satisfy equation (45), that is the functions R (r) = J n (fir) 
are solutions of equation (41) for co = w 2 . 



the Method of separation of variables fc5§ 

The functions J n (p) (n = 0, 1, . . .) determined by for- 
mula (47) are called BesseVs functions (of the first kind); they 
satisfy equation (45) which is referred to as BesseVs equation. 

It can be proved that BesseVs function with a nonnegative 
integral index n possesses an infinite (countable) set of real 
zeros. We shall denote them as p n> m (m = 1, 2, . . .). 

The eigenvalues (A 2 of problem (41), (44) should be found 
from the equalities 

R (1) = /„ (,x) =0 (« = 0, 1, . . .) 

Consequently, the eigenvalues of problem (41), (44) are the 
squares of the zeros of BesseVs functions, that is 

Hm = Pn, m ¥=0 

From (40) and (43) it follows that the eigenfunctions as- 
sociated with these eigenvalues have the form 

v n , m (r, 6) = J n (p„, m r)'(a n cos nQ + p"„ sin nQ) (48) 

On substituting the expression of v n< m (r, 9) given by (48) 
into the right-hand side of formula (25), we obtain the solu- 
tions 

"n. m (*. J/. *) = J n (Pn.m r) (a, COS «9 + 

+ p n sin ra8) (a n , m cos p„, m t + b n> m sin p Bi m t) (49) 
n = 0, 1, . . .; m = 1, 2, . . . 

of equation (17) satisfying boundary condition (19); each of 
these solutions describes natural oscillation of a circular 
membrane with a fixed edge. 

For the case under consideration, the family of solutions 
(49) of equation (17) makes it possible to construct the solu- 
tion of problem (17), (18), (19) using the scheme indicated 
in Sec. 2°, § 4 of the present chapter. 

Equation (21) is called the metaharmonic equation, and its 
regular solutions are termed metaharmonic functions. 

On substituting the solutions J n (\ir) and cos re8, sin nQ, 
u. 2 = X, n = 0, 1, . . ., of equations (41) and (42) into the 
right-hand side of (40) we obtain the metaharmonic func- 
tions J n (\ir) cos nQ and /„ (\x.r) sin nQ. The first of these 

functions turns into zero on the circles r — ^^ and on the 

17* 
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rays 8 = (nk + y \ln while the second function turns into 

zero on the circles r = ^^ and on the rays 8 = nk/n, 

m = I, 2, ...; k = 0, 1, ..., « — 1; these circles and 
rays on which the functions turn into zero are called nodal 
lines. 

As we know, the Dirichlet problem for Laplace's equation 
is always solvable and its solution is unique; for metahar- 
monic equation (21) an analogous assertion may not hold. 
For instance, as was mentioned above, homogeneous Di- 
richlet problem (23) for equation (21) possesses the linearly 
independent solutions J n (p„_ m r) cos «0 and /„ (p n , m r) X 
X sin ra8 in the circle r <C 1 for k — p£ _ m whereas, as it 
turns out, in some cases the non-homogeneous Dirichlet 
problem has no solutions. 

5°. Some General Remarks on the Method of Separation 
of Variables. The Fourier method of separation of variables 
can be successfully used for constructing solutions of a wide 
class of partial differential equations. 

Let us consider an equation of the form 

= a(i>|£ + p(i)f- + V(*)" (50) 

For a function u (x, t) of the form 

u (as, t) — v (x) w (t) (51) 

to satisfy equation (50) the functions v (x) and w (t) must 
satisfy the equations 



+ [C(z) + k]v(x) = (52) 
and 

a (t) w" (t) + p (t) w' (t) + [y (t) + X]w(t)=0 (53) 
respectively where k— const. 
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When the number of spatial variables is n — 1, that is in 
the case of the equation 

A(x)j£ + B(x)-%r + C(x)u=: 

= a(*)j£ + P(*)-fr + Y(*)« (54) 

the corresponding equation of form (52) for the function 
v (x) is written as 

A {x) v" + B (x) v' + \C (x) + k] v = (55) 

Both equations (53) and (55) are ordinary linear differential 
equations whose solutions can be investigated in a rather 
simple way. However, the construction of the complete sys- 
tem of solutions oi\ form (51) for equation (54) and the proof 
of the possibility of the representation of the solution u (x, t) 
of mixed problem (18), (19) for this equation in the form of 
the sum of a series with respect to solutions (51) cannot be 
performed without resorting to the spectral theory of linear 
operators. 

The investigation of this problem becomes very compli- 
cated when there are separate points" in the] interval of 
variation of the independent variable x"{ox t) at which the 
function A (x) (or the function a (t)) turns into zero. Howe- 
ver, it is these cases that are most frequently encountered 
in applications. To investigate problems of this kind it be- 
comes necessary to consider the so-called special functions. 

In the case when A (x) = x 2 , B (x) = x, C (x) = x 2 , X = 
= — u. a equation (55) is BesseVs equation 

xV + xv' + (x 2 - u 2 ) v = 

which we considered earlier. The solutions of this equation 
are called BesseVs (or cylindrical) functions. Bessel's func- 
tions J n (x) with nonnegative integral indices n were used 
in the foregoing section. 

In the case when A (x) = 1 — x 2 , B (x) = — x, C (x) = 
= 0, % — n 2 equation (55) is Chebyshev's equation 

(1 — x 2 ) v" — xv' + n 2 v = 

Chebyshev's functions 

T n {x) = U{x+i yi=x-*) n + {x-i VT=x-*) n ] 
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and 

u n (x) = j r [(x + i VT=^) n -(x-i J/T=^) n ] 

(ra = 0, 1, . . .) are solutions of Chebyshev's equation; it is 
obvious that the functions T n (x) are polynomials (they are 
called Chebyshev's polynomials). 
Laguerre 1 s equation 

xv* + (1 - x) v' + %v = 

is also a special case of equation (55). 

6°. Solid and Surface Spherical Harmonics. By virtue 
of formula (26) of Introduction, the homogeneous poly- 
nomials 

«Z? (*, V, z) = 2 ( - l) n -(gi A" (* V- a ) (56) 

a = 0, . . .,m 
and 

i£ + fi+i(x,y,z)= 2 (-*)" (2^+1)1 A "(^ w " g "') ( 5? ) 
p = m — 1 

where A = 5-5 + -j-5) are harmonic 

functions; they are called solid spherical harmonics. 

Formulas (56) and (57) give all linearly independent solid 
spherical harmonics of degree m, their total number being 
2m + 1. 

For instance, putting m = 1 in formulas (56) and (57) 
we obtain 

uj = y, u\ = x, u\ = z 

and putting m = 2 we obtain 

"0 = y 2 — 2 2 > U l = X V' U\ = X* — Z 2 , 
u\ = zj/, if£ = za; 

If we pass to the spherical coordinates r, <p, 8 which are 
connected with the orthogonal Cartesian coordinates x, y, z 
by means of the relations 

x = r cos (p sin 6, y = r sin cp sin 0, z = r cos 
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the solid spherical harmonics uf {x, y, z) take the form 

ifi(x, y, z) = r m y£(cp, 6), k = 0,...,2m (58) 

where the expressions Y^ (q>, 8) are called Laplace's surface 
spherical harmonics. 

As was already mentioned in Sec. 1°, § 1 of Chapter 1, 
the harmonicity of functions (58) implies the harmonicity 
of the functions 

f»?(-£-. 7T. 7V) =7^-^(9,6), A = 2m (59) 

Let us write Laplace's equation u xx + u vv + u zz = in 
spherical coordinates: 



dr V dr i + sin* 8 d<? + sin 8 58 \ Sm ° 58/ U 

If we require that a function u (x, y, z) of the form 

u (x, y, z) =Y (<p, 6) w (r) 

should be harmonic, the separation of variables yields 

^( r2 ^)_^ = (60) 

and 

• id ttH =— q- -35- ( sin 6 -To- ) q- A,Y = (61) 

sin 2 8 5<p 2 ' sin8 38 \ 58 / v ' 

where K = const. 

In particular, for K = m (m + 1) equations (60) and (61) 
take the form 

d i _, dw 

17 
and 

. „ a - -?-*-! — =— H--35- (sm 6 -T5- -fw(m + l) Y = (63) 
sin 2 8 5q>» ' sin 8 58 V 58 I ' v i / v / 

1 u 

The factors -^+5- and Y m (cp, 9) in expressions (59) for 

the harmonic functions — u™ ( -^- , -^- , -^- j are solutions 
of equations (62) and (63) respectively. 



(r 2 ^r)-m(m+l)w = (62) 
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For a function Y (<p, 6) of the form 

Y (<p, 0) = O (q>) 6 (6) 

to be a solution of equation (63), the functions <t> and 
must satisfy the equations 

0>" + pel) = 0, (64) 

and 

lilTl( sine l|-)+h(- + 1 )-iOT] = ( 65 ) 

respectively where fx = const. 

The condition that the function Y (qj, 8) is periodic with 
respect to cp with period 2a implies that the constant |x 
in equation (64) must be equal to the square of an integer: 
H = n 2 where n is an integral number. Accordingly, using 
the notation cos = t and (0) = 8 (arecos t) = v (t) we 
rewrite equation (65) in the form 

(l_«2)p»_2to' + [ro(ro + l) — T 2l r ]i; = (66) 

From equation (66), for n = 0, we obtain the equation 

(1 - t 2 ) v" — 1W + m (m + 1) v = 

known as Legendre's equation. The linearly independent 
solutions of this equation are called Legendre's functions of 
the first and of the second kind and are denoted P m (cos 0) 
and Q m (cos 8) respectively. 

As to the linearly independent solutions P„ (cos 0) and 
@m (cos 9) of equation (66), they are called Legendre's asso- 
ciated functions of the first and of the second kind. 

7°. Forced Oscillation. The non-homogeneous equation 

«?-—«•- = /(*• t) (67) 

where / (x, t) is a given real continuous function, is referred 
to as the equation of forced oscillation of a string. 

In the case when / (x, t) = f n (t) sin nx it is natural to 
construct the solution u n (x, t) of equation (67) in the form 
itn (x, t) = w n (t) sin nx. From (67) we obtain the ordinary 
linear differential equation 

w' n (t) + n*w n (t) = -/, (t) 
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for the determination of w n (t); it is obvious that the func- 
tion 

t 

«* - - ! 

n 


is a particular solution of this equation. Consequently, the 
general solution of this equation has the form 



<A(t) = - 4" J in (T) sin n (t - x) dx 



w n (t) = a n cos nt -f b n sin nt \ f n (x) sin n (t — x) dx 

o 

where a n and b n are arbitrary real constants. 
The system of solutions 

u n (x, t) = 

t 

= sin nx a n cos nt + b n sin nt I /„ (t) sin n (t — t) dx \ 

o 
n = l,2,... 

of equation (67) makes it possible to investigate mixed prob- 
lem (67), (11), (14). 

Let the functions cp (x) and ij) (x) be the sums of series (16) 

oo 

and let / (x, t) = 2 fn (0 sin nx. Under the assumption 

n-l 

that these series can be differentiated and integrated term- 
wise, the solution u (x, t) of mixed problem (67), (11), (14) 
can be written in the form 

oo 

u (x, t) = ^ sin nx a n cos nt -f- b n sin nt — 

n=l 

t 
— -J f n (r) sin n{t-x)dx] 

o 

It should be noted that if the boundary conditions are 
non-homogeneous, that is if instead of (11) we have u (0, t) — 
= a (t) and u (n, t) = {3 (t) where a (t) and {3 (t) are twice 
continuously differentiate functions, the transformation 
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u {x, t) = v (;r, t) + a (t) -\ [p (t) — a (t)] of the \\in- 

known function u (x, t) in equation (67) results in the equa- 
tion 

S~- Sr = /(*.*)+«*(0H-H-lP'(0-«"(0] 

for the new unknown function v (x, t); the new boundary 
conditions are homogeneous: v (0, t) = v (n, t) = 0. The 
initial conditions for the function v (x, t) are obtained by 
changing in the corresponding manner the initial conditions 
for u (x, t). 

Forced oscillations of a membrane can be investigated in a 
similar way. 



§ 2. The Method of Integral Transformation 

1°. Integral Representation of Solutions of Ordinary Linear 
Differential Equations of the Second Order. The class of 
differential equations whose solutions can be expressed in 

terms of elementary functions is rather narrow. 

In the foregoing section we used the method of separation 
of variables in order to construct solutions of partial differ- 
ential equations as sums of infinite series. However, it is 
sometimes convenient to represent the solution of a differ- 
ential equation under consideration in the form of an inte- 
gral involving some known functions and also solutions of 
some simpler equations. 

Let us consider an ordinary homogeneous linear differen- 
tial equation of the second order of the form 

L(y) = p (z) y' + q(z)y' + r (z) y = (68) 

whose coefficients are analytic functions defined throughout 
the whole complex plane of the variable z. 

We shall seek the solution y (z) of equation (68) in the form 
of the integral 

y{z)=\K(z,l)v(t t )dl (69) 

<? 
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where C is a piecewise smooth contour, v (£) is an analytic 
function (yet unknown), and K (z, £) is an analytic function 
with respect to the variables z, t, satisfying an equation of 
the form 

p{z)^- + q(z)^-+r(z)K = a(l)^ r + b^)^ + c(l)K 

(70) 

the coefficients a (£), b (£) and c (£) being some given ana- 
lytic functions. 

The calculations below are carried out under the assump- 
tion that all the operations we perform are legitimate. From 
(69) we obtain 



Hy)=^L(K)v&)dZ 



Taking into account (70) we can rewrite this relation in 
the form 

L{y)=\M(K)v{t)dt (71) 

c 

where the symbol M under the integral sign denotes the 
differential operator on the right-hand side of (70): M = 

= o(0^f+6(C)^-+e(C). 

Let us perform integration by parts in (71). Then, assum- 
ing that in the resultant expression all the terms not involv- 
ing integrals turn into zero, we obtain 

L(y)= j#(z, Z)M*{v)dl (72) 

c 
where 

M*(v) = -^-(av)-±(bv) + ca)v 

is the (Lagrange) adjoint differential operator of M. 
In case the function v satisfies the equation 

M* (v) = (73) 

the function y (z) expressed by formula (69) is obviously a 
solution of differential equation (68), 
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To demonstrate the application of this technique let us 
consider Bessel's equation (45) which we shall write in the 
form 

zY + zy' + (z 2 - n 2 ) y = (74) 

We shall construct the solution y(z) of equation (74) using 
formula (69) in which we put 

K(z, C) = =F -jj- e~" 8,n K 

In this case we have 
L (K) = z*K zz + zK z + (z 2 -n*) K = -K& - n 2 K 
and therefore equalities (71) and (72) are written in the form 

L(j,) = -j(* K + n»tf)i;(&)dC = 



= ±-J r J0>cC + re2 o)e- izsln!; <2? 



From the last relation we conclude that M * = — -^ — n 2 , 
that is equation (73) has the form 

d*v 



d? 



-ra 2 y = 



The solutions of this equation are the functions e ±in &. 

Consequently, the functions determined by formula (69) 
in which 

K{z, £) = q=-i-e-«"in"e and u(C) = e lnC 

are solutions of Bessel's equation (74). 

All the operations we have performed are legitimate if 
we suppose that Re z >> and if, for instance, we take as 
the contour of integration C in formula (69) the broken line 

% = 0, - oo < T] < 0; n = 0, —n < £ < 0; 

I = —n, < T] < oo (75) 

(see Fig. 24) or the broken line 

| = 0, -oo<ti<0;ti = 0, < £ < it; 

| = it, < tj< oo, £ = | + it) (76) 
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Let the path of integration C be broken line (75) and let 
K (z, I) = — - e~ iz sin t. We shall denote by Hi, (z) the cor- 
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Fig. 24 

responding solution of equation (74) denned by formula (69) 
in the half-plane Re z >■ 0: 

o 
H\(z)= \ exp ( — iz sin ir\ — nr\) dr\ — 

— oo 

— n 

\ exp( — jzsin£-f-ngi)d| — 

o 

\ exp(izsinin — nr\ — itni)dr\ (77) 

n j 
o 

In the case when the path C coincides with broken line 
(76) and K (z, £) = -«- lJ8ta S we shall denote the corre- 
sponding solution as H\ (z): 

o 
H\{z) = — I exp( — iz sin ix\— nr\) dr\-\- 

— oo 

+ — \ exp( — iz sin I +n\i)d\-\- 
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oo 

-)-— - \ exp(izsinJT) — mq-^- nni) d^ (78) 
o 
Taking into account the relation 

e _T1 — e 11 sinh ti 

Sin ETlc= -: = : — '- 

1 2( i 

we can rewrite formulas (77) and (78) (after some simple 
transformations) in the form 

o 
H\(z)= — - \ exp(zsinhT) — nvft d"(\-\- 

3X1 J 

— oo 



+ — J exp( — iz sin 1 + in I) dl + 

-31 

oo 

H -\exp( — zsinht] — nr\ — nni)dr\ (79) 

o 
and 

o 

H\{z) = - \ exp (zsinhri — nr\)dx[-\- 

— oo 

-f — \ exp ( — iz sin |+ ire \) d\— 

o 

OO 

\ exp( — zsinhr] — nr\-\- nni) d-q (80) 

o 
respectively. 

The solutions of Bessel's equation (74) specified by formu- 
las (79) and (80) are called HankeVs functions (they are also 
referred to as BesseVs junctions of the third kind). Their linear 
combination 

/» (a) =4 [#i (*) + #»(*)] (81) 

is BesseVs function (of the first kind) and the linear com- 
bination 

N n (z)<m±[m n (z)-H\(z)] (82) 
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is called Neumann's function (also referred to as BesseVs 
function of the second kind). 

From (79), (80) and (81) we obtain 

Jt 

J n( z )=-^T j exp( — izsing + in!)dg — 

-at 

sin ran 



— — \ exp ( — z sinh n — rer|) dr| (83) 
o 

In the case when n is an integer the second summand on 
the right-hand side of (83) vanishes, and the expression for 
J n (z) takes the form 

jt 
/„(z) = -2^- \ exp( — izsm\-\-inl)d\~ 
-at 

it 

= — \ cos (z sin | — ra|) d\ (84) 
o 

From formula (84) it follows that for an integral value of 
the index n the expression J n (z) is an entire function of the 
complex variable z, and, besides, 

it 
/_ n (z) = — J cos (z sin % + n\) d\ = 
o 
it 

= — \ cos [zsin (it — 1) + n (jt — t)] dt = 

o 

= ( — l) n -i- f cos (z sin f — re*) dt = ( — l) n J n (z) 
o 

It can be proved that the solutions of BesseVs equation (74) 
determined by formulas (79) and (80) in the half-plane Rez> 
> can be continued analytically to the half-plane Re z < 
/or any value of the index n and that when the number n is 
non-integral the points z — and z = oo of the complex vari- 
able z are branch points for the analytically continued func- 
tions. 
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Besides, the functions J n (z) and N n (z) are linearly inde- 
pendent, and they can be represented as the sums of the series 

ft=0 

and 

yy /,v Jn (z) COS ran — /_ n (z) 
n ^ ' sin nn 

respectively. 

The fact that the function J n (z) determined by formula 
(85) satisfies equation (74) can easily be verified directly if 
we take into account the well-known property of Euler's 
gamma function: T (k -\- i) = kT (k). 

2°. Laplace, Fourier and Mellin Transforms. Let / (t) be 
a real or a complex function of the real variable t, ^ t < 

< oo, satisfying the following conditions: (1) the function 
/ (t) is continuous everywhere except, possibly, a finite 
number of points of discontinuity of the first kind, and (2) 
there exist constants M > and \ > such that | / (t) | < 

< M e&o* for all t. 

Under these assumptions the integral 

^(C)=j /(*)«-»* (86) 

o 

exists for all values of £ whose real parts satisfy the inequal- 
ity Re £ > | and is an analytic function of the complex 
variable £ = | + ii\ in the half-plane Re £ > % . 

The function F (£) determined by formula (86) is called 
the Laplace transform (or image) of the function / (t), and 
the function / (t) itself is referred to as the original (or the 
Laplace inverse transform or the inverse image of F(£)). The 
transformation from / (t) to F (£) is called the Laplace trans- 
formation. 

In applications we frequently encounter the problem of 
inverting equality (86); in other words, it is sometimes nec- 
essary to express the original f (t) in terms' of its Laplace 
transform F (£) (this operation is referred to as the Laplace 
inverse transformation). 
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it can be proved that if (1) the function F (£) is analytic 
in the half-plane Re £ > £ , (2) for Re £ ^ a where a is 
any number exceeding £ the function F (£) ierads to zero as 
£ -> oo uniformly with respect to arg £: 

limF(£) = 
and (3) t^e integral 

j F(a + in)dT! 

— 00 

is absolutely convergent, then the Laplace inverse transform of 
the function F (£) exists, and the transformation inverse to 
(86) has the form 

oo 

/ (t) = r^- j *> + *t|) e (n+iT1)t dt| (87) 

— oo 

if&ere ffee integral on the right-hand side is understood in the 
sense of Cauchy's principal value. 
Using the notation 

g(t) = f(t)e~ ai and G (t,) = -±= F (a + ix\) 
we can rewrite formulas (86) and (87) in the following way: 

oo 

6(r\) = -^=-^e-^g(t)dt (88) 

and 

g(t) = -l=r J e'l'GODdtj (89) 

' — oo 

The function G (r\) defined by formula (88) is called the 
Fourier transform of the function g (t) (formula (88) itself 
expresses the Fourier transformation from g (t) to G (x\)).\ln 
case g (t) = for — oo < t < the lower limit of inte- 
gration on the right-hand side of (88) can obviously be taken 
equal to — oo. 

Accordingly, formula (89) expresses the Fourier inverse 
transformation from G (r\) to g (t), and g (t) is the original 

18-0598 
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(or the Fourier inverse transform or the inverse image) of G (tj). 
If the function g (t) is defined everywhere f or — oo < t < 

< oo (it must not necessarily be equal to zero for — oo ■< 

< f <C 0), by the Fourier transform of this function is meant 
the integral 

oo 

G(i\) = -±=r^ e-**g(t)dt (90) 

— oo 

For Fourier transform (90) to exist it is sufficient that the 
function g (t) should satisfy the following conditions: (a) 
g (t) has a finite number of extrema, (b) it is continuous every- 
where except, possibly, a finite number of points of disconti- 
nuity of the first kind, and (c) the integral 



oo 

J g(t)dt 



is absolutely convergent; in this case the transformation inverse 
to (90) is expressed by formula (89). 

Although the proof of this fact does]"not require intricate 
mathematical techniques, we shall not dwell on it here. 

The replacement of the variable of integration x\ by — r\ 
readily shows that formula (89) can be taken as the original 
definition of the Fourier transformation for which transforma- 
tion (90) plays the role of its inversion. 

The Mellin transformation from a function / (t) defined 
for ^ t <; oo to a new function F (£) of the complex 
variable £ is specified by the integral 

/?(£)= jtf- */(*)<** (91) 

o 

where £ is a complex variable and fi~ x is understood as the 
one-valued function 

in whose expression by In t = log„ t we mean the principal 
value of the logarithmic function. 
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For £ — • a — n'x, the change of the variable of integration 
t = e£ brings formula (91) to the form 

CXi 

F(a— «)= j e^e-^f(ei)dl (92) 

Under the assumption that the function e"$f (e%) satis- 
fies conditions guaranteeing the existence of its Fourier trans- 
form, we derive from (92), using (89), the equality 

e a^( e 6) == _L_ f F{a — i%)e i &dT 

— OO 

Further, on returning to the variable t — e%, we obtain the 
expression 

oo 

>W = !7T J F{a-ix)t-^-^dx (93) 

— oo 

Consequently, the transformation inverse to (91) which 
expresses / (t) (the Mellin inverse transform or the original) 
in terms of F (£) (the Mellin transform or image of the func- 
tion / (t)) is given by formula (93) expressing the Mellin 
inverse transformation. This formula can also be written as 

a — ioo 

The theory of the Laplace, the Fourier and the Mellin in- 
tegral transformations (and of integral transformations of 
other kinds) is the subject of one of the divisions of applied 
mathematics which is called the operational calculus. 

3°. Application of the Method of Integral Transformations 
to Partial Differential Equations. In integral representation 

(69) of the solution y (z) of ordinary differential equation 
(68) the kernel K (z, t) satisfies linear partial differential 
equation (70). 

In Sec. 1° we took a definite solution K (z, £) of equation 

(70) and used it to construct solutions of equation (68). In 
the present section we shall consider a procedure which is in 
a certain sense reverse to the above. 

18* 
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Let it be required to find a solution u (x, t) of a linear 
partial differential equation of the second order of the form 

a(x)-^-hb(x)^- + c(x)^ + d(x)^ + e(x)u = (95) 

which is regular in the half-strip <; x < I, f > and 
continuous for ^a: ^ I, t ^ 0, and satisfies the initial 
conditions 

u(x,0) = y(x), J!i§JI| <=o== ^ (a;) (96) 

and the boundary conditions 

u (0, t) = U (*), u (I, t) = /, (t) (97) 

the coefficients of the equation depending solely on the spa- 
tial variable x. 

Let us suppose that the class of solutions of equation (95) 
we deal with and the complex parameter £ are such that the 
integrals 

oo 

v[(x, £)= f u(x, t)e-t*dt (98) 

o 
and 

oo oo 

Pi (£) = J " (0. t) e ~ V dt ^ F 2 (£) = J « (I, t) «-f dt (99) 



exist and that the operations 

(100) 

(101) 
j da (x, t) g _ v dt ^^ j u ^ «) ff -C«d«+u(a:, f)*"*' " = 



= ?y(«, t,)-u(x, 0) (102) 



dy(:r, J) 
dx 





d*v (x, 

da; 8 


^j^; ( »rt'^ 
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and 

oo 

f Pu (x,t) e _ v dt = ^ ( ^ ^ _ ^ ^ Q) du(x t) (103) 



J «* * v ' s/ * v ' ' 5t (=0 



are legitimate. 

On multiplying both sides of equation (95) by e~V and 
performing the integration with respect to t from t — to 
t = oo we obtain, by virtue of (96), (97), (98), (99), (100), 
(101), (102) and (103), the equalities 

av" + cv' + (e + dt > + b?) v = 

= by (x) I + b\p (x) + dtp (x) (104) 
and 

v (0, g) = F l (5), v (I, I) = F 2 (£) (105) 

Thus, we have reduced the solution of (mixed) boundary- 
initial-value problem (95), (96), (97) to the determination 
of the solution v (x, t) of boundary-value problem (105) for 
ordinary differential equation (104). 

It should be noted that the existence of the solution of 
problem (104), (105) by far not always guarantees the pos- 
sibility of the inversion of Laplace transformation (98). 

If problem (104), (105) is solvable and its solution v (x, t) 
is unique, and if the inverse transform corresponding to 
Laplace transform (98) exists, that is 

00 

u(x,t) = — f v(x, a + irfie^+^d^ (106) 

— oo 

it is evident that problem (95), (96), (97) cannot possess 
more than one solution. In the case when the function 
u (x, t) specified by formula (106) is continuous together 
with its partial derivatives up to the second order inclusive, 
it will be the sought-for solution of problem (95), (96), (97). 
The determination of the function u (x, t) with the aid of 
formula (106) involves rather lengthy calculations; therefore 
the Fourier transformation is more preferable for solving 
partial differential equations encountered in concrete physi- 
cal problems. Besides, the conditions sufficient for the ex- 
istence of the Fourier inverse transform are more often 
naturally fulfilled. 
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4°. Application of Fourier Transformation to the Solution 
of Cauchy Problem for the Equation of Oscillation of a String. 
Let it be required to find the solution u (x, t) of the equation 
of oscillation of a string 

d*u *« Q (10?) 



dx* dt* 

satisfying the initial conditions 

u (x, 0) = q> (x), i%A t = * (*) (108) 



at 



:=o 



which is regular in the half-plane £ > 0, the functions tj> (x) 
and i]3 (x) being given and sufficiently smooth. 

Let us suppose that the function u (x, t) and its partial 
derivatives up to the second order inclusive are continuous 
and tend to zero for x 2 + f 1 -> oo sufficiently fast so that 
the Fourier transformation 

oo 

v(t, l) = —^= \ u{x, t)e- ix *dx (109) 

V 'Zn J 

— oo 

makes sense. We shall also suppose that the operations below 
are all legitimate: 

V2n J dxi 

' — OO 

OO 

%= \ u (x, t) e-"S dx=— l 2 v (I, I) (110) 

— oo 
oo 

— cc 
oo 

i;(0 f |) = — i=r f u (x f 0)6-*** dx = 

y'Zx J 

— oo 

oo 

= —Lr- f q>(ar)s-«*rfa: = a>(E) (112) 

Y 2n J 
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and 

dv(t, I) 



dt 



— oo 

oo 

= — ^ \ ^(x)e- ix idx = W(l) (113) 

1/ 2 ji J 

— oo 

where <t> (|) and V (|) are the Fourier transforms of the 
functions cp (x) and ^(x) respectively. 

Let us multiply both sides of equation (107) by e~ ix ^ and 
perform integration with respect to x from — oo to oo; by 
virtue of (110), (111), (112) and (113), this results in 

v tt (t, I) + fr (t, I) = (114) 

and 

v (0, \) = <D (|), v t (0, I) = «F (S) (115) 

Let us write the general solution y(£, |) of ordinary differ- 
ential equation (114) in the form 

v = c t (I) e«« + c 2 (|) e-«« (116) 

where c x and c 2 are arbitrary expressions independent of t 
and dependent solely on the parameter |. 
From (115) and (116) we obtain 

c 1 + c 2 = ct«(|) and c x -c 2 --= -^ 



IE 
whence it follows that 

^T^B + i^E) and Cl = 4-a, (6 )_^. V(6) 

The substitution of the values of c t and c 2 we have found 
into the right-hand side of (116) yields the solution 

v(t, |) = i-(D(|)( e ^ + e -^) + 1 |- , F(^)(e«'- e -^) (117) 
of equation (114) satisfying initial conditions (115). 
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Applying inversion formula (89) to Fourier transformation 
(109) we obtain 

oo 
— oo 

whence, taking into account (117), we derive the formula 



2 j/2n 
1 



2 /2ji 



OO 

_ f f e iK«+o_ e «(*-0] 1 T(|)d| (118) 

2ji J l fe 



By virtue of inversion formula (89), the rightmost equal- 
ities (112) and (113) take the form 



<P<«)~7^J<W 6 * 



and 



Y 

respectively, and hence 
1 



oo 



L_ f e^^+'Xl) (t) dT = q> (a: + f ) 
y 2n J 

— 00 

oo 

_L_ f e iT ( a -')OJ(T)dt = cp(x — i) 



(119) 



and 



— 1 l" ZiELr e iT(*+t)_ e iT(*-oid T = 
« /2n J * 



x + 1 x+t 



*==■ j ¥(T)dx j e*^g = j ^(|)d| (120) 



/2n 

-oo x-1 x-i 



THE METHOD OP INTEGRAL TRANSFORMATION 281 

From (119) and (120), using formula (118), we readily 
derive D'Alembert's formula for the solution of problem (107), 
(108): 

x+t 

u(x, t) = i-[«p (* + *) + ¥(*-*)] +4" j iMIWi (121) 

x-t 

(this solution was already obtained in Sec. 3°, § 1, Chap- 
ter 3). 

5°. Convolution. By the convolution (or German faltung) 
f * q> of two functions / (x) and q> (x) denned in the interval 
— cx> < x < oo is meant the integral 

oo 

/*ip= f f(t)y(x — t) dt (122) 

— OO 

dependent on x as a parameter. 
// the Fourier transforms 

oo oo 

— oo ' — oo 

(123) 
and the inverse transforms 

OO OO 

r —00 p — oo 

(124) 
exist, convolution (122) can 6e written in the form 

oo 

/*q>= j F(|)«D(|)e«6*d6 (125) 

— oo 

Indeed, the substitution of the expression cp (x — t) found 
from (124) into the right-hand side of formula (122) results in 

oo oo 

/.<p = _L- j f(t)dt j O(g) ««*-'» d| 



2»2 SOLVING PARTIAL DIFFERENTIAL EQUATIONS 

whence, assuming that it is legitimate to change the order 
of integration, we find 

oo oc 

/*cp=-L=- J <&(E)c**dE j f(t)e~Wdt 

— OO — CX3 

Finally, on replacing the second integral on the right- 
hand side of the last equality by F (£), we obtain, according 
to (123), formula (125). 

Using the Fourier transformation and formulas (122) 
and (125) expressing the convolution we can easily obtain 
the solution 

»(*,*)=—!=- j cp(g)<T 4( d$ (126) 

— oo 

of the Cauchy-Dirichlet problem 

u(x,0) — y(x), — oo-<2:<;°° (127) 

for the heat conduction equation 

d * u du =0 (128) 



dx* dt 



in the half-plane t > (this solution was already derived 
in Sec. 1°, § 2, Chapter 4). 

Indeed, let us suppose that the functions u (x, t) and <p (x) 
are sufficiently smooth] and; that for x 2 + t 2 -*- oo they de- 
crease so fast that the Fourier transforms 

oo 

v{t, 5) = -JL_ ( u(x, t)e-^*dx (129) 

— oo 

and 

(D(i) = — A=- f ff(x)e-^ x dx (130) 

— oo 

exist and the operations 

_^_^J^JL^ lxdx = JH^L ( i31) 
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and 

oo 
— OO 

= - -£=• j u (x, e-«6* ^ = - gay (*, £) (132) 

— oo 

are legitimate. 

On multiplying equation (128) by e~'s- x and inte- 

1/ 2ji 
grating with respect to x from — oo to oo, wo obtain, by 
virtue of (127), (129), (130), (131) and (132), the equalities 

-5f + 5 a " = (133) 

and 

v (0, I) = O (|) (134) 

Further, we write equation (133) in the form 

and integrate it, which immediately yields the general 
solution 

y (*, |) = ce'W (135) 

where c is an arbitrary expression dependent solely on |. 
On substituting expression (135) of v (t, \) into (134), we 
find c = O (|). Consequently, the solution of ordinary differ- 
ential equation (133) satisfying condition (134) is the 
function 

y (t, I) = <D &) e-W 

Knowing the function v (t, £) we can rewrite (129) in the 
form 

00 

<t>(l)e-l* = —?=r [ u{x,t)e~* x dx (136) 

y 2n J 
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Finally, applying inversion formula (89) to (136) we 
obtain 

u{x,t) = -±=- ( <D(g)c-6"+«»dE (137) 

— oo 

The Fourier transform of the function e~% H (with respect to 
the variable |) for the positive values of t is the function 

f(x,t) = —*=r [ e-^ t e ix idl = —^=-e'^ r 

— oo 

(the last formula can easily be verified; by the way, there 
exist extensive tables of the Fourier transforms of the func- 
tions most frequently encountered in applications in which 
the Fourier transform we are interested in can be found). 
Next, on applying formulas (122) and (125) to the convo- 
lution / * q>, we derive from (137) the expression 

oo 

u(x, t) = — = \ <D(5)e-6*««te£dg = 

— 00 

oo oo (x-l)i 

— oo — oo 

which is what we intended to prove. 

6°. Dirac's Delta Function. In Sec. 2° § 2 of the present 
chapter we imposed certain conditions on the function g (x) 
which guaranteed the existence of Fourier transform (90). 

Unfortunately, Fourier's transformation does not make 
sense for a rather wide class of functions. For instance, even 
for the function G (x) = const =f= the integral on the right- 
hand side of (89) is divergent. However, we can formally 
consider the Fourier transform of the constant G = l/]/2jt. 
By definition, this transform is called Dirac's delta function 
(8-function): 

00 
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We can also (formally) consider the Fourier inverse transform 
corresponding to (138): 

75 "Wl 6 ' 1 '^ 1 (139) 

— oc 

The formal equality (139) can be written in the equivalent 
form 

oo 

J 8(|)e- ix ^| = l 

Let us suppose that / (x) is a function defined for — oo <; 
<£<°o and satisfying conditions which guarantee the ex- 
istence of the (mutually inverse) transforms 

oo 

F(x) = y l=r | /(5)e-'*6dg (140) 

— oo 

and 

oo 

/(*)=*. j F(l)e^d\ (141) 

— oo 

Taking into account formulas (122), (125), (139), (140) 
and (141) we obtain for the convolution / * 8 the expression 

OO OO 

/*S = j f(t)6(x-t)dt = -^ j F(i)e<*dl = f{x) 

— 00 — OO 

Thus, we have arrived at a very important conclusion: the 
convolution f * 8 is equal to the value of the function f at the 
point x: 

f * 8 = / (x) (142) 

Formula (142) makes it possible to considerably simplify 
some lengthy calculations, particularly those encountered 
in quantum mechanics. 

In the special case when / (x) = 1 (— oo < x < oo) for- 
mulas (142) and (122), after a simple change of the variable 
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of integration, lead to the formula 

,d* = l (143) 



J 8(f), 



Dirac's 8-function is sometimes (formally) denned as a 
function which is equal to ^zero for all the values of t 
different from zero and is equal to oo for t = with the ad- 
ditional requirement that equality (143) should hold. 

This definition of the 8-function is inconsistent from the 
point of view of classical mathematical analysis. A rigor- 
ous definition of the] 8-function and of the above operations 
on it is given in the modern theory of generalized functions. 



§ 3. The Method of Finite Differences 

1°. Finite-Difference Approximation of Partial Differential 
Equations. In applications it is sometimes necessary to 
find an approximate, in a certain sense, solution of a con- 
crete problem of mathematical physics. Below we briefly 
discuss one of the methods of constructing approximate solu- 
tions of partial differential equations known as the method 
of finite differences (or, simply, the finite-difference method). 
Let us consider a linear partial differential equation of the 
second order in two independent variables 

a(z, y)-$-r + b(x, y)-^- + c(x, y)-g^ + 

+ d (*, y) -gj- + c (*, y) » = / (*. y) (144) 

The variables x and y will be interpreted as orthogonal 
Cartesian coordinates in the plane. Let us cover the zi/-plane 
with the square grid of points £ = m-h, y = n-h(m, n = 
= 0, ±1, • • .), where h is a given positive number. The 
vertices of each square cell are referred to as grid-points, 
and the number h is called the grid-size. 

On the basis of the definition of partial derivatives, we 
can write for every grid-point (x, y) the following approxi- 
mate expressions for the derivatives u f ' y ' , *' ■ , *; ' y ' 

ax ay ox* 
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and — a ' ; (under the assumption that the five points (x, y), 

(x — h, y), (x + h, y), (x, y — h) and (x, y + h) belong to 
the domain of definition D of equation (144): 

du(x, y) u(x, y) — u(x — h, y) 

dx ~ h 

9u{x, y) u(x, y) — u{x, y — h) 



dv h 

(145) 

d 2 u(x, y) u{x + h, y)-\-u(x — h, y) — 2u(x, y) v ; 



dx* h? 

d 2 u{x, y) ^ u(x, y + h) + u{x, y — h) — 2u(x, y) 



dy* h* 

This makes it possible to replace partial differential 
equation (144) at each grid-point by its finite-difference approx- 
imation which is an algebraic linear equation of the form 

a (x, y) [u (x + h, y) + u (x — h, y) — 2u (x, y)} + 

+ b (x, y) [u (x, y + h) -f u (x, y — h) — 

— 2u (x, y)\ + c (x, y) h \u (x, y) — u (x — h, y)\ + 

+ d (x, y) h [u (x, y) — u{x, y — h)\ + 

+ h*e (x, y) u (x, y) = h*f (x, y) (146) 

involving u (x, y), u (x — h, y), u (x + h, y), u (x, y — h) 
and u {x, y -j- h) as the unknowns. 

Making the variable point (x, y) range over the set of the 
grid-points belonging to D, we obtain an algebraic linear 
system of equations of type (146) with respect to the values 
of u (z, y) at the grid-points. Some of these unknown values 
either can be determined independently of system (146) on 
the basis of the initial and boundary conditions or are con- 
tained in the algebraic linear equations generated by these 
conditions, and these additional linear equations together 
with system (146) form the finite-difference approximation 
to the whole original problem. The solution of the system of 
algebraic linear equations obtained in this way is taken as 
an approximation to the exact solution of the problem in 
question. 

2°. Dirichlet Problem for Laplace's Equation. Let us con- 
sider the application of the finite-difference method to the 
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approximate solution of the Dirichlet problem 

u (x, y) = cp (x, y), {x, y) e S 
for Laplace's equation 



dx i 



dy* 







(147) 
(148) 



in a domain D with boundary 5. 

In this case the system of equations of form (146) is writ- 
ten as 

u {x + h, y) + u (x — h, y) + 

+ u (x, y + h) + u (x, y — h) — 4w (x, y) = (149) 

Let us denote by Q& the set of the square cells of the grid 
lying within the domain D such that at least one of the 




Pig. 25 

vertices of each square lies at a distance not exceeding a 
given number 8 > h from the boundary S of the domain D 
(see Fig. 25). 

For each grid-point which is a vertex of a square cell be- 
longing to Q & we take as u (x, y) the value of the sought-for 
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harmonic funelion prescribed by condition (147) at the 
point belonging to S which is the nearest to that grid-point 
(x, y) (there can be several such points on S; in this case we 
arbitrarily choose one of the values of q> prescribed at these 
points and take it as u (x, y)). 

As to the values of u (x, y) at the other grid-points belong- 
ing to D, it can be proved that system (149) can be resolved 
with respect to these unknown values and that the solution is 
unique and tends to the sought-for solution of problem (147), 
(148) for 5 -> 0. 

3°. First Boundary- Value Problem for Heat Conduction 
Equation. Using formulas (145) we can write the finite- 
difference analog of the heat conduction equation 



d*u 



du 



dx* 



dy 



= 



(150) 



in the form 

u (x + h, y) + u (x — h, y) — 

— 2u (x, y) — hu (x, y) + hu (x, y — h) = (151) 

Let D be the domain in the plane of the variables x and y 
bounded by the line segments OA and BN lying on the 




Fig. 26 



straight lines y = and y = H (H > 0) and by two smooth 
curves OB and AN each of which meets every straight line 
y-= const at not more than one point (see Fig. 26). We shall 
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denote by S the part of the boundary of the domain D con- 
sisting of OB, OA and AN. 

Next we shall discuss how the boundary condition 

« (*» V) = / (■*, */), («, !/)6S 

should be taken into account in the determination of the 
approximate solution of equation (150) in the domain D. 
Let us denote as Q h the set of the square cells of the grid 
which do not fall outside the closed domain D, and let dQ h 
be the boundary of Q h . By q h we shall denote the collection 
of those squares belonging to Q h which do not lie inside the 
uppermost row adjoining the line segment BN and such 
that at least one of the vertices of each square lies on dQ h 
(see Fig. 26). 

For a grid-point (x, y) which is a vertex of a square be- 
longing to q h we take as u(x,y) the value of the function'/ 
assumed at the point lying on S which is the nearest to that 
grid-point. The unknown values of u (x, y) at the other grid- 
points lying in D are found by solving the corresponding al- 
gebraic linear system of equations of type (151). 

4°. Some General Remarks on Finite-Difference Method. 
Let us consider an arbitrary (non-linear, in the general case) 
partial differential equation: 

F (x, y, u, u x , . . .) = 

On replacing the partial derivatives contained in the equation 
by their approximate values (145) we readily pass to the 
finite-difference approximation to the given equation: 

F(x, y, u(x, y), »('.»)-;(«-»■ »> , ...) = 

However, when the boundary and the initial conditions are 
replaced by their finite-difference approximations, there may 
arise some difficulties, particularly when the conditions 
contain partial derivatives of the sought-for solution; these 
difficulties are by far not always easy to overcome. 

Further, after the finite-difference scheme has been elab- 
orated, the approximate solution is found using modern 
electronic computers. These completers, however perfect, 
have limited computation speed, and even in the case of a 
linear equation, the number of algebraic linear equations 



ASYMPTOTIC EXPANSIONS 291 

becomes very large for sufficiently small h; therefore the 
appropriate choice of the finite-difference approximation to 
the boundary and initial conditions plays an extremely im- 
portant role. 



§ 4., Asymptotic Expansions 

1°. Asymptotic Expansion of a Function of One Variable. 

Let / (z) and S n (z) (n = 0, 1, . . .) be functions defined in a 
neighbourhood of a point z in the complex plane of the 
variable z, and let £ be a set of points, belonging to this 
neighbourhood, for which z is a limit point. 

If the functions S n (z) (n = 0, 1, . . .) satisfy the con- 
ditions 

Iim[5„(2)-5 B _ 1 ( Z )] = 0, S n ^S n _ 1 

z-za 
and 

and if the behaviour of these functions in the neighbourhood 
of the point z is known, then, for every fixed n, we obtain 
certain information on the behaviour of the function / (z) 
near the point z . 

As the point z is often taken the point at infinity in the 
complex z-plane, and as S n (z) are taken the functions 

n 

S n(z)=2"T <" = 1 ' 2 ' •••) 

z K 

fc=0 

where a h are some given numbers. 
If 

limz"[/(z)-S n (z)] = 0, z£E (152) 

z-*-oo 

for any fixed n, the series 

0,,+-?-+... +>+... (153) 

is said to represent the asymptotic expansion of the function 
f (z) on E irrespective of whether it is convergent or not; in 

19* 
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this case (153) is called an asymptotic series, and we write 

00 



ft=0 

If condition (152) holds, we obtain from (152) the follow- 
ing expressions for the coefficients a h of series (153): 

a Q = Km / (z) 

2->-00 

a n = lim z" [f (z) - S n _! (z)] (n = 1 , 2, . . . ) (154) 

Z-l-OO 

We have thus established the uniqueness of the asymptotic ex- 
pansion of the function f (z) provided that it exists. 

This conclusion does not contradict the fact that a given 
series of form (153) can serve as an asymptotic expansion 
for different functions on one and the same set E. For in- 
stance, according to (154), the asymptotic series for the 
function / (z) = e~ z on the set E: (0 < z < oo} has all its 
coefficients equal to zero: a h = (k = 0, 1, . . .). At the 
same time, it is evident that this series represents the 
asymptotic expansion of the function / (z) = as well. 

This example shows that even when the asymptotic series of 
a function f (z) is convergent the sum of the series must not 
necessarily coincide with f (z). 

Let us consider the function / (z) expressed by the integral 



/«=j 



e 2 "'^-. 0<z<oo (155) 



where the integration goes along the part z < t < oo of the 
real axis. 

The integration by parts in (155) yields 

z 

On repeating this process n times we obtain 

/(*)= 2 (_l)*-M--|- (_!)»„! jV'-jgr (156) 



h=0 
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From (156) it readily follows that the series 

±_... + (_l)n-l_£z_l>L + ... (157) 

gives the asymptotic expansion for the function f (z) determined 
by formula (155), the set E coinciding with the positive real 
axis. 

Indeed, let us denote by S n (z) the sum of the first n terms 
of series (157): 



s n(z ) = 2(-i)*-<fci>l 

By virtue of (156), we obtain 



f(z)-S n (z) = (-l) n n\\e*-< dt 



(71+1 






Now, taking into account the inequalities 

00 

1 1 



0<J^ t 1 £r<- 

z 

we conclude that 

limz»[/(s)-S n (z)] = 

Z-»O0 

for any n on the indicated set E. 

Although series (157) is divergent for any z, < z < oo, 
6i/ virtue of (158) if follows that the values of S n (z) are very 
close to the values of f (z) when z is sufficiently large for any 
fixed n 2& 1. 

As is known, if the point at infinity in the complex z-plane 
is a removable singularity of an analytic function / (z), 
then in the neighbourhood of the point at infinity there holds 
the expansion 

oo 

h=0 
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It is evident that in this case the expression on the right- 
hand side of equality (159) is an asymptotic series for the 
function / (z) on any set E of points, belonging to the neigh- 
bourhood of the point z = oo, for which z = oo is a limit 
point. 

Using the symbolic notation (p (z) = o (z~ n ) for the rela- 
tion lim z n y (z) = we can easily prove that if 

Z->oo 

oo oo 

/(*)~2ir and s( z )~2il ( 16 °) 

ft=0 

on one and the same set E then 



k=0 k=0 



f(z)±g(z)~2 -2i£S*- (161) 

and 



/W-gW-H < 162 ) 



_£fc 

z 
ft=0 



on that set E where c h = a b h -\- o 1 6ft_ 1 -f . . . -f a^Oo- 
Indeed, let 

■TO =2 it. *•«(*) = 2 TT 

fe=0 fe=0 

n 

5 n (2) = 5; (z) ± S" n ( 2 ), a n (z) = 2 -p- 

fe=0 

It is obvious that 

Sn(z)-S" n {z) = a„ <z) + <0 (163) 

By virtue of (160), we have 

/ (z) = S' n (z) + (z~ n ) and g (z) = S" n (z) + (*-») (164) 
From (163) and (164) we conclude that 

f(z)±g (z) = S n (z) + (*-") 
and 

/(z)-tf(*) = <r„( z > + (O 
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which proves the validity of asymptotic expansions (161) 
and (162). 

Let us prove that if f (z) is an integrable function for <i 
< z < oo and if 

oo 

(165) 















ft=2 




on 


the 


set 


E: 


{0 


< 

oo 

I 

z 


z< oo}, 

/ (t) dt ~ 


then 

oo 

fc=l 


a fc+i 



on that set where the path of integration coincides with the pari 
z ^ t <C oo of the real axis. 

Indeed, from (165) we conclude that, given an arbitrary 
e > 0, there exists a number z > such that 

n+l 

/(*)-S irH 6 *""" 1 ( 166 > 

fe=2 

for all i > z . 

Further, under the assumption that z > z , using ine- 
quality (166), we obtain 

|J[/e>-2*H<^ 

z h=2 

whence 

oo n 

limz"[~f /(0^-S 1^] = ° 

J-.00 •- •> t , J 

which is what we had to prove. 

Generally speaking, the existence of an asymptotic expan- 
sion 

ft=0 

does not guarantee the existence of an asymptotic expansion 
for the derivative /' (z). For example, the function / (z) = 
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= e~ z sin e z has an asymptotic expansion of form (153) for 
< z < °o whose all coefficients are equal to zero: a h = 
(k — 0, 1, . . .). At the same time the derivative 

/' (z) = — e~ z sin e 2 + cos e z , < z < oo 

of this function possesses no asymptotic expansion because 
it does not have a limit for z ->■ oo. 

It should be noted that all that was said above remains 
true when in the definition of an asymptotic expansion, in- 

oo 

stead of series (153), we take a series of the form ^a h z~ a h 

fc=0 

where {a k } is an arbitrary increasing sequence of nonnegative 
real numbers (which must not necessarily be integers). 

Below we present some methods which can be successful- 
ly applied for the eonstruction of asymptotic expansions 
for some classes of functions. 

2°. Watson's Method for Asymptotic Expansion. Let us 
consider the function 

N 

F(z)=\ t m y(t)e-* a dt (167) 

o 

where Q <. N ^ oo, a > 0, m> — 1, z > and the path 
of integration coincides with the line segment ^ t ^ N. 
Watson's lemma: if the function <p (t) can be 
represented as the sum of a power series 

OS 

q>W= 2 c ft *\ Co =5^0 (168) 

for an interval ^ t ^. h^ ^ N and if 

N 

\ t m \y{t)\e-^ a dt<M (169) 

for a fixed value z = z >■ 0» then 

°° , ! I , A v m+h+l 

h=0 



for z -k oo, < z < op. 
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Indeed, let us represent the function F (z) determined by 
formula (167) in the form 

h y 

F (z) = J t m <p (t) e-* ta dt+\ t m q> (t) e-* a dt, < h < h x 

h 

Since 

e -(z-2o)! a <;e-(z-zo)'i a 

for z> z and t > h, by virtue of (169) we have 

h 

F(z)— \ t n y{t)e-* ia dt\=- 
o 

N 

= 1 \ t m y{t)e-' ta dt\<Me** ha e- zha (171) 

h 

On the basis of (168), 



n h 



h=Q 



j t m y{t)e~* a dt= 2 c ft f * m+ V- 2 ' a dt + 

ft 
+ f t m+n+1 <p 1 (t)c-*' B d* 



where q>j(£)= y c n+fe+1 i ft , the expression max 1^(01 

h=0 Osgfsgft 

being finite. 

Let us introduce the new variable of integration t = zt®; 
this results in 

h _m+h+_l_ zf ], a m+h+1 

[ t m+k e - zt a dt ^j_ z a \ x a e~*d%=. 



. m+ft + 1 „. , . , , . ~ m+h+i . 

H' - *~f. r (- 5i S ±i -)- 5 1- 5 —-*] 



zh 



a 



(172) 
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Further, taking into account the fact that for z->- oo the 
expression 

OO OO 

J T p " 1 e- t dT= j (l + zh a )»- l e-*e-* ha dl<. 

zh a 

zh a oo 

<2 p <?- 2 " a j (zhy-ie-^dl + e-^ZP \ g p " 1 e-^g< 



<2 p e-*» a [(zhy- i +T(p)] 

tends to zero faster than any power z~ a , we conclude, on the 
basis of (171) and (172), that 

m+n+l ,. " , , , , a, m+h+i 

lim*-5-[F(«)-2 ^-r(^±|±i)z~^-] = 

h=0 

for any n, whence follows the validity of asymptotic expan- 
sion (170). 

Now let us consider the function 

F(z)= j <f(t)e~ 2Zt2 dt, 4>0, N>0, z>0 (173) 

-A 

We shall suppose that in some neighbourhood — h x <c t<i h u 
h x < N, of the point t = there holds representation (168) 
and that the integral on the right-hand side of (173) is abso- 
lutely convergent for z = z > 0. 

Writing the function <t> (z) = F (2z) in the form 

N -A 

0> ( Z ) = j (p (*) e- 2(2 d* — f (p (i) e- 2,1! dt = 
o o 

JV A 

= j <p (*) e- 2ta di -j- j <p ( - i) e- z ' 2 dt 

o o 

and taking into account the fact that 

OO 

a> (0 + 9 (-0 = 2 S <W 2 * 
T fc*=Q 
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and 

2fc + 1 \ __ 1 /— 1-3 ... (2/c — 1) 



rPfH-V" 



2»t 



■for ^ £ ^ h, h < fei, & <C 4, we obtain, on the basis of 
(170), the relation 



0(z)^^c 2h T(^±L) 



2fe+l 
2 _ 



fe=0 



1 ,, ,,, ,, 2fe+l 

whence it follows that 

_ _± °° 

F(z) = O(-i-)~c j/nz 2+]/2n V 1.3... 

h=t 

2fe+l 

...(2fc-l)c ak *~ 2 (174) 

3°. Saddle -Point Method. Let it be required to find the 
asymptotic expansion of the function 

F(z)=\<f(t)e*Mdt (175) 

c 
for z -*■ oo, z > 0, where q> (<) and / (t) are analytic functions 
of the complex variable t = x + iy and the path of inte- 
gration C recedes to infinity in both positive and negative 
directions. 

If the function u (t) = Re / (t) attains its maximum value 
on C at a point t £ C and if for t tending to infinity in both 
directions from t this function tends to minus infinity, 
then, since the function e izv( - l \ where v (t) — Im / (i), is 
bounded, the main part of the value of F (z) for large values 
of z corresponds to the integration in (175) over a small part 
C x of the path C containing the point t inside. 

Since the function u (t) cannot have a local maximum at 
any point of the domain of its harmonicity, the path of in- 
tegration C in expression (175) may not possess the indicat- 
ed property. However, according to Cauchy's theorem, we 
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can change the path of integration C in an appropriate man- 
ner without falling outside the domain D of analyticity of 
the functions / (t) and q> (t), the value of F (z) remaining 
unchanged. 

In order to find in the domain D a curve C and a point t 
possessing the indicated properties we shall use the follow- 
ing procedure. Let us consider the level line u (t) = u (t ) 
of the harmonic function u (t) passing through the point t . 
The curve C passing through the point t must have at the 
point t the direction coinciding with that of the vector 

grad u=( -£- , -l—S because it- is this vector that determines 

the direction of the fastest change of the function u {t) whose 
maximum on C is attained at the point t . 

According to the Cauchy-Riemann conditions -j-— g~, 

'-g— — — g-, the scalar product grad u grad v is equal to 
zero: ' 

, , du dv , du dv n 

gradugradi^-^-^-f-^ — O 

Further, the vector grad v coincides with the normal to the 

level line v (t) = v (t ), whence we conclude that at the 

point t the curve C must go in the direction of the tangent 

i. . ., /.v /. \ ci. dv dv dx , dv dy 

line to the curve v (t) = v (*„). Since _ = __ + ^-_ = 

= everywhere along the curve v (t) = v (t ) and since at 
the point t where the function u (t) attains its maximum on 

C the equality ^. = ^,^+^^=0 must hold, we 

have /' (« ) = 0. 

Thus, the point i must be such that f (t ) = and the curve 
C possessing the required properties should be sought among 
the curves v (t) = v (t ). 

Let us suppose that the point t and the curve C posses- 
sing these properties are found. Since in a neighbourhood 
I * — i | < /ij of the point t on C there holds inequality 

/(f)-/l(io) = -^ 2l (<-^) n +---<0, ">2 (176) 
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the change of the variable of integration t = t (l) where t (£) 
is determined by the equality 

brings expression (175) to the form 

F (z) = e*><«°> J <p [* (£)] e" z|2 -|- dg (178) 

c 

Now, using the expansions of the analytic functions 
q> U (1)1 and di/d| = ij> (£) in the vicinity of the point \ — 
into power series, we directly obtain the sought-for asymp- 
totic expansion of the function F (z) with the aid of for- 
mula (174). 

The point t at which /' (t ) = is a saddle point of the 
surface u = u (x, y); that is why the method discussed above 
is referred to as the saddle-point method. 

The saddle-point method involves the determination of t 
as function of | from equation (177),'and therefore the prac- 
tical application of this method is connected with consid- 
erable difficulties even after the appropriate point t and 
the appropriate path of integration C are found. 

However, in applications it is often sufficient to find only 
the first (principal) term of the asymptotic expansion which 
can easily be constructed. 

Indeed, let us suppose that /" (t ) =£0 and let us limit 
ourselves to the consideration of the first term in expansion 
(176). Instead of (177) we introduce the variable 

i*=*-(t-t rr(h) (179) 

In the vicinity of the point t let us replace the part of the 
path of integration C by the line segment t — t = se 19 
where 28 = n — arg /" (t ) so that the inequality 

(* - h?r (h) = *w (t ) < o 

holds along that segment. Then from (179) we obtain 

i=±*vrnMT (180) 

that is 
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From the two values of 8 determined by the last relation 
(they differ by n) we shall choose the one for which the var- 
iable | in (180) becomes positive when the point t passes 
through t in the integration process along C, that is we take 

A% ______ 

the value of specified by the equality j- =e' m V\f"( t o)\- 

Hence, by virtue of (174) and (178), for the first term of 
the sought-for asymptotic expansion we obtain the expres- 
sion 

|/2JTe*/<*o> e ie_l (181) 



Y\f"(h) 
As an example, let us consider the Hankel function 

H\ (z) = — i- \ e-« sin *e M dt (182) 



where the integral is taken along broken line (75) considered 
in Sec. 1° of § 2. 

The only point on that broken line at which /' (t ) = -ix 

X cos t =0ist = — y ; there are two level lines passing 

through that point: Im / (t) = —sin x cosh y = 1. From 
them, as a new path of integration C in (182), we shall choose 

the one for which 6 = -t- n and arg /" ( — —) = arg (— i) = 

= — y because it is this level line along which the function 

u (t) = Re (— i sin t) = cos x sinh y tends to minus infini- 
ty when the point t recedes to infinity. 

Since e 2/ (-T) = e i, and ^ ( __*.) = _± e ~ in T y for . 

mula (181) implies the expression 

v n 

for the first term of the asymptotic expansion of the function 
Hn (z) for z-v oo, < z < oo. 
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§ 5. Variational Methods 

1°. Dirichlet Principle. In many cases encountered in ap- 
plications the partial differential equations under consider- 
ation are Euler's equations for some variational problems. 
For instance, as was mentioned in Sec. 2°, § 5 of Introduc- 
tion, Laplace's equation Au (x, y) = serves as Euler's 
equation corresponding to the minimum problem for the 
Dirichlet integral 

D(u)=^(u% + i4)dxdy (183) 

D 

taken over a domain D with boundary S. 

The continuous functions denned in D \J S and possessing 
piecewise continuous first derivatives in D for which the 
Dirichlet integral is finite and which assume given values 
described by a continuous function <p\(x,'y) on S as the var- 
iable point (x, y) approaches the boundary S from the in- 
terior of D will be referred to as admitted functions. 

There is a close relationship between the Dirichlet prob- 
lem on the determination of the function u (x, y) harmonic 
in the domain D, continuous in D \j S and satisfying the 
boundary condition 

u (x, y) = cp (x, y), (x, y) 6 S (184) 

and the so-called first variational problem on the determina- 
tion of the function, belonging to the class of the admitted 
functions, for which Dirichlet integral (183) attains its 
minimum. 

// the function cp (z, y) defined on S is such that the class of 
the admitted functions is not void, the Dirichlet problem and 
the first variational problem are equivalent. 

We shall prove this assertion under some additional as- 
sumptions. 

Let u (x, y) be the solution of the first variational prob- 
lem. We shall represent the class of the admitted functions 
in the form u (x, y) + zh{x, y) where e is an arbitrary con- 
stant and h (x, y) is an arbitrary function belonging to the 
class of the admitted functions and satisfying the condition 

h (x, y) = 0, (x, y)£S (185) 
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It is evident that 
D (u + eh) = D (u) + 2eZ> (it, h) + e 2 Z> (h) > (186) 

Where 

D(u, h)— \ (u x h x -\-u y hy)dxdy 

Since u (x, y) is the minimizing function and e is an arbi- 
trary constant, relation (186) implies that 

D {u, h) = (187) 

We shall suppose that the functions u (x, y) and h (x, y) 
and the contour S are sufficiently smooth so that the iden- 
tities 

uji x + Uyhy — (uji) x + {Uyh) v — H Au 
and 

D(u, h)= \ h^-ds— J hAudxdy (188) 

S D 

hold for them where v is the outer normal to S. 

By (185) and (187), we obtain from (188) the equality 



\ hAudxdy = 



whence, under the assumption that Au is a continuous func- 
tion in D, since h (x, y) is arbitrary, we conclude that 
Au(x, y) =0. Consequently, under the assumptions we have 
made, the solution of the first variational problem is the 
solution of the Dirichlet problem. 

Now let us suppose that u (x, y) is the solution of the Di- 
richlet problem with boundary condition (184) for Laplace's 
equation, and let, as above, u {x, y) -j- zh{x, y) be the class 
of the admitted functions, formula (188) holding for the 
functions u (x, y) and h (x, y). From formula (188), by virtue 
of (185) and by the harmonicity of u (x, y), follows equality 
(187). Therefore from (186) we obtain 

D (u) < D (u+ eh) 
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which means that the function u (x, y) minimizes the Di- 
richlet integral, and hence it is the solution of the first 
variational problem. 

There are also a number of other boundary-value problems 
for Laplace's equation to which correspond equivalent varia- 
tional problems for the Dirichlet integral. For instance, 
among them we can mention the Neumann problem. 

The idea of the reduction of a boundary- value problem for 
Laplace's equation to the variational problem equivalent to 
the former was suggested by G.F.B. Riemann. This idea is 
usually referred to as the Dirichlet principle. 

2°. Eigenvalue Problem. In Sec. 2°, § 1 of the present 
chapter we considered the eigenvalue problem: for a bounded 
domain D with piecewise smooth boundary S it is required to 
find the eigenvalues and the eigenfunctions of the equation 

Au + Xu = 0, (z, y)£D, k — const (189) 

that is to determine the values of X for which this equation pos- 
sesses non-trivial solutions in the domain D satisfying the 
boundary condition 

u (x, y) = 0, (jr, y)eS (190) 

and to construct these solutions. 

The solution of this problem can be obtained when the 
solution of the following second variational problem is known: 
it is required to find among the admitted functions satisfying 
condition (190) the one for which the functional 

J W- H (u) 
assumes its minimum value where 

H (u)= \ u 2 dx dy 

D 

Indeed, let us suppose that u (x, y) is the solution of the 
second variational problem, the minimum value of J (u) 
being positive: 

For the class of the admitted functions u (x, y) + &h {x, y) 
where e is an arbitrary constant and h (x, y) is an arbitrary 

20-0598 
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admitted function satisfying condition (185) we have 

' e ' — H(u + eh) — H(u) + 2eH(u, h) + e*H (ft)* 5 * 
where 

H (u, h) = \ uh dx dy 

D 

Since the function F (e) attains its minimum for e = 0, 
we have 

r.»/n\ o H(u)D{u, h)-D(u)H(u, h) n 
F (°) = 2 #2^j =0 

whence, by virtue of (191), it follows that 

H (u) [D (u, h) — KH (u, h)\ = 

Since H (u) =^0, this implies 

D (it, h) -kH (u, h) = (192) 

Let us suppose that the functions u (x, y) and h (x, y) and 
the contour S bounding the domain D are sufficiently smooth 
so that formula (188) applies to them; then we can rewrite 
equality (192) in the form 

H (Au + hu, h) = 

whence, like in the foregoing section, it follows that the 
function u (x, y) satisfies equation (189). 

If X* is an eigenvalue of problem (189), (190) distinct from 
k and u* (x, y) is an eigenfunction corresponding to k*, 
then, by virtue of (188), we have 

H (Au* + k*u*, u*) = —D (u*) + k*H (u*) = 

This equality shows that among the eigenvalues of problem 
(189), (190) the number % is the minimum one. 

All that was said above remains true when instead of the 
Dirichlet integral we consider a general quadratic functional 
of the form 

E{u)~ \ [p (u%-{- u%)-\-2auu x -\- 2buu v -\-cu 2 \dxdy 

D 

p>0, c<0 
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whose integrand is a quadratic form with sufficiently smooth 
coefficients satisfying the condition 

P (? + ri 2 ) + c£» + 2aU + 2b n l > u 2 (£» + rf) 

where n is a real constant. 

Euler's equation corresponding to the function E (u) has 
the form 

2 {pu x ) x + 2 (pu u )„ + 

4- 2 (flii)j( 4- 2 (6u) y — 20^3,. — 2bu v — 2cw. = 

It can be written as 

(j>u x )x + (P u y)y — c*u = 



where 



-K 



3°. Minimizing Sequence. If the class of admitted func- 
tions {u} is not void, the corresponding set of the values of 
the Dirichlet integral D (u) has an infimum d. Although in 
the general case we do not know whether the functional 
D (u) attains its infimum d for an admitted function belong- 
ing to that class, it is evident that there exists a sequence 
u n (n = 1, 2, . . .) of admitted functions such that 

limZ>(u n ) = d (193) 

n-*oo 

A sequence u n (n = 1, 2, . . .) for which relation (193) 
holds is called a minimizing sequence. 

What has been said also applies to the functional J (u). 

The existence of a minimizing sequence does not necessar- 
ily mean that the variational problem in question is solva- 
ble. In this connection the following questions should be 
subject to further investigation: 

(1) How can a minimizing sequence be constructed? 

(2) Is the minimizing sequence (provided it exists) conver- 
gent? 

(3) Is the limit of the minimizing sequence u = lim u n 

n-*oo 

an admitted function? 

A thorough investigation of these questions requires the 
introduction of some function spaces whose elements in- 
clude, in particular, the members of the minimizing se- 

20* 
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quence. After the convergence of the minimizing sequence 
with respect to the metric of these spaces has been estab- 
lished, it is desirable either to show that the corresponding 
limit is the solution of the variational problem stated above 
or to generalize in an appropriate manner the notion of the 
solution itself. In each such case it is necessary to prove that 
the solution of the variational problem is the solution of 
the boundary-value problem either in the ordinary or in 
the generalized sense. 

In variational calculus there are various methods for 
constructing minimizing sequences. In the application to the 
problems concerning partial differential equations these 
methods are usually referred to as variational or direct me- 
thods. It is important to note that some of the variational 
methods make it possible to construct approximate solutions 
of the problems under consideration. Below we discuss two 
such methods. 

4°. Ritz Method. The idea of the variational method 
suggested by W. Ritz is the following. Let us consider the 
minimum problem for a functional O (u). We shall denote by 
v n (n = 1, 2, . . .) a complete system of admitted functions 
for the functional <T> (u) and consider the sequence u n = 

n 

= S c h v h ( n = 1> • • ■) where c h are some constants yet 

unknown. 

Let us determine the coefficients c h (k = 1, . . "., n) so 
that the expression cp n = d> (u n ) considered as a function 
of c lt . . ., c n attains its minimum. 

For some classes of functionals W. Ritz proved that {u n } 
is a minimizing sequence which is convergent and whose lim- 
it is the solution of the problem under consideration. 

As an example, let us consider the second variational prob- 
lem on the minimization of the functional / (u) for the case 
when the domain D is the square < x < n, < y <. n; 
without loss of generality we shall assume that 

H (u) = 1 (194) 

As the complete system of admitted functions indicated 
above we can take the system 

sin kx sin ly (k, I = 1, 2, . . .) 
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Let 

771 n 

u mn— S T' c m si" kx siu ly (m, n = 1, 2, . . .) 

The functions u mn (x, y) obviously satisfy condition (190). 
Besides, 

m n 



4 



m n 



d mn = £> (« mn ) = ^- 2 2 c « (** + /2 > ( 195 > 

and 

H(u mn )=^. ^ 2 4 ( 

fc=l 1=1 

According to the Ritz method, by virtue of (194), we must 
find the minimum of expression (195) on condition that 

777 n 

2 2*4 < 196 ) 

Solving conditional extremum problem (196), (195) we find 
that all the numbers c h i, except c n , are equal to zero for 
any m and n and that 



whence 



and 



c --^ d 



lim u mn = u (x, y) = — sin x sin y 

m-oo n 



lim d m „ = D («) = a = 2 

77J-»0o 



5°. Approximate Solution of Eigenvalue Problem. Bubnov- 
Galerkin Method. The Ritz method makes it possible to 
construct an approximate solution of eigenvalue problem 
(189), (190). Indeed, as an approximation to the solution of 
the second variational problem on the minimization of the 
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functional / (u) under the condition 

#(«) = ! 
we can take the function 

n 

u n (x, V)= 2 c h v h (x, y) 
ft=i 

indicated in the foregoing section where the coefficients 
c h (k = 1, . . ., n) are found by solving the following prob- 
lem on conditional minimum: 

d n (cj, . . ., c n ) = D (u n ) = min 

K (q, • • •, c n ) = #(u n ) = 1 

Hence, it is natural to take the function u n (x, y) thus 
constructed as an approximation to the eigenfunction of 
problem (189), (190), and the formula 

K=D (u n ) 

will give an approximation to the eigenvalue of the same 
problem. 

Here the Bubnov-Galerkin method should also be mentioned 
which may be successfully used to construct an approximate 
solution of an eigenvalue problem. In this method as an 
approximate expression of the eigenfunction of problem (189), 
(190) the function 

71 

u n {x, y)= Y. c h v h {x, y) 

is taken whose coefficients c h (k = 1, . . ., n) are found from 
the equalities 

?. H(to h + ku h ,v m )c k = (m = i,...,n) (197) 

which form a homogeneous linear system of algebraic equa- 
tions. As is known from linear algebra, this system posses- 
ses non-trivial solutions if and only if K satisfies the equation 

H ((Av 1 + h?!, y,) . . . H (Av n + Xv n , vj 



det 



H (Ayj + kv^ v n ) . . . H (Av n + kv n , v n ) 



= 

(198) 
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The values of k found from equation (198) are taken as 
approximations to the eigenvalues of problem (189), (190). 
As was already mentioned, the approximate expressions for 
the eigenfunctions corresponding to k are given by the for- 
mula 



71 

u n (x, y) = Yj c h v h (x, y) 

h=l 

where c h (k = 1, . . ., n) are the solutions of system (197) 
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